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Samenvatting

Inleiding

De term herd behavior kan vrij vertaald worden als kuddegedrag. Aan-

delenprijzen die zich als een kudde gedragen, gaan allemaal tegelijk

omhoog, of juist allemaal tegelijk omlaag. Uit empirisch onderzoek is

gebleken dat wanneer aandelen unisono bewegen, ze meestal samen

omlaag gaan. Bijgevolg kan een markt waarin aandelenprijzen als een

kudde bewegen bijzonder ernstige gevolgen hebben voor het financiële

systeem. Een index die aangeeft hoe sterk de huidige aandelenprijzen

samen bewegen, maakt het mogelijk om op tijd in te grijpen teneinde

het financiële systeem te beschermen.

In deze thesis veronderstellen we dat er een markt is waar n aande-

len samen met de corresponderende vanilla opties verhandeld worden.

Naast de gewone aandelen, wordt er ook een markt index verhandeld

op de beursvloer (bijv: Dow Jones, Bel20, AEX,...). De waarde van de

markt index is een gewogen som van de n aandelen. Opties op de index

worden index opties genoemd. Deze opties laten een investeerder toe

om met een enkel product te speculeren op een hele korf aandelen.

De huidige aandelenprijzen en de huidige stand van de index zijn

gekend. Daarnaast kunnen de verschillende soorten opties gekocht en

xvii
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verkocht worden. Iedereen die wilt handelen in deze derivaten heeft

toegang tot de huidige marktprijzen.

Optieprijzen bevatten het sentiment van de markt over de (nabije)

economische toestand. Bijvoorbeeld, een call optie die vervalt over 1

jaar, zal een winst opleveren wanneer het onderliggende aandeel over

juist 1 jaar voldoende gestegen is. Bijgevolg zullen call opties duurder

worden wanneer het grootste deel van de traders gelooft dat het on-

derliggende aandelen in de toekomst zal stijgen. Een soortgelijke re-

denering geldt voor put opties. Als het overgrote deel van de markt

denkt dat een aandeel slecht zal presteren in de toekomst, zal dit senti-

ment zich vertalen in duurdere put opties.

In de vorige paragraaf behandelden we de zogenaamde vanilla op-

ties (opties met een enkel aandeel als onderliggende). De prijzen van

index opties bevatten het sentiment van de markt over het potentieel

van de individuele aandelen behorende bij de index. Zo zal een index

call optie duurder worden wanneer de markt verwacht dat de individu-

ele aandelen sterk zullen presteren in de toekomst. Bijkomend geven

index opties ook informatie over de afhankelijkheden tussen de aande-

lenprijzen. Wanneer de markt denkt dat de individuele aandelen sterk

zullen samen bewegen, betekent dit dat de aandelenprijzen de neiging

hebben om tegelijkertijd te stijgen, of juist tegelijkertijd te dalen.

Bijgevolg zullen zowel de index call als de index put optie duurder wor-

den wanneer de afhankelijkheid tussen de aandelen toeneemt.

Optieprijzen blikken vooruit, ze geven weer wat de markt denkt dat

gaat komen. Dit staat in contrast met statistische methodes, die zich

baseren op historische tijdreeksen en bijgevolg terugblikken op wat ge-

weest is. Wij zullen optieprijzen gebruiken om een idee te vormen van

het toekomstige kuddegedrag van aandelenprijzen. Belangrijk hierbij is
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op te merken dat we niet kunnen voorspellen wat er daadwerkelijk zal

gebeuren in de toekomst. Inderdaad, de markt, en als gevolg ook onze

schatting, kan zich vergissen. Zo zien we bijvoorbeeld dat financiële

markten de intentie hebben om te overdrijven.

Doel van de thesis

In deze thesis zullen we bestuderen in welke mate een financiële markt

zich gedraagt als een kudde. We construeren verschillende indices, waar-

bij elke index een getal tussen 0 en 1 is. Een waarde gelijk aan 1 komt

overeen met een markt waarin aandelenprijzen samen omhoog en om-

laag gaan. Hoe kleiner de waarde van de index, hoe minder sterk de

aandelenprijzen samen bewegen.

Elke index wordt berekend op basis van vanilla en index opties. Op-

tieprijzen veranderen continu gedurende een trading dag, bijgevolg zal

onze index ook wijzigen gedurende de dag. Daarom is het belangrijk

dat de index snel en op een robuuste manier berekend kan worden.

Het gebruik van optieprijzen om onze index te construeren, zorgt er-

voor dat de index ‘vooruitziend’ is: ze geeft het sentiment van de markt

over het toekomstige kuddegedrag weer, dat vervat zit in de huidige op-

tieprijzen.

We bewandelen twee verschillende wegen om onze index met boven-

vermelde eigenschappen te construeren: een modelvrije en een model-

matige manier. Hieronder beschrijven we kort deze twee methoden.
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De Herd Behavior Index

De Herd Behavior Index is een modelvrije index die de mate van kud-

degedrag weergeeft tussen aandelen die samen een index vormen. De

herd behavior index is gebaseerd op de idee dat de ‘afstand’ tussen de

marktsituatie waarin alles samen beweegt en de huidige situatie, infor-

matie geeft over de afhankelijkheden tussen de aandelen.

Wij zullen een bepaalde marktsituatie karakteriseren aan de hand

van de index optie curve. In deel I van deze thesis wordt uitvoerig be-

handeld waarom zulk een aanpak gerechtvaardigd is. Een groot voor-

deel van deze aanpak is dat de index optie curve direct observeerbaar is

in de financiële markt.

Een cruciaal punt in de berekening van de herd behavior index is dat

we op basis van de geobserveerde vanilla optie prijzen een markt kun-

nen construeren, samen met de bijbehorende index optie curve, waarin

al de aandelen samen stijgen en dalen. Dit extreme geval is niet erg re-

alistisch, aandelenprijzen zullen nooit als een kudde bewegen. Toch is

het bestuderen van deze theoretische situatie belangrijk. Indien we de

index optie curve kunnen berekenen die we zouden observeren in een

markt waarin alles perfect samen beweegt, kunnen we de echte index

optie curve vergelijken met de extreme situatie. Hoe ‘dichter’ de twee

curves bij elkaar liggen, hoe dichter de huidige situatie bij de extreme

situatie ligt, en dus hoe sterker de aandelenprijzen zullen samenbewe-

gen.

Het vergelijken van optie curves helpt om een idee te vormen over

de graad van afhankelijkheid tussen de verschillende aandelenprijzen.

Wat we willen is de ‘afstand’ tussen de twee optie curves in een in-

tuïtief getal steken, dat up-to-date berekend kan worden en makkelijk
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te communiceren is. Dit kan gebeuren op twee verschillende manieren.

Een eerste methode, die we uit de doeken doen in Hoofdstuk 12, is het

gebruik van swap rates. In Hoofdstuk 13 komt een tweede methode

aan bod, waarbij distorted expectations gebruikt worden om de afstand

tussen de twee optie curves te kwantificeren. Een uitgebreide literatuur

over swap rates (ook wel expected utilities) en distorted expectations

helpt ons om nuttige en noodzakelijke eigenschappen te bewijzen, die

aantonen dat de herd behavior index de juiste informatie geeft.

Implied Correlation Index

De implied correlatie verwijst naar een schatting van de gemiddelde

correlatie tussen de (logreturns van de) aandelenprijzen die vervat zit

in de index optieprijzen. Een eerste stap is het construeren van een

pricing formule voor index opties. We gaan ervan uit dat de individuele

aandelen beschreven kunnen worden door een lognormale verdeling.

Op deze manier zijn opties op de individuele aandelen te berekenen

met de beroemde Black & Scholes formule. We gebruiken de theorie

van comonotoniciteit en convexe benaderingen om een benadering te

vinden voor de prijs van een index optie.

In de vorige sectie hebben we gezegd dat index opties verhandeld

worden op de beursvloer en dat de huidige (aankoop en verkoop) prijs

gekend is. In eerste instantie zou je kunnen zeggen dat het afleiden van

een (benaderende) index optieprijs bijgevolg zinloos is, aangezien de

exacte prijs gekend is. We zijn echter niet geïnteresseerd in de prijs die

uit de formule komt, maar wel in de parameters die ervoor zorgen dat

ons model dezelfde prijs genereert als de gequoteerde index optieprijs.

Deze parameters noemen we implied estimates, ze worden als het ware
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geïmpliceerd door de geobserveerde optieprijzen.

In Hoofdstuk 14 gebruiken we de benaderende index optie pricing

formule om de gemiddelde correlatie te vinden die vervat zit in de index

optieprijzen. Deze schatting voor de correlatie vormen we vervolgens

om tot een index die het kuddegedrag tussen aandelenprijzen meet en

we noemen deze index de Implied Correlation Index.



CHAPTER 1

Introduction

1.1 Context

After having experienced the late-2000s financial crisis and the related

near-meltdown of the financial system, systemic risk has attracted the

attention of stakeholders including regulators, policy makers, market

supervisors and speculators. Systemic risk refers to the risk of a major

failure of the system due to the interconnectedness between its com-

ponents. A high level of systemic risk reflects the ‘low probability, high

impact event’ of a market which is to a large extent driven by a single

factor. Taking into account that ‘the boat loses stability and may even

capsize if all its passengers together run from one side to the other over

and over again’, a single factor situation may lead to a collapse of the

entire system. Therefore, the estimation of the level of systemic risk is

of utmost importance. It gives market players an insight and an oppor-

tunity to take the necessary precautionary actions.

The term herd behavior can already be found in Banerjee (1993, 1992).

In these papers, crowd effects are studied in a economy where n differ-

1



2 Introduction

ent agents are taking decisions one at a time and taking into account

the decisions made by the other agents. A non-sequential version of

this herding model is proposed in Cont & Bouchaud (2000). Here, each

agent can buy or sell a stock. When the different agents do not interact

with each other, the nature of the stock market returns will be Gaussian,

while introducing a herding mechanism gives rise to non-Gaussian and

heavy-tailed returns.

Nowadays, regulators impose capital requirements on individual firms

to increase policy- and shareholders’ protection. However, to avoid in-

stabilities in a system, one has to take into account the systemic risk.

The Squam Lake Group consists of fifteen leading academics who give

guidance on the reformation of the financial sector. In Squam Lake

Group (2009), the authors argue that there should be a regulator who

oversees the health and the stability of the entire system. Besides the

risk profile of the individual firms, this ‘systemic regulator’ should be

aware of the possible interactions between the components and should

be able to impose systemically sensitive capital requirements.

There is an extensive literature trying to answer the question which

components are systemically important and how to derive adequate

capital requirements to stabilize the system. Below, we briefly describe

a few of them.

The possible cascading effects within the banking system can be

modeled by a graph, where each node represents an institution and the

connections represent the interbank exposures. This approach was ap-

plied in Cont et al. (2013) to find the systemic important banks in the

Brazilian banking sector. Besides interbank exposures, other factors

(e.g. size) increase the systemic importance of a bank or institution in

a system. An empirical analysis of how different systemic risk sources
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contribute to the total systemic risk was conducted in de Cadenas San-

tiago et al. (2011). If a systemic regulator knows which institutions are

systemically important, he can impose more stringent capital require-

ments for these firms.

A common approach to set capital requirements of an individual

firm is by using risk measures. Consider a random variable X; repre-

senting the future loss of a company. A risk measure � is a functional

which assigns the real number � [X] to the loss X. Special attention is

paid to the class of coherent risk measures, which have some desirable

properties to be used to set capital requirements for isolated compa-

nies; see e.g. Artzner et al. (1999).

Consider a system with n companies. The future loss of company

i is denoted by the random variable Xi: The loss of the total system is

denoted by S :

S = X1 +X2 + : : :+Xn:

Consider the random variable S j X = s; where s 2 R and Xi = s

represents the situation where the i th firm is running into troubles. For

an appropriate risk measure �; the number � [S j Xi = s] quantifies the

risk of the total system, provided one of the companies suffers heavy

losses. Such risk measures are called co-risk measures, where the prefix

‘co’ stands for co-movement, contagious or conditional. Examples are

the Co-VaR and the Co-CTE, see e.g. Acharya et al. (2010), Adrian &

Brunnermeier (2009) and Boyle & Kim (2012).

The above-mentioned systemic risk measures are based on time se-

ries and balance sheet data. Alternatively, one can use derivative prices

to construct systemic risk indicators. Derivative prices take a forward

looking view, i.e. they contain the views of the market about the future

economic state. As a result, the corresponding systemic risk indicator is
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also forward looking. For example, Huang et al. (2012) use CDS spreads

to determine the probability of default of the underlying institution and

equity price co-movements to derive correlations among the individu-

als. Their systemic risk indicator can be intepreted as the insurance

premium against systemic financial distress.

Our goal is to construct an index which represents the current level

of diversification possible when composing an equity portfolio and is

based on option data. Such an index should be easy and fast to calcu-

late, such that it can be determined on a regular (daily, intraday,...) ba-

sis. This index will take values between 0 and 1, where 1 represents the

extreme case where there is no diversification possible and all stocks

behave in the same way.

At the moment, the only quoted index for the degree of herd behav-

ior between asset prices is the CBOE Implied Correlation Index; see Chi-

cago Board Options Exchange (2009) and Skintzi & Refenes (2005). We

argue that the implied correlation in its current version is a bad estimate

in bad times, i.e. it gives misleading information when it is needed the

most. We propose two approaches, a model-based and a model-free

approach, and we show that these indicators outperform the current

market standard.

1.2 Overview

The main goal of this dissertation is to measure the extent to which

stock prices will move together in the future. In Part III we propose two

frameworks to measure herd behavior between stock prices: a model-

free and a model-based approach. Measuring co-movement in a model-

free way can be considered as an additional market stress indicator be-
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sides the well-known volatility estimates like the VIX. The model-based

approach can be considered as an improvement of the well-known im-

plied correlation.

The current work is a blend of probability theory, actuarial science

and mathematical finance. We aim in making this thesis accessible to a

broad audience. Chapter 2 describes the important mathematical con-

cepts which will be used throughout the text. In Chapter 8 we consider

the pricing mechanism of traded financial contracts in a no-arbitrage

framework. We explain the essential concepts and buzz words of pric-

ing derivative securities in arbitrage-free markets, without worrying too

much about mathematical technicalities. Detailed definitions and ad-

ditional proofs are provided in the appendix. Each chapter concludes

with a section describing the relevant literature.

1.2.1 Part I: Comparing risks, equality in distribution and
comonotonicity

In Part I of this dissertation, we investigate how the random sum of

the components of a random vector can be used to reveal information

about the multivariate nature of the random vector. In Part III, these

results will be the foundation of our herd behavior measures based on

the random sum.

Chapter 3 introduces some important integral stochastic orders. For

example, we consider the convex and supermodular orders, which will

play an important role throughout this dissertation. An interesting re-

sult in this chapter states that the expected utility of a random variable

can be expressed as a mixture of upper and lower tail transforms of this

random variable. In Chapter 6 we derive a similar result for the dis-

torted expectation of a random variable: the distorted expectation of a
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random variable can be expressed as a mixture of Tail Values-at-Risk of

this random variable. These representations for the expected utility and

the distorted expectation will be used in Chapter 7 to show that under

the appropriate conditions, one can prove an equality in distribution

by comparing expected utilities or distorted expectations.

The concept of comonotonicity is considered in Chapter 4. Loosely

speaking, comonotonicity refers to a situation where all random vari-

ables are non-decreasing functions of only one random source, i.e. they

will ‘move in the same direction’. The distribution function and the

stop-loss premiums of a sum of comonotonic random variables can be

determined in an analytical form, which makes the comonotonic sum

an attractive random variable; see Chapter 5. We finish the first part

of this dissertation with a set of characterizations of comonotonicity

based on the distribution of the sum.

1.2.2 Part II: Pricing index options

An index option is an option which has as underlying a basket of stocks.

The dependence structure between the different stocks makes it a hard

task to derive closed form solutions for the price of such an exotic op-

tion. In this dissertation we consider two different approaches. Chap-

ter 9 derives a static super-replicating strategy for the pay-off of a basket

option. This strategy uses only traded vanilla options and is model-free.

We consider the finite market case, where the prices of the options on

the stocks of which the index is composed are available for a finite num-

ber of strikes. We introduce a framework where the super-replicating

strategy for an index call and an index put is derived at the same time.

We prove that such an integrated approach gives rise to an efficient al-

gorithm which is fast to calculate.
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Even if the individual stocks composing the basket can be described

by the celebrated Black & Scholes model, the price of an index option

is still hard to determine. In Chapter 11 we derive an upper and lower

bound for this price, based on the theory of comonotonicity. A linear

combination of these two bounds results in a close approximation for

the price of the index option.

1.2.3 Part III: Measuring herd behavior in stock markets

The last part of this dissertation deals with the problem of measuring

dependence between stock prices. Chapter 12 and Chapter 13 con-

struct a family of dependence measures, based on the theory of como-

notonicity and the information content of the random sum. Measur-

ing dependence can become cumbersome when the number of r.v.’s in-

volved becomes large. Using the information contained in the random

sum results in a tractable dependence measure for the average level of

co-movement. Chapter 12 uses swap rates on the index to determine

the degree of herd behavior whereas Chapter 13 is based on distorted

expectations of the index. It will be shown that both the swap rate and

the distorted expectation can be determined in a model-free way using

the available option data. As result, the corresponding estimate for the

degree of herd behavior is forward looking and model-free.

Chapter 14 considers a model-based approach to measure the de-

pendence between asset prices. More precisely, we assume that the

stocks can be described by a multivariate Black & Scholes model. In-

verting the pricing formula for index options results in an implied esti-

mate for the mean level of correlation.

The degree of herd behavior between stock prices is intrinsically re-

lated to dispersion or herd behavior trading and hedging. Intuitively



8 Introduction

stated, when the degree of herd behavior is large, there is not much di-

versification possible and index options are relatively expensive com-

pared to the individual stock options. Therefore, a high value for a herd

behavior index suggests to buy individual options and sell index op-

tions. The position can then be profitably closed when the market re-

laxes and the degree of herd behavior decreases. On the other hand,

when the degree of herd behavior is low, but an investor is worried

about the impact of potential herd behavior, he could enter in the oppo-

site trade to hedge against co-movement exposure. One of the advan-

tages of our approach is that, using the results of Chapter 9, it allows

to specify the optimal portfolio of individual options one should buy in

case of a high value for the degree of herd behavior.

1.3 Comonotonicity at KU Leuven

A significant part of the research on comonotonicity has been conducted

by researchers of the KU Leuven. The first papers where the como-

notonic dependence structure was considered in an actuarial context

are Dhaene & Goovaerts (1996) and Dhaene & Goovaerts (1997). These

papers initiated an abundance of research articles over the next two

decades. An historic overview of the most important publications is

given in Table 1.1.
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1996 - � Dependency of risks & stop-loss order (Dhaene & Goovaerts

(1996))

1997 -
� Dependency of risks in individual life model (Dhaene &

Goovaerts (1997))

1998 -
� Correlation order & premium principles (Wang & Dhaene

(1998))

1999 -
� Comonotonicity as a worst case scenario (Dhaene & Denuit

(1999))

� Supermodular ordering & stochastic annuities (Goovaerts &

Dhaene (1999)

2000 -
� Convex order upper & lower bounds (Kaas et al. (2000))

� Maximal stop-loss premiums (Dhaene et al. (2000a))

� Upper bounds for arithmetic Asian options (Simon et al.

(2000))

2002 -
� Comonotonic risks have convex largest sum (Kaas et al. (2002))

� Comonotonicity in actuarial science & finance: theory &
applications (Dhaene et al. (2002b,a))

Table 1.1 – continued on next page
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Table 1.1 – continued from previous page

2003 -
� Comonotonicity and countermonotonicity (Denuit & Dhaene

(2003))

� Economic capital allocation (Dhaene et al. (2003))

2004 -
� Dynamic allocation of economic capital (Laeven & Goovaerts

(2004))

� Independence for additive risk measures (Goovaerts et al.

(2004))

2005 -
� Life annuity contracts (Hoedemakers et al. (2005))

� Optimal portfolio selection problems (Dhaene et al. (2005))

� Risk measures: comparing approximations (Vanduffel et al.

(2005))

2006 -
� Asian options under Lévy models Albrecher et al. (2005))

� Pricing of arithmetic Asian options (Vanmaele et al. (2006))

� Risk measures & comonotonicity: a review (Dhaene et al.

(2006))

2007 -
� Survival probabilities in Lee-Carter model (Denuit & Dhaene

(2007))

Table 1.1 – continued on next page
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Table 1.1 – continued from previous page

2008 -
� Convex lower bounds: optimization (Vanduffel et al. (2008))

� Exotic options: static super-replicating strategies (Chen et al.

(2008))

2009 -
� Bounds using log-elliptical random variables (Valdez et al.

(2009))

2010 -
� Comonotonicity & applications: overview (Deelstra et al.

(2011))

� Comonotonic dependency measure (Vyncke (2009))

2011 -
� Comonotonic approximations for a generalized provision-

ing problem (Van Weert et al. (2011))

Table 1.1 – continued on next page
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Table 1.1 – continued from previous page

2012 -
� Comonotonic approximations for the probability of life-

time ruin (Van Weert et al. (2012))

� Pricing index options: a model-free approach (Linders et al.

(2012))

� Optimal capital allocation principles (Dhaene, Tsanakas, Valdez

& Vanduffel (2012))

� The Herd Behavior Index (Dhaene, Linders, Schoutens & Vyncke

(2012))

� Measuring fear in financial markets (Dhaene, Dony, Forys, Lin-

ders & Schoutens (2012))

2013 -
� Ordered random vectors and equality in distribution (Che-

ung et al. (2013))

� A new Implied Correlation Index (Dhaene, Linders & Schoutens

(2013))

Table 1.1: Research on comonotonicity at KU Leuven: historic
overview
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Mathematical background

In this dissertation, random variables are used to describe the unpre-

dictable nature of future stock prices. This approach attaches a distrib-

ution to a stock price, which gives us an idea of the likelihood that the

future stock price will end in some given region. We start with an intro-

duction about the basic mathematical concepts and an introduction to

probability theory, which will be needed afterwards. We confine our-

selves in this chapter to a rigorous approach and reserve the exact de-

finitions and properties for Appendix A. The reader is referred to Feller

(1971), Chow & Teicher (2003) or Žitković (2011) for a more in-depth

treatment of probability theory.

2.1 Mathematical concepts

2.1.1 Continuous and differentiable functions

Throughout this dissertation, a function f is always assumed to be real-

valued, i.e. f : I ! R: Here, I � R is called the domain of f and is

supposed to be a non-degenerate interval, which can be represented

13
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by [a; b], [a;+1), (�1; b] or (�1;+1) for some a; b 2 R. We denote the

infimum of I by inf I and the supremum of I by sup I. Notice that inf I

< sup I and also that inf I may be finite or equal to �1, whereas sup I

may be finite or equal to+1.

A function is continuous on the interval [a; b] if it is continuous at

each point in (a; b), right continuous at a, and left continuous at b. A

function is differentiable on the closed interval [a; b] if it is differentiable

at each point in (a; b), differentiable from the right at a, and differen-

tiable from the left at b. Here differentiability in a point means that the

derivative (right or left derivative, respectively) is well-defined and fi-

nite.

The function f is said to be càdlàg if for every x of (inf I; sup I] \ I
the left limit f(x�) = limy"x f (y) exists and is finite, and for every x of

[inf I; sup I) the right limit f(x+) = limy#x f(y) exists and equals f(x).

That means that f is right continuous with left limits. The acronym

càdlàg comes from the French ‘continue à droite, limite à gauche’, which

translates to English as ‘right-continuous with left limits’, which is some-

times abbreviated as RCLL. All continuous functions are càdlàg. Also

cumulative distribution functions are càdlàg. If f is a càdlàg function,

it has at most a countable1 number of discontinuities.

2.1.2 Monotone, convex and concave functions

Monotone, concave and convex real-valued functions play an impor-

tant role in this work. We take some time to give a detailed description

of these special functions.

1The setA is countable if, and only if, there is a one-to-one relation between the setA
and N:
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Definition 2.1.1 (Monotone) A function f , defined on the interval I �
R, is said to be non-decreasing in case the following implication holds:

x < y ) f(x) � f(y) for all x, y 2 I: (2.1)

The function f is said to be non-increasing in case�f is non-decreasing.

A function that is either non-decreasing or non-increasing is said to be

monotone.

If the function f is monotone on I it has at most countably many

discontinuities in I.

Definition 2.1.2 (Convex/concave) A function f , defined on the inter-

val I � R, is called concave on I if for any x1; x2 2 I and any t 2 [0; 1],

f (tx1 + (1� t)x2) � tf (x1) + (1� t)f (x2) : (2.2)

The function f is said to be convex on the interval I if (�f) is concave on

I.

A function f which is concave on the interval I is necessarily con-

tinuous on I. Further, we have that if f is differentiable on I, then con-

cavity is equivalent with f having a non-decreasing derivative on I. If f

is twice differentiable on I, then concavity is equivalent with f 00 � 0 on

I.

The function f defined on the interval I is called strictly concave if

for any x1; x2 2 I, x1 6= x2 and any t 2 (0; 1), inequality (2.2) is strict.

The function f is said to be strictly convex if (�f) is strictly concave.

If f is twice differentiable on I; then strict concavity is equivalent with

f 00 � 0 on I and there is no subinterval A � I where f 00 (x) = 0; for

x 2 A:
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2.1.3 Absolutely continuous functions

We pay special attention to the class of absolutely continuous func-

tions, which will turn out to be useful in this dissertation.

Definition 2.1.3 (Bounded variation) A function g : I ! R is said to be

of bounded variation (BV), notation g 2 BV [I] ; if g can be written as

g(x) = g1(x)� g2(x); x 2 I,

where both g1 and g2 are non-decreasing and bounded functions2.

For a function g 2 BV [I], one has that the left limit lim"#0 g(x � ")
exists for all x 2 (inf I; sup I] and x < 1. We denote this left limit by

g(x�). Similarly, for any function g 2 BV [I], one has that the right limit

lim"#0 g(x + ") exists for all x 2 [inf I; sup I). This limit is denoted by

g(x+). A function of bounded variation is differentiable almost every-

where3.

Definition 2.1.4 (absolutely continuous) The function g 2 BV [I] is ab-

solutely continuous on I if there exists a Lebesgue integrable function h

on I such that

g(x) = g(a) +

Z x

a

h(y)dy; x 2 I: (2.3)

Lebesgue integrability4 of h on I means that the Lebesgue integral

in the right hand side of (2.3) is well-defined and finite. In case g is ab-

solutely continuous on I one has that g is continuous on I. Further-

more, the derivative of g exists and is equal to h almost everywhere on

2If inf I; sup I < 1; then we have that g1 and g2 are bounded if they are non-
decreasing.

3A definition of the concept ‘almost everywhere’ is given in Section 2.2.
4A definition of the concept ‘Lebesgue integrability’ is given in Section 2.2.



Integration 17

I. This implies that we can rewrite (2.3) as

g(x) = g(a) +

Z x

a

g0(y)dy; x 2 I; (2.4)

where the function g0 has to be understood as an arbitrary function

which coincides with the derivative of g in case this derivative exists.

A sufficient condition for g to be absolutely continuous is that g is con-

tinuously differentiable on I.

2.2 Integration

Integrals which appear in this dissertation have to be understood as Le-

besgue or Lebesgue-Stieltjes integrals. To make this dissertation self-

contained, we dedicate this section to a description of these concepts.

2.2.1 Measurable spaces

Consider a non-empty set S. The �-algebra S consists of a collection

of subsets of S: For a precise definition, we refer to Appendix A. The

couple (S;S) is called a measurable space. For a function f : S ! R; the

set f�1 (I) is given by

f�1 (I) = fx 2 S j f (x) 2 Ig :

We call f a measurable function if for every real interval I; f�1 (I) 2 S:
A (positive) measure � is a sigma-additive function which attaches to

eachA 2 S the value � (A) ;which is either a non-negative real number

or+1: This function is not allowed to be identical to+1.

The �-algebra B (R) of the setR is the smallest �-algebra which con-

tains all open intervals inR: B (R) is also called the Borel �-algebra ofR:
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Consider the measurable space (R;B (R)) : A measure defined on this

measurable space which needs special attention is the Lebesgue mea-

sure, which we denote by �: The measure � is an extension of the intu-

itive notion of length of a real interval. Indeed, we have that

� ([a; b)) = b� a;

� (fag) = 0;

for a; b 2 R and a < b:

Consider the measurable space (I;B (I)) ;where B (I) is the Borel �-

algebra of I: We say that two functions f; g : I ! R are equal almost

everywhere (a.e.) if

f (x) = g (x) ; for all x 2 InA;

whereA 2 B (I) and � (A) = 0:5

The 2-dimensional Euclidian spaceR2 consists of all pairs (x; y)with

x; y 2 R: The Lebesgue measure � can be extended to higher dimen-

sions. Indeed, there exists a measure � on
�
R2;B

�
R2
��

satisfying

� ([a1; b1]� [a2; b2]) = (b1 � a1) (b2 � a2) ;

for all a1 < b1 and a2 < b2 in R: The definitions given above extend

in a natural way to higher dimensions. For example, we say that the

functions f; g : R2! R are equal almost everywhere if

f (x; y) = g (x; y) ; for (x; y) 2 R2 rA;

whereA 2 B
�
R2
�

and � (A) = 0.

5The concept of ‘almost everywhere’ can be considered for a general measurable space
(S;S; �) ; see Appendix A.
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2.2.2 Lebesgue integrals

Consider the real interval I: Assume that the function g : I! R can be

expressed as

g =
nX
i=1

�iI (Ii) ; (2.5)

where �i � 0, I (I) is the indicator function and Ii is an element of the

Borel �-algebra. The function g is called a simple function. If � is a

measure on the space (I;B (I)) ; then we can define the Lebesgue inte-

gral
R
I
gd� in a straightforward way.

Definition 2.2.1 For a simple function g defined as in (2.5); the Lebesgue

integral
R
I
gd� is defined byZ

I

gd� =
nX
i=1

�i� (Ii)
6:

This integral is well-defined and takes a value in [0;+1] :
If f is a non-negative function, not necessarily simple,

R
I
fd� is de-

fined using simple functions.

Definition 2.2.2 For a non-negative measurable function f; the Lebes-

gue integral
R
I
fd� is defined byZ

I

fd� = sup
�Z

I

gd� j g is simple and g � f
�
:

This integral is well-defined and takes a value in [0;+1] :
For a measurable function f; not necessarily non-negative and/or

simple, we first decompose f in its positive and negative part:

f = f+ � f�;
6We always put 0� (+1) equal to 0; by definition.
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where f+ = max ff; 0g and f� = max f�f; 0g : The integral
R
I
fd� is

defined as Z
I

fd� =
Z
I

f+d��
Z
I

f�d�: (2.6)

If
R
I
f+d� and

R
I
f�d� are both finite, we say that f is (Lebesgue) inte-

grable w.r.t. the measure �: The integral
R
I
fd� is well-defined if at least

one of the integrals in (2.6) is finite. If I = [a; b] we write
R b
a

instead ofR
I
:

The Lebesgue integral is an extension of the classical (Riemann) in-

tegral. Indeed, if f : [a; b]! R is a bounded function which is Riemann

integrable, then Z b

a

f (x)� (dx) =
Z b

a

f (x)dx;

where the first integral is a Lebesgue integral and the second integral

is a Riemann integral. Throughout this dissertation, we call a function

(Lebesgue) integrable if it is (Lebesgue) integrable w.r.t. the Lebesgue

measure �: Continuous functions, as well as bounded functions, with

at most countably many discontinuities are always integrable.

Consider the function f : R2! R. The integral
R
f (x; y)d(x; y) has

to be interpreted as
R
fd�; where � is the Lebesgue measure. The fol-

lowing theorem states conditions under which we can interchange the

order of integration.

Theorem 2.2.1 (Fubini) Consider the function f : R2! R which is as-

sumed to be integrable. ThenZ +1

�1

Z +1

�1
f (x; y)dxdy =

Z +1

�1

Z +1

�1
f (x; y)dydx (2.7)

=

Z
R2
f (x; y)d (x; y) :
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If the function f is continuous and non-negative, we can always use

(2.7) to interchange the order of integration.

2.2.3 Lebesgue-Stieltjes integrals

The Lebesgue-Stieltjes integral arises in a natural way when dealing

with probability theory. For example, the expected value of a random

variable is defined as a Lebesgue-Stieltjes integral. In this subsection,

we introduce the Lebesgue-Stieltjes integral and give important prop-

erties which will be needed in Chapter 6 of this dissertation.

2.2.3.1 Right continuous integrator

Consider the right continuous function u : I �! R: It can be proven

that there exists a unique measure �u defined on the Borel �-algebra of

I;which can be characterized by half open intervals of the form (a; b]:

�u ((a; b]) = u (b)� u (a) ; (2.8)

�u (fcg) = u (c)� u (c�) ;

where a; b; c 2 I, a < b and c 6= inf I. Furthermore, if inf I 2 R; there can

be no jump in inf I because u is r.c., so �u (finf Ig) = 0. For a proof we

refer to Ash & Doléans-Dade (2000).

The Lebesgue-Stieltjes (LS) integral for a right continuous integrator

is defined below.

Definition 2.2.3 (LS integral for r.c. integrator) Consider an intervalB

� I and the right continuous and non-decreasing function u : I ! R:
The integral

R
B
f (x)du (x) is a Lebesgue-Stieltjes integral which is de-

fined to be Z
B

f (x)du (x) =
Z
B

f (x)�u (dx) : (2.9)
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The functions f and u in (2.9) are called the integrand and the inte-

grator, respectively. If the interval B is closed, for example B = [a; b] ;

then we write
R b
a

instead of
R
[a;b]

. Note also that (2.8) implies thatZ
(a;b]

du (x) = u (b)� u (a) ; (2.10)

and Z b

a

du (x) = u (b)� u (a�) : (2.11)

If the function f is non-negative, the integral
R
B
f (x)du (x) is well-defined

and takes a value in [0;+1] :
The classical rule of integration by parts does not hold anymore when

both functions involved are allowed to have jumps. In the next theorem

we provide a more general formula when the integrand and intergator

are assumed to have only left discontinuities. A proof can be found in

Appendix B; see also Fleming & Harrington (2011).

Lemma 2.2.1 Consider the real-valued functions f and u defined on the

interval I and assume that both functions are right continuous and non-

decreasing, then we can apply integration by parts as follows:Z
(a;b]

u (x)df (x) = f (b)u (b)� f (a)u (a)�
Z
(a;b]

f (x�)du (x) ; (2.12)Z
[a;b)

u (x)df (x) = f (b�)u (b�)� f (a�)u (a�)�
Z
[a;b)

f (x�)du (x) :

(2.13)

The setA contains the points where the function f jumps:

A = fx j f (x) 6= f (x�)g :
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The setA is countable because the function f is non-decreasing. If the

function u has no jump in these points, i.e.:

u (x) = u (x�) ; if f jumps in x;

then �u (A) = 0;which means that (2.12) reduces to the classical rule of

integration by parts:Z
(a;b]

u (x)df (x) = f (b)u (b)� f (a)u (a)�
Z
(a;b]

f (x)du (x) :

2.2.3.2 Left continuous integrator

For a left continuous function u : I ! R; we can also find a unique

measure �u defined on the Borel �-algebra of I: This measure is now

characterized by half open sets of the form [a; b) :

�u ([a; b)) = u (b)� u (a) ; (2.14)

�u (fcg) = u (c+)� u (c) ;

where a; b; c 2 I, a < b and c < sup I: Furthermore, if sup I 2 R; there

can be no jump in sup I because the function u is l.c. So �u (fsup Ig) =
0 if sup I <1.

In the next definition, we define the Lebesgue-Stieltjes integral for a

left continuous function u:

Definition 2.2.4 (LS integral for l.c. integrator) Consider an intervalB

� I and the left continuous and non-decreasing function u : I ! R: The

integral
R
B
f (x)du (x) is a Lebesgue-Stieltjes integral which is defined

to be Z
B

f (x)du (x) =
Z
B

f (x)�u (dx) : (2.15)
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For a left continuous integrator u;we find from (2.14) thatZ
[a;b)

du (x) = u (b)� u (a) ; (2.16)

and also Z b

a

du (x) = u (b+)� u (a) :

If the function f is non-negative, the integral
R
B
f (x)du (x) is well-defined

and takes a value in [0;+1] :
We can now prove a formula for integration by parts when both the

integrator and the integrand are left continuous and non-decreasing. A

proof can be found in Appendix B.

Lemma 2.2.2 Consider the functions f andu and assume that both func-

tions are left continuous and non-decreasing, then we can apply integra-

tion by parts as follows:Z
[a;b)

u (x)df (x) = f (b)u (b)� f (a)u (a)�
Z
[a;b)

f (x+)du (x) ; (2.17)Z
(a;b]

u (x)df (x) = f (b+)u (b+)� f (a+)u (a+)�
Z
(a;b]

f (x+)du (x)

(2.18)

The setA contains the points where the function f jumps:

A = fx j f (x) 6= f (x+)g :

The function f is non-decreasing, which implies that A is a countable

set. If the function u has no jump in these points, i.e.:

u (x) = u (x+) ; if f jumps in x;

then �u (A) = 0; which means that we can apply the classical rule of

integration by parts.
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2.2.3.3 Non-decreasing integrator

If u is a non-decreasing function, but not necesarily right or left contin-

uous, we can use the following lemma (see Appendix B for a proof) to

define the Lebesgue-Stieltjes integral for this situation.

Lemma 2.2.3 Any non-decreasing function u : I ! R can be represented

as the sum

u = ur + ul; (2.19)

where ur and ul are a r.c. and a l.c. non-decreasing function, respectively.

The Lebesgue-Stieltjes integral for a non-decreasing generator is a

combination of the left continuous and right continuous definition of

the Lebesgue-Stieltjes integral.

Definition 2.2.5 (LS integral for non-decreasing integrator) Consider

an interval B � I and the non-decreasing function u : I ! R: The

integral
R
B
f (x)du (x) is a Lebesgue-Stieltjes integral which is defined

to be Z
B

f (x)du (x) =
Z
B

f (x)dur (x) +
Z
B

f (x)dul (x) ;

where the integrals on the right hand side are defined as in (2.9) and

(2.15).

If the function f is non-negative, the integral
R
B
f (x)du (x) is well-

defined and takes a value in [0;+1] :

2.3 Probability theory: basic concepts

For this introduction, we confine ourselves to a discussion about the

basic mathematical concepts of probability theory. More advanced con-
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cepts are introduced when they appear in the text of this dissertation.

2.3.1 Random variables

Throughout this dissertation, we work in a probability space (
;F ;P),
where (
;F) is a measurable space and P a measure on F . The set 


is also called the universe and describes all possible future states of na-

ture at the end of a given reference period when observing a random

phenomenon. The �-algebra F is the set of all possible events. The

measure P is called the (physical) probability measure and P [
] = 1.

The value P [A] can be interpreted as the likelihood that the outcome !

of our experiment lies in A.

A random variable, abbreviated as r.v., is a real-valued measurable

function on (
;F) :We always denote r.v.’s with a capital letter. The r.v.

X : 
!R attaches a real number to each event of
. The outcome ! de-

scribes the state of the random phenomenon,X (!) can be interpreted

as a single aspect of this state. The set X�1 (I) = f! 2 
 j X (!) 2 Ig
can be interpreted as the collection of all possible outcomes ! 2 
 for

which X (!) 2 I: Statements like ‘the probability that X lies in I’ only

make sense ifX�1 (I) 2 F , which is the case becauseX is a measurable

function. Indeed, in such a situation, the statement ‘the probability that

X lies in I’ can be transformed to ‘the probability that ! lies inX�1 (I)’,

which is equal to P
�
X�1 (I)

�
: In the sequel we use the shorthand no-

tation P [X 2 I] if no confusion is possible. We also write P [X < x] and

P [X � x] for P
�
X�1 ((�1; x))

�
and P

�
X�1 ((�1; x])

�
, respectively and

the shorthand notations P [X > x] and P [X � x] are used to denote the

probabilities P
�
X�1 ((x;+1))

�
and P

�
X�1 ([x;+1))

�
; respectively.

The cumulative distribution function (cdf) of a random variable X
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is denoted by FX and

FX (x) = P [X � x] ; for x 2 R:

For each r.v. X; the cdf FX is a non-decreasing and right-continuous

function.

The survival or decumulative distribution function (ddf) is given by

1� FX (x) = P [X > x] ; for x 2 R:

Each r.v. induces a cdf, which describes the stochastic nature of the r.v.

We say that two random variables X and Y are equal in distribution if

FX � FY : Such a relation is denoted byX d
= Y:Although the r.v.’s are the

same in distribution, it may happen that they are defined on different

probability spaces. In the sequel of this dissertation, all random vari-

ables are assumed to be defined on the same probability space, unless

stated otherwise. The random variablesX andY are equal almost surely

if the measurable functionsX and Y are equal almost everywhere.

2.3.2 Random vectors

When considering n random variables simultaneously, one has to take

into account the effect of the dependence structure. Consider the ran-

dom variables X1; X2; : : : ; Xn which are all defined on the probability

space (
;F ;P) : A random vector, which we denote by X; is defined as

X = (X1; X2; � � � ; Xn) : The random vector X is a mapping from the

universe
 toRn:The latter denotes the n-dimensional Euclidian space.

Take I = (I1; I2; : : : ; In) where Ii is a real interval in R. Measurability of

X implies that X�1 (I) 2 F : We can now define the probability that si-

multaneouslyX1 2 I1; X2 2 I2; � � � ; Xn 2 In as P
�
X�1 (I)

�
: If no confu-

sion is possible, we write P [X 2 I] or P [X1 2 I1; X2 2 I2; � � � ; Xn 2 In] :
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The multivariate cdf FX of the random vectorX is defined by

FX (x) = P [X1 � x1; X2 � x2; � � � ; Xn � xn] ; for x 2 Rn:

The function FX is also called the joint cdf of the random vectorX and

the r.v.’sXi are called the marginals. We say that the random vectorsX

and Y are equal in distribution, notation X d
= Y ; if FX � FY : The ran-

dom vectors X and Y are equal almost surely if the measurable func-

tionsX and Y are equal almost everywhere.

2.3.3 Expectation, variance and covariance

The average or expected value of the r.v. X is denoted by E [X] and de-

fined as

E [X] =
Z +1

�1
xdFX (x) : (2.20)

The integral in this expression has to be understood as the Lebesgue-

Stieltjes integral defined in Definition 2.2.3. Consider an experiment

which generates random outcomes that are distributed according to

FX : The average value of a large number of independent simulations

of this experiment will result in a number which is close to E [X] :
A random variableX can be decomposed in its positive and negative

parts:

X = X+ �X�;

where X+ = max fX; 0g and X� = max f�X; 0g : The r.v.’s X+ and

X� are non-negative and the expectations E [X+] and E [X�] are al-

ways well-defined but might eventually be equal to +1: The expecta-

tion E [X] can be written as

E [X] = E [X+]� E [X�] : (2.21)
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We say that E [X] is well-defined if at least one of the two terms at the

right-hand-side of (2.20) is finite. The expectation E [X] is finite if both

E [X+] and E [X�] are finite. From now on, all r.v.’s X are assumed to

have a finite mean E [X], unless stated otherwise.

Lemma 2.3.1 Consider the function u : I ! R and the r.v. X: Assume

that u and FX have no common jumps. For any a 2 (inf I; sup I) ;we can

write the expectation E [u (X)] as follows

E [u (X)] = u (a)�
Z a

inf I

FX(x)du (x)+
Z sup I

a

(1� FX(x))du (x) : (2.22)

Proof. Using definition (2.20) for E [X] ;we find

E [u (X)] =
Z a

inf I

u (x)dFX(x)�
Z sup I

a

u (x)d (1� FX(x)) :

Because u and FX have no common jumps, it follows from Lemma

2.2.1 that we can apply the classical integration by parts formula which

proves the result.

The integrals in (2.22) have to be understood as Lebesgue-Stieltjes

integrals; see Definition 2.2.5. If the functionu is absolutely continuous,

E [u (X)] can be written as

E [u (X)] = �
Z a

inf I

FX(x)u
0 (x)dx+

Z sup I

a

(1� FX(x))u0 (x)dx:

If u and FX have common jumps, an expression similar to (2.22) can be

proven using Lemma 2.2.1 and 2.2.2. A graphical illustration of expres-

sion (2.22) is given in Figure 2.1, where a = 0 and u (x) = x; for x 2 R.

Using expression (2.22), we can write the difference between the ex-

pected values ofX and Y in terms of the corresponding cdf’s:

E [Y ]� E [X] =
Z 1

�1
(FX(x)� FY (x))dx: (2.23)
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Figure 2.1: Graphical illustration of the expected valueE [X] in terms of
the surfaces I and II : E [X] = �I + II:

The variance of a r.v.X is denoted by Var[X] and defined as

Var [X] =
Z +1

�1
(x� E [X])2 dFX (x) :

If the expectation E [X] is well-defined, the variance Var[X] is always

well-defined and positive, but can be equal to+1. The variance Var[X]

is finite if, and only if, E
�
X2
�
< 1: The square root of the variance is

called the standard deviation. The variance of a random variable quan-

tifies the magnitude of the deviations from the mean that can be ex-

pected when repeating a number of simulations.

For two random variablesX and Y; the covariance is defined as

Cov [X;Y ] = E [(X � E [X]) (Y � E [Y ])]

and gives an idea of the extent to which the random variables X and
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Y are ‘moving together’. We say that two r.v.’s are moving strongly to-

gether if the possibility that one of the r.v.’s takes a large (small) value

increases if the other r.v. turns out to be large (small). The covariance

between two r.v.’s increases if they are moving more strongly together.

The covariance Cov[X;Y ] can be expressed as

Cov [X;Y ] = E [XY ]� E [X]E [Y ] : (2.24)

Although the second term of (2.24) can be determined using the mar-

ginal cdf’s FX and FY only; the joint cdf F(X;Y ) is needed to calculate

the first term.

Consider a random vector X: The expectation E [
Pn

i=1Xi] is fully

determined by the marginals:

E

"
nX
i=1

Xi

#
=

nX
i=1

E [Xi] :

The variance Var[
Pn

i=1Xi] depends on the dependence structure be-

tween the marginals:

Var

"
nX
i=1

Xi

#
=

nX
i=1

nX
j=1

Cov [Xi; Xj ] :

The variability of the sum
Pn

i=1Xi increases when the constituents of

the sum are moving more strongly together.
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Part I

Comparing risks, equality
in distribution and

comonotonicity
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CHAPTER 3

Ordering random vectors

Sections 3.2 and 3.4 of this chapter are for a large extent based on De-

nuit et al. (2005) and Dhaene et al. (2002a). Lemma 3.3.1 in Section 3.3

is based on Cheung et al. (2013).

3.1 Introduction

In this chapter we use a probabilistic approach to decide which of two

random variables is more ‘preferable’ for a decision maker. Such order-

ing relations are called integral stochastic orders. It depends on the sit-

uation at hand what is meant by ‘more preferable’. In case the random

variables are representing losses, a small upper tail is obviously more

preferable than a fat upper tail. On the other hand, one can use the ran-

dom variable with the smallest lower tail to be the more preferable one

when considering gains. To have some stability and to avoid excesses,

an alternative approach is to look at the upper and lower tails at the

same time. ‘More preferable’ is then equivalent with ‘less variable’.

In a second part of this chapter, we look at random vectors. If we

35
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compare random vectors, the dependence structure will play an impor-

tant role. We consider ordering relations which can determine in which

random vector the components move strongly together.

3.2 Ordering random variables

3.2.1 Increasing convex order

In order to explain the name increasing convex order, we first introduce

the notion of stop-loss premium. We will use the notation (x �K)+ for

max (x�K; 0).

Definition 3.2.1 (Stop-loss premiums) The stop-loss premium with re-

tentionK of a r.v. X is defined by E[(X �K)+];�1 < K < +1:

Putting a = K in Lemma 2.3.1 we find that

E[(X �K)+] =
Z +1

K

(1� FX(x))dx; �1 < K < +1; (3.1)

from which we can conclude that the stop-loss premium with retention

K can be considered as the weight of an upper tail of (the distribution

function of)X. Indeed, E[(X �K)+] is the surface between the cdf FX

of X and the constant function 1, from K on. Therefore, we will often

call E[(X �K)+] the upper tail transform (or just the upper tail) at level

K. Figure 3.1 gives a graphical interpretation of expression (3.1).

Definition 3.2.2 (Upper tail transforms) The upper tail transform �X

of a r.v.X is the function defined by

�X (x) = E[(X � x)+]; �1 < x < +1: (3.2)



Ordering random variables 37

Figure 3.1: Graphical illustration of the stop-loss premium
E
�
(X �K)+

�

One can prove that �X is a strictly decreasing convex function of x as

long as FX (x) < 1. Convexity of �X implies that it is also a continuous

function and that its derivative exists almost everywhere. Convexity of

�X also implies that its right derivative exists for any x.

One can prove the following relation between the cdf and the stop-

loss transform:

�0X (x+) = FX (x)� 1; �1 < x < +1; (3.3)

where the notation �0X (x+) is used to denote the right-derivative of �X

at x. Notice that both the upper tail transform and its right derivative

converge to 0when x approaches+1. Expressions (3.1) and (3.3) imply

that the cdf of a r.v. is completely specified by its upper tail transform

and vice-versa. Indeed, for the r.v.’sX and Y;we have that

�X � �Y () FX � FY : (3.4)



38 Ordering random vectors

Comparing losses by considering their upper tails results in the in-

creasing convex order.

Definition 3.2.3 (Increasing convex order) Consider two r.v.’sX and Y .

Then X is said to precede Y in the increasing convex order sense, nota-

tionX �icx Y , if E [(X �K)+] � E [(Y �K)+] for allK 2 R:

An alternative definition of increasing convex order is given by:

X �icx Y () E [u(X)] � E [u(Y )] ;

for all non-decreasing convex functions u and provided that the expec-

tations exist. The increasing convex order is also called stop-loss order.

Note that the increasing convex order between r.v.’s implies a corre-

sponding order of their means:

X �icx Y ) E [X] � E [Y ] : (3.5)

3.2.2 Increasing concave order

We have seen that an increasing convex ordering between two losses

can be interpreted in terms of the upper tails. In this section we in-

troduce the increasing concave order, which can be considered as the

dual order (for comparing the lower tail), of increasing convex order (for

comparing the upper tail).

Consider the quantity E [(K �X)+] : Putting a = K in Lemma 2.3.1

leads to

E [(K �X)+] =
Z K

�1
FX(x)dx; (3.6)

which means that E [(K �X)+] can be interpreted as the weight of a

lower tail ofX.
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Figure 3.2: Graphical illustration of E
�
(K �X)+

�
:

Indeed, it is the surface between the constant function 0 and the cdf

of X from �1 to K. It is straightforward to prove that the upper and

lower tails of a r.v. are connected by the following relation:

E [(X �K)+] +K = E [(K �X)+] + E [X] : (3.7)

In finance, this relation is called the put-call parity.

Similar to the upper tail transform �X , we can also define the lower

tail transform �X :

�X (x) = E[(x�X)+]; �1 < x < +1: (3.8)

Taking into account (3.3) and (3.7), we find that

�0X (x+) = FX (x) (3.9)

and

�X � �Y () FX � FY : (3.10)
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The increasing concave order uses the lower tail to compare r.v.’s.

Definition 3.2.4 (Increasing concave order) Consider two r.v.’s X and

Y . Then X is said to precede Y in the increasing concave order sense,

notationX �icc Y , if E [(K �X)+] � E [(K � Y )+] for allK 2 R.

The increasing concave order can also be defined by:

X �icc Y,E [u(X)] � E [u(Y )]

,E [v(X)] � E [v(Y )] ;

for all non-increasing convex functions v and all non-decreasing con-

cave functions u and provided that the expectations exist. Increasing

concave order is also called second degree stochastic dominance.

The increasing concave order between the r.v.’s X and Y implies a

corresponding order of their means:

X �icc Y ) E [X] � E [Y ] : (3.11)

3.2.3 Convex order

Increasing convex and concave order were introduced to be able to or-

der the random variables X and Y using the upper and lower tails, re-

spectively. We now consider the convex order, which uses the upper

and lower tails at the same time to order two random variables.

Definition 3.2.5 (Convex order) Consider two r.v.’sX and Y . ThenX is

said to precede Y in the convex order sense, notationX �cx Y , if

X �cx Y ,
�
E[X] = E[Y ],
E [(X �K)+] � E [(Y �K)+] , for allK 2 R: (3.12)
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From (3.5), (3.7), (3.11) and (3.12) one can easily prove that convex

order can also be characterized as follows:

X �cx Y ,
�
X �icx Y
Y �icc X

(3.13)

,
�
E[(X �K)+] � E[(Y �K)+]; for allK 2 R;
E [(K �X)+] � E [(K � Y )+] ; for allK 2 R: (3.14)

Note that with increasing convex order, we are concerned about large

values of a random variable, and call the r.v. Y less attractive than X if

the expected values of all top parts (Y �K)+ are larger than those ofX.

With stability in mind, one also wants the lower tail of X to be smaller

than the lower tail of Y . In this situation, X can be considered to be

more attractive than Y if both the top parts (X �K)+ and the bottom

parts (K �X)+ have a lower expected value than for Y . From (3.13) we

can conclude that both conditions are embedded in the convex order

introduced above.

3.3 Expected utilities and tail transforms

In the following lemma, it is shown that any sufficiently smooth func-

tion u(x) can be expressed as a mixture of upper and lower tail functions

of the form (x�K)+ and (K � x)+ ; K 2 R. Furthermore, E [u (X)]
can be expressed in terms of the corresponding upper - and lower tails

E
�
(X �K)+

�
and E

�
(K �X)+

�
. If u is a non-decreasing function, it is

also called a utility function and E [u (X)] is the expected utility of hav-

ing the amountX: In a financial context, X denotes the price level of a

traded asset at some future time T: We now consider a swap contract,

which is an agreement between two parties, where one party pays the

amount u (X) at time T in exchange for the fixed amount E [u (X)] : In

this situation, E [u (X)] is also referred to as the swap rate.
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Lemma 3.3.1 Let X be a r.v. with finite expectation and I an interval

such that P [X 2 I] = 1. Furthermore, consider the function u : I �! R
with absolutely continuous derivative u0.

(1) For any a 2 I, the r.v. u (X) can be expressed as

u (X) = u (a) + u0 (a) (X � a) +
Z a

inf I

u00 (K) (K �X)+ dK

+

Z sup I

a

u00 (K) (X �K)+ dK, a.s. (3.15)

(2) In case
R sup I
inf I

u00 (K)dK is well-defined, we have that E [u (X)] is well-

defined as well, and for any a 2 I it can be expressed as

E [u (X)] = u (a) + u0 (a) (E [X]� a) +
Z a

inf I

u00 (K)E
�
(K �X)+

�
dK

+

Z sup I

a

u00 (K)E
�
(X �K)+

�
dK: (3.16)

Proof. (1) The absolute continuity of u0 implies that also u is absolutely

continuous and can be expressed as

u (x) = u (a)�
Z a

x

u0 (K)dK; x 2 I:

Partial integration leads to

u (x) = u (a) + xu0 (x)� au0 (a) +
Z a

x

Ku00 (K)dK; x 2 I: (3.17)

Considering the cases x < a and x � a separately, one easily finds that

(3.17) can be rewritten as

u (x) = u (a) + u0 (a) (x� a) +
Z a

inf I

u00 (K) (K � x)+ dK

+

Z sup I

a

u00 (K) (x�K)+ dK; x 2 I:
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Replacing x byX in this expression leads to the a.s. equality (3.15).

(2) Decomposing u00 into its positive and negative parts, i.e.

u00 (K) = (u00 (K))+ � (u
00 (K))� ; (3.18)

where (y)+ = max(y; 0) and (y)� = �min(y; 0), we find thatZ sup I

inf I

u00 (K)dK =

Z sup I

inf I

(u00 (K))+ dK �
Z sup I

inf I

(u00 (K))� dK

not.
= I1 � I2:

The assumption that the integral
R sup I
inf I

u00 (K)dK is well-defined im-

plies that either

\0 � I1 < +1 and 0 � I2 < +1" or “I1 = +1 and 0 � I2 < +1"

or

\0 � I1 < +1 and I2 = +1"

must hold. Using (3.18), we can rewrite (3.15) as

u (X) = u (a) + u0 (a) (X � a)

+

Z a

inf I

(u00 (K))+ (K �X)+ dK �
Z a

inf I

(u00 (K))� (K �X)+ dK

+

Z sup I

a

(u00 (K))+ (X �K)+ dK �
Z sup I

a

(u00 (K))� (X �K)+ dK:
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Taking expectations and applying Fubini’s theorem to any of the four

integrals on the right hand side of this expression leads to

E [u (X)] = u (a) + u0 (a) (E [X]� a) (3.19)

+

Z a

inf I

(u00 (K))+ E
�
(K �X)+

�
dK

�
Z a

inf I

(u00 (K))� E
�
(K �X)+

�
dK

+

Z sup I

a

(u00 (K))+ E
�
(X �K)+

�
dK

�
Z sup I

a

(u00 (K))� E
�
(X �K)+

�
dK:

Notice that any of the integrals in the right-hand side of this expression

takes a value in [0;+1]. Furthermore, the linear combination of these

integrals, and hence, E [u (X)] is well-defined. Consider e.g. the situa-

tion where I1 = +1 and 0 � I2 < +1. Then we find that

0 �
Z a

inf I

(u00 (K))� E
�
(K �X)+

�
dK

� E
�
(a�X)+

� Z sup I

inf I

(u00 (K))� dK

< +1

and

0 �
Z sup I

a

(u00 (K))� E
�
(X �K)+

�
dK

� E
�
(X � a)+

� Z sup I

inf I

(u00 (K))� dK

< +1;

so that the right-hand side of (3.19) is well-defined in this case. The

other cases lead to the same conclusion.
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When u0 is absolutely continuous, convexity of u is equivalent with

u00(x) � 0 a.e. on I. Hence,
R sup I
inf I

u00 (K)dK is well-defined if u is con-

vex, implying that the expression (3.16) for E [u (X)] holds in particular

for convex functions uwith an absolutely continuous derivative u0. The

function u (x) = etx, t 2 R, is an example of such a function. Similarly,

expression (3.16) holds for concave functions uwith absolutely contin-

uous derivative.

In case
R sup I
inf I

u00 (K) dK is finite, we have that E [u (X)] in (3.16) is

finite as well. This condition is fulfilled in particular when I is a closed

and bounded interval.

A function with a continuous derivative is absolutely continuous.

This implies that a function uwith continuous second derivative u00 has

an absolutely continuous derivative u0. Hence, Lemma 3.3.1 holds in

particular for the class of functions uwith continuous second derivative

u00. The convex function u (x) = (x�K)2, with K a given real number,

is an example of such a function. On the other hand, Lemma 3.3.1 also

holds for the convex function u (x) = (x�K)2+, where the notation y2+
is used for [max (y; 0)]2, although its second derivative does not exist in

K.

Formula (3.15) has a ‘natural’ interpretation in terms of contingent

claims and hedging. Indeed, suppose that X is the price of a traded

asset at a future time T . The right hand side of expression (3.15) is the

pay-off at timeT of a static investment position, taken at time 0. Indeed,

the first term is the pay-off of a long position in u (a) zero coupon bonds,

each with a pay-off of 1 at time T . The second term corresponds to the

pay-off of a long position in u0 (a) calls with strike a and a short position

in u0 (a)puts with strike a. The third term is the pay-off of a long position

in u00 (K)dK puts for all strikes less than a, while the fourth term is the
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pay-off of a long position in u00(K)dK calls for all strikes larger than a.

We can conclude that the right hand side of formula (3.15) corresponds

with the pay-off at time T of a model-free static replicating strategy for

the contingent claim with pay-off u (X) at T .

Example 3.3.1 (Variance decomposition formula)

Choosing u (x) = (x� E [X])2 and a = E [X] in (3.15) we find that

1

2
(x� E [X])2 =

Z E[X]

�1
(y � x)+ dy+

Z +1

E[X]
(x� y)+ dy:

Replacing x by the r.v.X and taking expectations leads to the following

expression for the variance ofX in terms of its lower and upper tails:

1

2
Var [X] =

Z E[X]

�1
E
�
(K �X)+

�
dK +

Z +1

E[X]
E
�
(X �K)+

�
dK: (3.20)

From this expression applied toX and Y , we find that

X �cx Y )
Z 1

�1

�
E
�
(Y �K)+

�
� E

�
(X �K)+

��
dK (3.21)

=
1

2
(Var [Y ]� Var [X]) ;

which states that ifX �cx Y , their stop-loss distance, i.e. the integrated

absolute difference of their respective stop-loss premiums, equals half

the variance difference between these two r.v.’s. A graphical interpreta-

tion of relation (3.20) is given in Figure 3.3.

The decomposition formula (3.20) for the variance will be used in

Chapter 12 to define the Herd Behavior Index, which is an index for

measuring the dependence between the r.v.’s X1; X2; : : : ; Xn using the

variance of the sum S = X1 +X2 + : : :+Xn:

O
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Figure 3.3: Graphical representation of relation (3.20).

From (3.21) we can conclude that comparing variances is meaning-

ful when comparing stop-loss premiums of convex ordered r.v.’s.

The integrand in (3.21) is non-negative, so if in addition toX �cx Y ,

we have that Var[X] = Var[Y ], thenX and Y must necessary have equal

stop-loss premiums, which implies that X d
= Y . We also find that if

X �cx Y , and X and Y are not equal in distribution, then Var[X] <

Var[Y ]must hold. The reverse implication does not hold in general. No-

tice that the implication holds provided thatX and Y have finite second

moments. A generalization of this result will be considered in Chapter

7.
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3.4 Ordering random vectors

In this section we give definitions and important properties of some

well-known orders between (distributions of) random vectors. The weigh-

ted sums SX and SY of the components of the random vectorsX and Y

are defined as follows:

SX = w1X1 + w2X2 + : : :+ wnXn;

SY = w1Y1 + w2Y2 + : : :+ wnYn;

where the weights wi are non-negative.

3.4.1 Concordance order

Loosely speaking, we say that the components of the vector Y move

more strongly together than the components ofX if the possibility that

the realizations of the components are simultaneously large or small

is larger for Y than for X: The concordance order is a straightforward

and intuitive way to decide which vector experiences the strongest co-

movement between its components.

Definition 3.4.1 (Concordance order) Consider the random vectors X

and Y .

(a)X is said to precede Y in the lower orthant order, denoted byX �LO
Y , if

P [X � x] � P [Y � x] ; for all x 2 Rn. (3.22)

(b)X is said to precede Y in the upper orthant order, denoted byX �UO
Y , if

P [X > x] � P [X > x] ; for all x 2 Rn. (3.23)
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(c)X is said to precede Y in the concordance order, denoted byX �C Y ,

if bothX �LO Y andX �UO Y hold.

Intuitively, X �LO Y means that joint small outcomes are more

likely to occur for Y than for X, while X �UO Y means that joint large

outcomes are more likely to occur for Y than for X. The ordering rela-

tionX �C Y means that joint small outcomes as well as joint large out-

comes are more likely to occur for Y than forX. In this sense,X �C Y
can be interpreted as Y is ‘more positive dependent’ thanX.

Combining the inequalities (3.22) and (3.23), gives

X �C Y =) Xi
d
= Yi; for i = 1; 2; : : : ; n: (3.24)

The Fréchet class R (FX1 ; FX2 ; : : : ; FXn) ; contains all multivariate vec-

tors with the same marginal distributions:

R (FX1
; FX2

; : : : ; FXn
) = f(Y1; Y2; : : : ; Yn) j FYi = FXi

; i = 1; 2; : : : ; ng :

The relation X �C Y implies that the marginal distributions of both

vectors are the same, but the components of the vector Y are more pos-

itive dependent than those of X: Relation (3.24) also shows that only

vectors belonging to the same Fréchet class can be compared in the

concordance order.

3.4.2 Supermodular order

Before introducing the supermodular order, we have to define super-

modular functions. For any arbitrary function f : Rn �! R, real-valued

vector x = (x1; x2 : : : ; xn), integer i 2 f1; 2; : : : ; ng and positive real
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number ", the notation�"if (x) is defined by

�"if (x) = f (x1; x2 : : : ; xi + "; xi+1; : : : ; xn)� f (x1; x2; : : : ; xn) :

Definition 3.4.2 (Supermodular function) A function f : Rn �! R is

said to be supermodular if

��j�
"
if (x) � 0

holds for every x 2 Rn; 1 � i < j � n and all �; " > 0:

We are now ready to define the supermodular order.

Definition 3.4.3 (Supermodular order) Consider two random vectorsX

and Y : Then X is said to be smaller in the supermodular order than Y ;

denoted byX �SM Y ; if

E [f (X)] � E [f (Y )]

holds for all supermodular functions f : Rn �! R for which the expec-

tations exist.

The supermodularity of the functions f
�
y
�
= I

�
y � x

�
and g

�
y
�
=

I
�
y > x

�
shows that

X �SM Y ) X �C Y : (3.25)

The opposite implication does not hold in general. Since Tchen (1980),

it is known that supermodular order and concordance order are equiv-

alent in the bivariate case. In this case, both orders also coincide with

the correlation order.

Supermodular order implies convex order of the sums of the respec-

tive components. Indeed, the functions fK
�
y
�
= (

Pn
i=1 wiyi �K)+
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and gK
�
y
�
= (wiK �

Pn
i=1 yi)+ ; where wi > 0; are supermodular for

everyK 2 R, which proves that

X �SM Y ) SX �cx SY : (3.26)

On the other hand, Müller (1997) has shown that this implication can

in general not be strenghtened to the concordance order.

3.5 Notes and references

The present chapter is far from being exhaustive. Proofs of results that

have been ommitted in this chapter can be found in the actuarial liter-

ature in Goovaerts et al. (1990), Kaas et al. (2008) or Denuit et al. (2005).

For more details and properties of integral stochastic orders in a general

context, see Shaked & Shanthikumar (2007).

The notion of stop-loss order or increasing convex order entered

into the actuarial literature through the paper by Bühlmann et al. (1977).

Early references to the convex order are Ross (1983) and Stoyan & Daley

(1983). Ordering concepts, such as stochastic dominance, increasing

convex order and convex order are now widely used for many applica-

tion purposes in actuarial sciences; see e.g. Denuit et al. (2005).

Föllmer & Schied (2004) derive an expression similar to (3.15) for

increasing and convex functions u with right-hand derivative; see also

Cheung (2010). Formula (3.16) is well-known in the actuarial literature

for the special case when u(x) = (x� E [X])2 and a = E [X], leading to

an expression for the variance of a r.v. in terms of its stop-loss premi-

ums; see e.g. Kaas et al. (2008).

In an attempt to generalize the order relations in section (3.2),

Goovaerts et al. (1990) and Denuit et al. (1998) introduced the higher
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degree stop-loss orders and the higher degree convex orders, respec-

tively. These orders are closely related to the so-called higher degree

stochastic dominance orders in economics; see e.g. Lévy (1992).

Lemma (3.3.1) already appears in Carr & Madan (2001) in a context

of model-free hedging of contingent claims.

Early references to the concordance and the supermodular order

are Joe (1997) and Bauerle (1997). In Dhaene & Goovaerts (1996, 1997),

the correlation order is considered. Joe (1997) has shown that super-

modular order is not equivalent with concordance order for dimension

n � 4. Müller & Scarsini (2000) have shown that the non-equivalence

statement also holds for dimension n = 3. An overview of different

multivariate ordering relations is given in Colangelo et al. (2006), while

Goovaerts & Dhaene (1999) consider actuarial applications of the su-

permodular order.



CHAPTER 4

Comonotonicity

This chapter gives an overview of the theory of comonotonicity. For

proofs of the theorems, we refer to Dhaene et al. (2002a) and Denuit

et al. (2005).

4.1 Inverse distribution functions

This section will investigate the inverse distribution function. It will be

shown that we can define different functions, which all can serve as the

inverse of the cdf FX :

The usual definition of the inverse of a cdf FX of a r.v.X is the non-

decreasing and l.c. (left continuous) function F�1X as considered in the

following definition.

Definition 4.1.1 (The inverse cdf F�1X )

F�1X (p) = inf fx 2 R j FX(x) � pg ; p 2 [0; 1] ; (4.1)

with inf ; = +1 by convention.

53
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Loosely speaking, F�1X (p) is the smallest real number x such that the

probability that X exceeds x is at most (1 � p). The inverse cdf is also

called the quantile function and F�1X (p) is then called the quantile at

level p.

Note that F�1X (p) is finite for all p 2 (0; 1), whereas F�1X (0) = �1
and F�1X (1) can be considered as the ‘largest possible value’ ofX.

In the sequel, we will often use the following equivalence relation:

F�1X (p) � x, p � FX(x); x 2 R and p 2 [0; 1] : (4.2)

For a particular x, the equivalence relation (4.2) holds with equalities if

FX is strictly increasing and continuous in the neighborhood of x.

In the following theorem, we investigate relationships between the

inverse cdf’s of the r.v.’s X and h (X), where h is a non-decreasing and

r.c. function.

Theorem 4.1.1 Consider the r.v.’s X and h(X) and let 0 < p < 1. If h is

non-decreasing and l.c., then

F�1h(X)(p) = h
�
F�1X (p)

�
: (4.3)

4.1.1 The càdlàg inverse and the �-inverse

Hereafter, we will need a more sophisticated definition for inverses of

distribution functions. We start by introducing the inverse distribution

function F�1+X .

Definition 4.1.2 (The càdlàg inverse cdf F�1+X )

F�1+X (p) = sup fx 2 R j FX(x) � pg ; p 2 [0; 1] ; (4.4)

with sup ; = �1 by convention.
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It can be proven that F�1+X is a non-decreasing and r.c. function.

Furthermore, F�1+X has left limits and for obvious reasons, the function

F�1+X is sometimes called the càdlàg inverse of FX .

Notice thatF�1+X (0) can be considered as the ‘smallest possible value’

ofX, while F�1+X (1) = +1. Furthermore, all the probability mass ofX

is contained in the interval
�
F�1+X (0); F�1X (1)

�
:

P
�
X 2

�
F�1+X (0); F�1X (1)

��
= 1: (4.5)

One can prove that the following implication holds:

x 2
�
F�1+X (0); F�1X (1)

�
) 0 < FX(x) < 1: (4.6)

Also note that F�1X (p) and F�1+X (p) are finite for all p 2 (0; 1) :
Similar to (4.2), one can prove the following equivalence relation:

x � F�1+X (p), P [X < x] � p; x 2 R and p 2 [0; 1] : (4.7)

Until here, we defined the inverses F�1X and F�1+X . Actually, for any

p 2 [0; 1], a possible choice for the inverse of FX in p is any point in the

interval

[inf fx 2 R j FX(x) � pg ; sup fx 2 R j FX(x) � pg] ;

where, as before, inf ; = +1, and also sup ; = �1, by convention:

Taking the left border of this interval to be the value of the inverse cdf at

p leads to F�1X (p). Similarly, F�1+X (p) corresponds to the right border of

the interval. Other choices in this interval correspond to an �-inverse

of the cdf, as defined hereafter.
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Definition 4.1.3 (The �-inverse cdf F�1(�)X ) For any � 2 [0; 1], the �-

inverse of FX is defined as the following convex combination of the in-

verses F�1X and F�1+X of FX :

F
�1(�)
X (p) = �F�1X (p) + (1� �)F�1+X (p); p 2 (0; 1) : (4.8)

The �-inverse F�1(�)X is a non-decreasing function. In particular, we

find F�1(0)X (p) = F�1+X (p) and F�1(1)X (p) = F�1X (p). One immediately

obtains that for all � 2 [0; 1],

F�1X (p) � F�1(�)X (p) � F�1+X (p); p 2 (0; 1): (4.9)

We have that F�1(�)X (p) is finite for all p 2 (0; 1). Notice that only values

of p corresponding to a horizontal segment of FX lead to different val-

ues ofF�1X (p),F�1+X (p) andF�1(�)X (p). Hence, ifFX is strictly increasing,

all F�1(�)X (p) will coincide for any given value of p. These phenomena

are illustrated in Figure 4.1.

4.2 Comonotonicity

Assuming independence between a set of random variables will lead to

a tractable multidimensional problem. Indeed, several quantities are

additive for independent risks. However, independence is often unreal-

istic and even a dangerous assumption, when considering a set of risks

which are positively dependent. In this section we will describe an-

other dependence structure, called comonotonicity. We will show that

assuming a comonotonic dependence structure will lead to tractable

problems, in the sense that the multivariate distribution function can

be determined.
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Figure 4.1: F�1X , F�1+X and F�1(�)X .

4.2.1 Comonotonic random vectors

We start by defining comonotonicity of a set of n-vectors inRn. A vector

(x1; x2; : : : ; xn) will be denoted by x. For two n-vectors x and y, the no-

tation x � y will be used for the componentwise order which is defined

by xi � yi for all i = 1; 2; : : : ; n.

Definition 4.2.1 (Comonotonic sets) The setA�Rn is said to be como-

notonic if for any x and y inA, either x � y or y � x holds:

Obviously, a set A � Rn is comonotonic if for any x and y in A, the

following holds: if xi < yi for some i, then x � y must hold. Hence,

a comonotonic set is simultaneously non-decreasing in each compo-

nent. Notice that a comonotonic set is a ‘thin’ set, it cannot contain any

subset of dimension larger than 1. Obviously, any subset of a comono-

tonic set is also comonotonic.
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Definition 4.2.2 (Support of a r.v.) A Borel set A � Rn is said to be a

support ofX if P [X 2 A] = 1 holds true.

In general we are interested in supports of random vectors which

are ‘as small as possible’. Informally, the smallest support of a random

vector X is the subset of Rn that is obtained by subtracting of Rn all

points which have a zero-probability neighborhood with respect to X.

This support can then be interpreted as the set of all possible outcomes

ofX. Now we are able to define the notion of comonotonicity of random

vectors.

Definition 4.2.3 (Comonotonic random vectors) A random vectorX is

said to be comonotonic if it has a comonotonic support.

From this definition we can conclude that comonotonicity is a very

strong positive dependence structure. Indeed, ifX is comonotonic and

x and y are possible outcomes of X, then they must belong to a co-

monotonic set and hence, they must be ordered componentwise. This

explains why the term comonotonic (common monotonic) is used.

In the following theorem, we prove that comonotonicity of a ran-

dom vector is equivalent with pairwise comonotonicity.

Theorem 4.2.1 (Comonotonicity vs. pairwise comonotonicity) A ran-

dom vector X is comonotonic if and only if (Xi; Xj) is comonotonic for

all i 6= j in f1; 2; : : : ; ng :

The following theorem demonstrates that comonotonicity can be

characterized in several ways.
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Theorem 4.2.2 (Characterizations of comonotonicity) Comonotonicity

of the random vector X is equivalent with any of the following condi-

tions:

(1)X has a comonotonic support.

(2) For all x = (x1; x2; : : : ; xn) ;we have

FX (x) = min fFX1 (x1) ; FX2 (x2) ; : : : ; FXn (xn)g : (4.10)

(3) For U �Uniform(0,1), we have

X
d
=
�
F�1X1

(U) ; F�1X2
(U) ; : : : ; F�1Xn

(U)
�
: (4.11)

From (4.11) we see that the concept of comonotonicity can be ex-

plained in terms of Monte Carlo simulation. In order to simulate real-

izations of the comonotonic random vector (X1; X2; : : : ; Xn), one needs

to generate only a single sample of random uniform numbers and in-

sert them in the F�1Xi
in order to get a sample of realizations of the co-

monotonic random vector. On the other hand, if the Xi are mutually

independent, one needs to generate n independent samples of random

uniform numbers and then insert them in the respective quantile func-

tions.

From (4.10) we see that the joint probability of the outcomes of the

comonotonic risks Xi being less than xi, i = 1; : : : ; n, is equal to the

probability of the least likely of the n events ‘Xi � xi’.
It is obvious that for any random vector (X1; : : : ; Xn), not necessarily

comonotonic, the following inequality always holds:

P [X1 � x1; X2 � x2; : : : ; Xn � xn] (4.12)

� min fFX1
(x1); FX2

(x2); : : : ; FXn
(xn)g ;

for any x = (x1; x2; : : : ; xn). Since Hoeffding (1940) and Fréchet (1951)

it is known that the functionmin fFX1
(x1); FX2

(x2); : : : ; FXn
(xn)g is the
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multivariate cdf of a random vector which has the same marginals as

(X1; : : : ; Xn). We know from Theorem 4.2.2 that this function corre-

sponds with the cdf of the comonotonic random vector�
F�1X1

(U) ; F�1X2
(U) ; : : : ; F�1Xn

(U)
�

. The inequality (4.12) states that in the

class of all random vectors X with given marginal distributions, the

probability that all Xi simultaneously realize ‘small’ values (i.e. X1 �
x1; X2 � x2; : : : ; Xn � xn) is maximized if the vector is comonotonic,

suggesting that comonotonicity is indeed a very strong positive depen-

dence structure.

One can easily prove that comonotonicity of a random vectorX can

also be characterized by

P [X1 > x1; X2 > x2; : : : ; Xn > xn] (4.13)

= min fP [X1 > x1] ; : : : ;P [Xn > xn]g ;

which has to hold for all x = (x1; x2; : : : ; xn).

Similarly to (4.12), for any random vector (X1; : : : ; Xn), not necessarily

comonotonic, the following inequality holds:

P [X1 > x1; X2 > x2; : : : ; Xn > xn] (4.14)

� min fP [X1 > x1] ; : : : ;P [Xn > xn]g ;

for any x = (x1; x2; : : : ; xn). This means that in the class of all random

vectors X with given marginal distributions, the probability that all Xi

simultaneously realize ‘large’ values is maximized in case the random

vector is comonotonic.

From (4.13) and (4.14), we find that

X �C
�
F�1X1

(U) ; F�1X2
(U) ; : : : ; F�1Xn

(U)
�
;

for every X 2 R (FX1 ; FX2 ; : : : ; FXn) : A stronger result is stated in the

following theorem.
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Theorem 4.2.3 For anyX 2 R (FX1
; FX2

; : : : ; FXn
)we have that

X �SM
�
F�1X1

(U) ; F�1X2
(U) ; : : : ; F�1Xn

(U)
�
:

Consider a random vectorX, not necessarily comonotonic. We will

often consider a random vector with the same marginal distributions

than X, but with the comonotonic dependence structure. Such a ran-

dom vector will be called a comonotonic modification ofX.

Definition 4.2.4 (Comonotonic modifications ofX) For a given random

vector X, not necessarily comonotonic, we call its comonotonic modi-

fication any random vector with the same marginal distributions, but

with the comonotonic dependence structure. We use the notation Xc =

(Xc
1 ; X

c
2 ; : : : ; X

c
n) for a comonotonic modification ofX.

Stated otherwise, the notation (Xc
1 ; X

c
2 ; : : : ; X

c
n) is used to denote

a comonotonic random vector with multivariate distribution function

following from

(Xc
1 ; X

c
2 ; : : : ; X

c
n)

d
=
�
F�1X1

(U) ; F�1X2
(U) ; : : : ; F�1Xn

(U)
�
: (4.15)

In particular this implies that

Xc
i

d
= Xi; i = 1; : : : ; n: (4.16)

Because P [X1 � x1; X2 � x2; : : : ; Xn � xn] � P [Xi � xi] holds for

every i = 1; 2; : : : ; n;we find from (4.10) that

FX (x) � FXc (x) ; for all x 2 Rn: (4.17)

From Theorem 4.2.3 we find that

X �SM Xc; (4.18)

which states that the components of Xc move more strongly together

than the components ofX.
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4.3 Notes and references

The concept of comonotonicity has attained a lot of attention in the lit-

erature; see e.g. Landsberger & Meilijson (1994) or Chateauneuf et al.

(1997). In the actuarial literature this concept was introduced by Wang

(1996). Actuarial applications of comonotonicity have been investigated

in Wang & Dhaene (1998) and Dhaene et al. (2000b). For proofs of the

theorems, we refer to Dhaene et al. (2002a) and Denuit et al. (2005).

Theorem 4.2.3 was proven in Heilmann (1986). An overview of various

applications in finance and insurance is given in Dhaene et al. (2002b).

Recent developments in the field of comonotonicity are given in Deel-

stra et al. (2011).

The concept of comonotonicity has been generalized in several ways.

Jouini & Napp (2004) and Cheung (2007, 2008) explore the concept of

‘conditional comonotonicity’. Cheung (2009) introduces the concept of

‘upper comonotonicity’. Several properties for upper comonotonicity

and convex upper bounds for sums of random variables are considered

in Dong et al. (2010).



CHAPTER 5

Sums of comonotonic random variables

This chapter is mainly based on the papers Dhaene et al. (2002a) and

Dhaene et al. (2002b).

5.1 Quantiles and cdf of the comonotonic sum

Unless otherwise stated, hereafter the notations S and Sc will be used

for the sum of the components of a random vector (X1; X2; : : : ; Xn)

and the corresponding weighted sum of its comonotonic modification

(Xc
1 ; X

c
2 ; : : : ; X

c
n), respectively:

S = w1X1 + w2X2 + : : :+ wnXn (5.1)

and

Sc = w1X
c
1 + w2X

c
2 + : : :+ wnX

c
n; (5.2)

where wi > 0:We call Sc the comonotonic sum.

In the following theorem we prove that the inverse cdf F�1(�)Sc of a

sum of comonotonic r.v.’s can be calculated as the sum of the inverses

F
�1(�)
Xi

of the marginals involved.
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Theorem 5.1.1 (Inverse cdf of a comonotonic sum) The �-inverse

F
�1(�)
Sc of the sum Sc =

Pn
i=1 wiX

c
i of the components of the comonoto-

nic random vectorXc is given by

F
�1(�)
Sc (p) =

nX
i=1

wiF
�1(�)
Xi

(p) ; 0 < p < 1; 0 � � � 1: (5.3)

Taking into account Theorem 5.1.1 and the fact that F�1+Sc and F�1+Xi

are r.c., while F�1Sc and F�1Xi
are l.c., one can prove that

F�1+Sc (0) =
nX
i=1

wiF
�1+
Xi

(0) (5.4)

and

F�1Sc (1) =
nX
i=1

wiF
�1
Xi
(1): (5.5)

Loosely speaking, these expressions tell us that the minimal value of

the comonotonic sum Sc is the weighted sum of the minimal values of

the different terms Xi. Similarly, the maximal value of the comonoto-

nic sum Sc is the weighted sum of the maximal values of the individual

termsXi. Notice that F�1+Sc (0) is either finite or�1 (if any of the terms

in the sum is�1), and F�1Sc (1) is either finite or+1 (if any of the terms

in the sum is+1). Further,

P
�
Sc 2

�
F�1+Sc (0); F�1Sc (1)

��
= 1: (5.6)

For any (X1; X2; : : : ; Xn), not necessarily comonotonic, we have that�
F�1+S (0); F�1S (1)

�
�
�
F�1+Sc (0); F�1Sc (1)

�
:

The minimal value of S is not smaller than the one of Sc, since by co-

monotonicity all terms of the latter are simultaneously small. Similarly,
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the maximal value of S is not larger than the one of Sc, since by como-

notonicity all terms of the latter are simultaneously large.

In the following theorem, we state some results concerning the con-

tinuity and strictly increasingness of the cdf of a comonotic sum. In the

sequel, for any r.v.X, the expression ‘FX is strictly increasing’ should al-

ways be interpreted as ‘FX is strictly increasing on
�
F�1+X (0); F�1X (1)

�
’.

Furthermore, ‘FX is continuous’ stands for ‘FX(x) is continuous for all

x 2 R’.

Theorem 5.1.2 (Continuity and strictly increasingness of Sc) Consider

a random vectorX, with marginal distribution functionsFXi ; i = 1; : : : ; n.

Let the sum of its comonotonic modification be denoted bySc =
Pn

i=1 wiX
c
i .

Then the following implications hold:

(a)

FXi
is continuous for at least one i) FSc is continuous, (5.7)

(b)

FXi is strictly increasing for all i) FSc is strictly increasing.

(5.8)

If the distribution functionFSc is continuous and strictly increasing,

we have that F�1Sc (FSc (x)) = x;which can be written as

nX
i=1

F�1Xi
(FSc (x)) = x: (5.9)

It can be shown that F�1Sc is also strictly increasing and continuous. For

x 2
�
F�1+Sc (0); F�1Sc (1)

�
; the probability FSc (x) is the unique solution of
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equation (5.9) and can be determined using the marginal inverse distri-

bution functions F�1Xi
; i = 1; 2; : : : ; n:

The following theorem shows that the distribution function FSc can

be determined using only information about the marginal distribution

function FXi
; i = 1; 2; : : : ; n:

Theorem 5.1.3 Consider a random vectorX with marginal distribution

functions FXi
; i = 1; 2; : : : ; n: The sum of the comonotonic modification

is denoted by Sc =
P
wiX

c
i : For x 2

�
F�1+Sc (0); F�1Sc (1)

�
; the distribution

function FSc is given by

FSc (x) = max

(
p 2 (0; 1) j

nX
i=1

wiF
�1
Xi
(p) � x

)
:

5.2 Tail transforms of comonotonic sums

The upper and lower tail transform of a sum of dependent random vari-

ables are in general not known, because the dependence structure is

unknown. Even if this dependence structure is specified, the tail trans-

forms E
�
(S �K)+

�
and E

�
(K � S)+

�
are not always given in an attrac-

tive analytical form. However, when considering a sum of comonotonic

random variables, we can decompose the tail transforms in terms of the

marginal tail transforms. This is shown in the following theorem.

Theorem 5.2.1 (Decomposition formula) 1 Consider the random vec-

tor X, its comonotonic counterpart Xc and the positively weighted sum

Sc =
Pn

i=1 wiX
c
i . For any real K 2

�
F�1+Sc (0) ; F�1Sc (1)

�
, E
�
(Sc �K)+

�
1It can be proven that the decomposition formulas (5.10) and (5.11) hold also forK =2�
F�1+Sc (0) ; F�1Sc (1)

�
; see Appendix C.1.
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and E
�
(K � Sc)+

�
can be decomposed into

E
�
(Sc �K)+

�
=

nX
i=1

wiE
�
(Xi �K�

i )+
�
; (5.10)

E
�
(K � Sc)+

�
=

nX
i=1

wiE
�
(K�

i �Xi)+
�
; (5.11)

whereK�
i ; i = 1; 2; : : : ; n is given by

K�
i = F

�1(�K)
Xi

(FSc (K)) ; i = 1; 2; : : : ; n; (5.12)

and �K follows from
nX
i=1

wiK
�
i = K: (5.13)

In case all Xi � 0, it is easy to prove that for any K � 0, there exist

Ki � 0; i = 1; 2; : : : ; n, satisfying (5.13) for which the decomposition

formula (5.10) holds. Assume that F�1+Sc (0) < K < F�1Sc (1). Expression

(5.10) for the upper tail transform of a comonotonic sum Sc with theK�
i

defined in (5.12) can also be written in terms of the usual inverses F�1Xi
,

as shown in the following corollary. In the same corollary, we show that

expression (5.11) for the lower tail transform of the comonotonic sum

Sc can be expressed in terms of the inverses F�1+Xi
:

Corollary 5.2.1 For anyK 2
�
F�1+Sc (0); F�1Sc (1)

�
it holds that

E
�
(Sc �K)+

�
=

nX
i=1

wiE
h�
Xi � F�1Xi

(FSc(K))
�
+

i
�
�
K � F�1Sc (FSc(K))

�
(1� FSc (K)) ; (5.14)

E
�
(K � Sc)+

�
=

nX
i=1

wiE
h�
F�1+Xi

(FSc(K))�Xi
�
+

i
�
�
F�1+Sc (FSc(K))�K

�
FSc (K) : (5.15)
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In case the marginal distribution functions FXi
are strictly increas-

ing, (5.14) and (5.15) reduce to

E
�
(Sc �K)+

�
=

nX
i=1

wiE
h�
Xi � F�1Xi

(FSc (K))
�
+

i
; (5.16)

E
�
(K � Sc)+

�
=

nX
i=1

wiE
h�
F�1Xi

(FSc (K))�Xi
�
+

i
; (5.17)

for all K 2
�
F�1+Sc (0); F�1Sc (1)

�
: From Theorem 5.2.1, we can conclude

that any tail transform of a positively weighted sum of comonotonic

r.v.’s can be written as a weighted sum of tail transforms of the individ-

ual r.v.’s involved. The theorem provides an algorithm for directly com-

puting tail transforms of sums of comonotonic r.v.’s, without having to

compute the entire distribution function of the sum itself. Indeed, in

order to compute the tail transforms E
�
(Sc �K)+

�
and E

�
(K � Sc)+

�
,

we only need to know FSc (K).

Combining implications (3.26) and (4.18), we easily derive that the

upper bound Sc is a supremum for S in the sense of convex order.

Theorem 5.2.2 (Convex upper bound) Consider a random vectorX, its

comonotonic modificationXc and the positively weighted sums

S =
Pn

i=1 wiXi and Sc =
Pn

i=1 wiX
c
i . Then it holds that

S �cx Sc: (5.18)

The theorem above states that the least attractive random vector X

with given marginalsFXi
, in the sense that the sum of their components

is largest in the convex order, has the comonotonic joint distribution.

From Theorem 5.2.2, we know that E
�
(Sc �K)+

�
and E

�
(K � Sc)+

�
can be used as an upper bound for E

�
(S �K)+

�
and E

�
(K � S)+

�
; re-

spectively. Further, it follows from (5.6) thatE
�
(S �K)+

�
= E

�
(Sc �K)+

�
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andE
�
(K � S)+

�
= E

�
(K � Sc)+

�
in caseK =2

�
F�1+Sc (0); F�1Sc (1)

�
. The-

orem 5.2.2 can be generalized as follows.

Corollary 5.2.2 Consider the random vectorsX andY and positive weight

factors wi; i = 1; 2; : : : ; n. IfXi �icx Yi holds for all i = 1; : : : ; n; then

nX
i=1

wiXi �icx
nX
i=1

wiY
c
i : (5.19)

A similar result can be proven when the r.v.’s Xi and Yi are ordered

in the convex order sense. In this situation, the weighted sums in (5.19)

are ordered in the convex order sense.

5.3 Notes and references

Theorem 5.1.1 is proven in Denneberg (1997). Theorem 5.2.2. can al-

ready be found in Rüschendorf (1983). Other proofs for this result can

be found in Denneberg (1997), Dhaene & Goovaerts (1996), Müller (1997)

or Wang & Dhaene (1998). A simple geometric proof is given in Kaas

et al. (2000). Expression 5.14 and Corollary 5.2.2 have been proven in

Dhaene et al. (2000b).

An expression similar to (5.10) can be found in Jamshidian (1989)

who proves that in the Vasicek (1977) model, an option on a portfolio

of pure discount bonds (in particular, an option on a coupon paying

bond) decomposes into a portfolio of options on the individual dis-

count bonds in the portfolio. This holds true because in the Vasicek

model, the prices of all pure discount bonds at some future time T are

decreasing functions of a single random variable, namely the spot rate

at that time. The same holds true in the class of affine one-factor term

structure models studied by Duffie & Kan (1996). This implies that the
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price at time T of the portfolio of pure discount bonds in these models

is a strong comonotonic sum, for which a decomposition similar to the

one in (5.10) holds.



CHAPTER 6

Distorted expectation theory

This chapter is for a large extent based on Dhaene, Kukush, Linders &

Tang (2012). Theorem 6.2.2 and 6.2.4 can also be found in Wang (1996)

for the class of concave distortion functions. We give a new proof for

Theorem 6.3.1, which can also be found in Dhaene et al. (2006). The

results in Section 6.4 are based on Cheung et al. (2013).

6.1 Introduction

In this chapter we introduce the distorted expectation of a random vari-

able and discuss some important properties. It is well-known that a

distorted expectation of a random variable (r.v.) can be expressed as a

weighted average of its corresponding quantiles. Although this state-

ment is true, one has to be careful to formulate it in an appropriate and

correct way. In this chapter, we explore this statement and the condi-

tions under which it holds.

We also present a complete proof for the additivity property which

holds for distorted expectations of a comonotonic sum. The proofs of
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this theorem that are presented in the literature are often incomplete,

in the sense that they only hold for a particular type of distortion func-

tions, such as the class of concave distortion functions. We present a

straightforward proof for the general case, making use of the appro-

priate expressions for distorted expectations as weighted averages of

quantiles.

For a given random variableX; the Tail Value-at-Risk (TVAR) at level

p can be represented as a distorted expectation. We show that under the

appropriate conditions, the distorted expectation of a random variable

can be expressed as a mixture of Tail Values-at-Risk.

6.2 Distortion functions and distorted expec-
tations

In order to introduce the ‘distorted expectation theory’, we first have to

define and investigate distortion functions and distorted expectations.

Definition 6.2.1 (Distortion function) A distortion function is a non-

decreasing function g : [0; 1]! [0; 1] such that g(0) = 0 and g(1) = 1.

It can be proven that any distortion function g can be represented

as a convex combination of a discrete, an absolute continuous and a

singular continuous1 distortion function:

g(q) = p1 g
(c)(q) + p2 g

(d)(q) + p3 g
(s)(q); q 2 [0; 1] ; (6.1)

where pi � 0 for i = 1; 2; 3 and p1+p2+p3 = 1, g(d) is a discrete distortion

function, g(c) is an absolutely continuous distortion function and g(s) is

a singular continuous distortion function.
1A function f : I ! R is said to be singular continuous if it is continuous on I, while

its derivative exists and is equal to zero almost everywhere on I.
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Definition 6.2.2 (Distorted expectation) Consider a distortion function

g. The distorted expectation of the r.v.X, notation �g [X], is defined as

�g [X] = �
Z 0

�1
[1� g (1� FX(x))]dx+

Z +1

0

g (1� FX(x))dx; (6.2)

provided at least one of the two integrals in (6.2) is finite.

The functional �g is called the distortion risk measure with distor-

tion function g. Both integrals in (6.2) are well-defined and take a value

in [0;+1]. Provided at least one of the two integrals is finite, the dis-

torted expectation �g [X] is well-defined and takes a value in [�1;+1].
Hereafter, when using a distorted expectation �g [X], we silently assume

that both integrals in the definition (6.2) are finite, or equivalently, that

�g [X] 2 R, unless explicitely stated otherwise.

The quantity �g [X] can indeed be interpreted as a ‘distorted’ ex-

pectation of X, which is obtained by replacing the tail probabilities

1 � FX(x) in (2.22) by the ‘distorted’ tail probabilities g (1� FX(x)). In

case g is r.c., we have that g (1� FX(x)) is a non-increasing and r.c.

function of x with values in the interval [0; 1]. This implies that in this

particular case, �g [X] can be considered as an expectation of X, not

with respect to its real ddf 1 � FX(x), but with respect to the distorted

ddf g (1� FX(x)).
Note that if g(q) � q for all q 2 [0; 1], then �g [X] � E [X]. In particu-

lar, this result holds for convex distortion functions. Similarly, g(q) � q
for all q 2 [0; 1] implies that �g [X] � E [X]. This result holds in partic-

ular for concave functions. Also note that g1(q) � g2(q) for all q 2 [0; 1]
implies that �g1 [X] � �g2 [X].
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Example 6.2.1 (Quantiles at level p)

A simple example of a discrete distortion function is

g(q) = I(q > 1� p); ; 0 � q � 1; (6.3)

where p 2 (0; 1) and the indicator function I(A) equals 1 when A holds

true and 0 otherwise. From definition 6.2.2 and equivalence relation

(4.7), we find that the corresponding distorted expectation is equal to

the p-quantile ofX:

�g [X] = F
�1
X (p) . (6.4)

In order to prove that the càdlàg inverse F�1+X belongs to the class

of distortion risk measures, let p 2 (0; 1) and consider the r.c. discrete

distortion function g defined by

g(q) = I (q � 1� p) ; 0 � q � 1: (6.5)

Taking into account expression (4.7) for �g [X], we find that

�g [X] = F
�1+
X (p) : (6.6)

O
Consider a distortion function g which can be expressed as a strict

convex combination of two distortion functions g1 and g2, i.e.

g = c1g1 + c2g2 (6.7)

with weights 0 < ci < 1; i = 1; 2, and c1+ c2 = 1. Assuming that �g [X] 2
R is then equivalent with assuming that �gi [X] 2 R, i = 1; 2. Under any

of these assumptions, we have that �g [X] is additive with respect to g,

in the sense that

�g [X] = c1�g1 [X] + c2�g2 [X] . (6.8)
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The proofs of the equivalence of the stated assumptions and of (6.8)

follow from the observation that the additivity property (with respect

to g) holds for both integrals in (6.2). Notice that the statements above

remain to hold in case ci = 0 for i = 1 or i = 2, provided gi is chosen

such that �gi [X] is finite.

In the following theorem, we show some straightforward properties

of distorted expectations.

Theorem 6.2.1 (Properties of distorted expectations) For any distortion

function g and any r.v.’sX and Y , the following properties hold:

(a) Positive homogeneity:

�g [aX] = a�g [X] ; a > 0: (6.9)

(b) Translation invariance:

�g [X + b] = �g [X] + b; b 2 R. (6.10)

6.2.1 Distorted expectations and r.c. distortion functions

A distortion function is said to be r.c. if it is r.c. on [0; 1). In the following

theorem, it is shown that any distorted expectation �g [X] with r.c. dis-

tortion function g can be expressed as a weighted average of the quan-

tiles F�1+X (q) ofX.

Theorem 6.2.2 When g is a r.c. distortion function, the distorted expec-
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tation �g [X] has the following integral representation2:

�g [X] =

Z
[0;1]

F�1+X (1� q)dg(q); (6.11)

Proof. Taking into account that FX has at most countably many jumps,

we have that 1�FX (x) = P [X � x], a.e. and we can rewrite the expres-

sion (6.2) for �g [X] as follows:

�g [X] = �
Z 0

�1
[1� g (P [X � x])]dx+

Z +1

0

g (P [X � x])dx: (6.12)

Note that right continuity of g together with g (0) = 0 implies that g can-

not jump in 0: Furthermore, the distortion function g is r.c. From these

observations we find from (2.11) that g (P [X � x]) can be expressed asR
[0;P[X�x]]dg(q), which has to be understood as a Lebesgue-Stieltjes in-

tegral. Applying Fubini’s theorem to change the order of integration

and noticing (4.7), the second integral in (6.12) can be transformed intoZ +1

0

g (P [X � x])dx =
Z
[0;P[X�0]]

dg (q)
Z F�1+

X (1�q)

0

dx

=

Z
[0;P[X�0]]

F�1+X (1� q)dg (q) : (6.13)

Similarly, taking into account that 1� g (P [X � x]) can be expressed asR
(P[X�x];1]dg(q), the first integral in (6.12) can be transformed intoZ 0

�1
[1� g (P [X � x])]dx = �

Z
(P[X�0];1]

F�1+X (1� q)dg (q) : (6.14)

Inserting expressions (6.13) and (6.14) into (6.12) leads to (6.11).

2In general, the integral in (6.11) has to be understood as a Lebesgue-Stieltjes integral.
However, in case the functions F�1X (1 � q) and g(q) have no common jumps in [0; 1],
the integral can be interpreted as a Riemann-Stieltjes integral. This situation will occur in
particular in case g is convex or concave in [0; 1] and has no jumps in the endpoints of
this interval.
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Theorem 6.2.2 can be strengthened in the following sense: if either

the Lebesgue-Stieltjes integral
R
[0;1]

F�1+X (1� q)dg (q) or the distorted

expectation �g [X] is finite, then also the other quantity is finite and

both are equal. Indeed, the case where one starts from a finite �g [X]

is considered in the proof of the theorem. On the other hand, in case

the integral in (6.11) is finite, it can be written as the sum of the finite

integralsZ
[0;P[X�0]]

F�1+X (1� q)dg (q) and
Z
(P[X�0];1]

F�1+X (1� q)dg (q) :

Applying Fubini’s theorem leads to the relations (6.13) and (6.14), which

proves that relation (6.11) holds.

Suppose that g is r.c. and has no singular continuous part. In this

case, g can be expressed as

g(q) =

Z q

0

g0(p)dp+
X

p2(0;q]

[g (p)� g(p�)] ; q 2 [0; 1] ; (6.15)

where g0 has to be understood as an arbitrary function which coincides

with the derivative of g whenever this derivative exists, whereas g(p�)
is used as a shorthand for lim"#0 g(p� "). Furthermore, the sum is taken

over all jumps of g in the interval (0; q], that is over all values of q in (0; q]

where g (p) 6= g(p�). Notice that [g (p)� g(p�)] is the height of the jump

of g at level p. Furthermore, the distorted expectation �g [X] can then

be expressed as

�g [X] =

Z 1

0

F�1+X (1� q) g0(q)dq +
X

q2(0;1]

F�1+X (1� q) [g (p)� g(p�)] ;

(6.16)

where the notations are as above and the sum is taken over all values

of q 2 (0; 1] at which g (q+) 6= g(q). We can conclude that the distor-
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ted expectation �g [X] can be considered as a weighted average of the

quantiles of the original distribution.

As there are at most countably many values of q 2 [0; 1] where the

inverses F�1X (1� q) and F�1+X (1� q) differ, we can replace F�1+X by

F�1X in the integral on the right hand side in (6.16) without changing

the value of the integral. On the other hand, in case F�1+X (1 � q) and

g(q) jump at the same value of q, we have that F�1+X (1� q) 6= F�1X (1� q)
and in the corresponding term in the sum of (6.16), we cannot replace

F�1+X (1� q) by F�1X (1� q).
The assumption that g is r.c. is essential for (6.11) to hold. If we as-

sume e.g. that g is l.c., expression (6.11) for �g [X] is not valid anymore.

This can be illustrated by the l.c. distortion function g that we defined in

(6.5) and for which �g [X] = F
�1
X (p). Suppose for a moment that expres-

sion (6.11) is valid for l.c. distortion functions. Applying this formula to

the distortion function defined in (6.3), we find that �g [X] = F�1+X (p).

As F�1X (p) and F�1+X (p) are in general not equal, we can indeed con-

clude that (6.11) is in general not valid for a l.c. distortion function.

6.2.1.1 Dual distortion functions

In this subsection, we introduce the dual distortion function g for any

distortion function g. We investigate several properties of dual distor-

tion functions.

Definition 6.2.3 The dual distortion function g of a distortion function

g is defined by

g(q) = 1� g(1� q); 0 � q � 1: (6.17)

Obviously, g is also a distortion function, which means that g is a

non-decreasing function, defined on the interval [0; 1] with g(0) = 0
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and g(1) = 1. It is clear that

g � g: (6.18)

Also the following properties follow immediately:

g is convex , g is concave, (6.19)

g is concave , g is convex. (6.20)

Theorem 6.2.3 (Dual distortions and distorted expecations) For any

r.v.X, we have that

�g [X] = ��g [�X] ; (6.21)

and also

�g [X] = ��g [�X] : (6.22)

Proof. Relation (6.21) can be proven from definition (6.2) of a distorted

expectation. Indeed, we have

�g [�X] = �
Z 0

�1
[1� g (1� F�X(x))]dx+

Z 1

0

g (1� F�X(x))dx

= �
Z 0

�1
g (F�X (x))dx+

Z 1

0

[1� g (F�X (x))]dx:

Substituting s = �x leads to

�g [�X] = �
Z 1

0

g (F�X (�s))ds+
Z 0

�1
[1� g (F�X (�s))]ds

=

Z 0

�1
[1� g (P (X � s))]ds�

Z 1

0

g (P (X � s))ds

=

Z 0

�1
[1� g (1� FX (s))]ds�

Z 1

0

g (1� FX (s))ds;

where in the last step we used the fact that the Lebesgue measure of the

set of all discontinuities of a monotone function is 0. This proves (6.21).

Relation (6.22) follows immediately from (6.18) and (6.21).
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6.2.2 Distorted expectations and l.c. distortion functions

The following theorem can be considered as an adapted version of The-

orem 6.2.2 for l.c. distortion functions. Notice that for a l.c. distortion

function g, we haveZ
[0;1]

F�1X (1� q)dg (q) =
Z
[0;1]

F�1X (q)dg (q) ; (6.23)

by the definition of Lebesgue-Stieltjes integration for l.c. distortion func-

tions; see Section 2.2.3.

Theorem 6.2.4 When g is a l.c. distortion function, the distorted expec-

tation �g [X] has the following Lebesgue-Stieltjes integral representation:

�g [X] =

Z
[0;1]

F�1X (1� q)dg (q) : (6.24)

Proof. Let g be a l.c. distortion function. The dual distortion function g

of g is r.c. Applying (6.11) and (6.22) leads to

�g [X] = ��g [�X] = �
Z
[0;1]

F�1+�X (1� q)dg(q):

Taking into account

F�1+�X (1� q) = �F�1X (q);

as well as the equality (6.23), we find (6.24).

Theorem 6.2.4 can be strengthened in the following sense: if either

the Lebesgue-Stieltjes integral
R
[0;1]

F�1X (1� q)dg (q)or the distorted ex-

pectation �g [X] is finite, then also the other quantity is finite and both

are equal.
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Suppose that g is a l.c. distortion function without singular continu-

ous part. In this case, g can be expressed as

g(q) =

Z q

0

g0(p)dp+
X

p2[0;q)

[g (p+)� g(p)] ; q 2 [0; 1] ; (6.25)

where g0 has to be understood as an arbitrary function which coincides

with the derivative of g whenever this derivative exists, whereas g(p+)

is used as shorthand for lim"#0 g(p + "). Furthermore, the sum is taken

over all jumps of g in the interval [0; q), that is over all values of p in [0; q)

where g (p+) 6= g(p). Notice that [g (p+)� g(p)] is the height of the jump

of g at level p. Furthermore, the distorted expectation �g [X] can then

be expressed as

�g [X] =

Z 1

0

F�1X (1� q)g0(q)dq +
X

q2[0;1)

F�1X (1� q) [g (q+)� g (q)] ;

(6.26)

where the sum is taken over all values of q 2 [0; 1) at which g (q+) 6= g(q).
The distortion function g defined in (6.3) is an example of a l.c. dis-

crete distortion function. Its dual distortion function g is given by

g(q) = I(q � p); 0 � q � 1:

From Theorem 6.2.4 it follows that �g [X] is given byF�1X (p), as we found

before.

From Theorem 6.2.4 we find in particular that

g is continuous =) �g [X] =

Z
[0;1]

F�1X (1� q)dg (q) : (6.27)

Notice that this implication follows also from observing that there are

at most countably many values of q 2 [0; 1] where the inverses F�1X (q)

and F�1+X (q) differ. This implies that in case g is continuous on [0; 1],
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we can replace F�1+X by F�1X in (6.11) without changing the value of the

integral. Furthermore, when g is absolutely continuous, we can replace

dg (q) by g0(q)dq in (6.27), and we find that

g is absolutely continuous =) �g [X] = E
�
F�1X (1� U) g0 (U)

�
; (6.28)

where U is a r.v. uniformly distributed on the unit interval (0; 1).

In the literature, much attention is paid to the class of concave (resp.

convex) distortion functions. A concave distortion function is (absolutely)

continuous on (0; 1] and can only jump at 0, while a convex distortion

function is (absolutely) continuous on [0; 1) and can only jump at 1.

Concave (resp. convex) distortion functions without jumps in the end-

points of the unit interval are absolutely continuous, which implies that

the expressions for �g [X] in (6.27) and (6.28) hold in particular for these

functions.

Notice thatF�1X (1�U) d
= X and also thatE [g0(U)] = 1. Starting from

(6.2), an integration by parts leads to the equivalent expression for the

distorted expection �g when g is absolutely continuous:

�g [X] = E [X g0(1� FX(X))] : (6.29)

The effect of the factor g0(1�FX(X)) in the expectation is a reweighting

of the outcomes of X. This means that �g [X] can be interpreted as a

weighted average ofX.

6.2.3 Distorted expectations for general distortion func-
tions

In Theorems 6.2.2 and 6.2.4, we derived expressions for distortion risk

measures �g [X] related to r.c. and l.c. distortion functions g, in terms
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of the quantile functions F�1+X and F�1X , respectively. In general, distor-

tion functions may be neither r.c. nor l.c. However, as will be proven in

the following theorem, a general distortion function can always be rep-

resented by a convex combination of a r.c. and a l.c. distortion function.

Theorem 6.2.5 Any distortion function g can be represented by a convex

combination

g = crgr + clgl; (6.30)

where gr and gl are a r.c. and a l.c. distortion function, respectively, and

the non-negative weights cr and cl sum to 1.

When cr 2 (0; 1), the distorted expectation �g [X] can be expressed as

�g [X] = cr�gr [X] + cl�gl [X] : (6.31)

Proof. We can use Theorem 2.2.3 to write g as

g = ur + ul; (6.32)

where ur and ul are a right and a left continuous function, respectively.

Furthermore, from the proof of Theorem 2.2.3 it immediately follows

that ur (0) = ul (0) = 0:We can define the functions gr and gl as

gr (q) =
ur (q)

ur (1)
and gl (q) =

ul (q)

ul (1)
;

from which we find that gr and gl are distortion functions and g can be

expressed as (6.30) where cr = ur (1) and cl = ul (1).

Because g is a distortion function, we find from (6.32) that cr+cl = 1:

From (6.8) and the discussion of that result, we can conclude that under

the implicit assumption that �g [X] 2 R, or equivalenty, that �gr [X] and

�gl [X] are real-valued, relation (6.31) holds.
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Expression (6.31) remains to hold in case cr = 0, provided gr is cho-

sen such that �gr [X] is finite, while it also holds in case cr = 1, provided

gl is chosen such that �gl [X] is finite. Notice that it is always possible

to choose such a distortion function, and hereafter, we will make this

appropriate choice when cr = 0 or cr = 1.

As an illustration of Theorem 6.2.5, consider the distortion function

g defined by

g (q) =
1

2
I
�
1

3
< q <

2

3

�
+ I
�
2

3
� q � 1

�
; 0 � q � 1: (6.33)

This distortion function is neither r.c. nor l.c., but it can be represented

as follows:

g (q) =
1

2
(gr (q) + gl (q)) ; 0 � q � 1;

with

gr (q) = I
�
2

3
� q � 1

�
and gl (q) = I

�
1

3
< q � 1

�
;

where gr(q) and gl(q) are a r.c. and a l.c. distortion function, respectively.

Taking into account (6.31), we find that

�g [X] =
1

2
(�gr [X] + �gl [X]) :

Consider now a general (not necessarily r.c. or l.c.) distortion func-

tion g without singular continuous component. Then �g [X] can be ex-

pressed as (6.31), where both �gr and �gl have no singular continuous

part. Applying (6.16) and (6.26) to �gr and �gl , respectively, we find that

�g [X] =

Z 1

0

F�1X (1� q) g0(q)dq +
X

q2(0;1]

F�1+X (1� q) [g (q)� g (q�)]

+
X

q2[0;1)

F�1X (1� q) [g (q+)� g (q)] ; (6.34)
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where we took into account that g0(q) = crg0r(q) + clg
0
l(q) and gr (q+) =

gr (q), while gl (q�) = gl (q). The first sum in this expression is taken

over all q 2 (0; 1] at which g (q) 6= g (q�), while the second sum is taken

over all q 2 [0; 1) at which g (q+) 6= g (q).

6.3 Distortion risk measures and comonotonic
sums

In this section, we present a complete proof for the additivity prop-

erty which holds for distorted expectations of a comonotonic sum. The

proofs of this theorem that are presented in the literature are often in-

complete, in the sense that they only hold for a particular type of dis-

tortion functions, such as the class of concave distortion functions. We

present a straightforward proof for the general case, making use of the

appropriate expressions for distorted expectations as weighted aver-

ages of quantiles.

The following theorem states that distorted expectations related to

general distortion functions are additive for comonotonic sums.

Theorem 6.3.1 (Additivity of �g for comonotonic r.v.’s) Consider a ran-

dom vector X = (X1; : : : ; Xn), a distortion function g and the distorted

expectations �g [Xi] ; i = 1; 2; : : : ; n. The distorted expectation of the co-

monotonic sum Sc is then given by

�g [S
c] =

nX
i=1

�g [Xi] : (6.35)

Proof. Applying the decomposition (6.31), we find that

nX
i=1

�g[Xi] =

nX
i=1

(cr�gr [Xi] + cl�gl [Xi]) : (6.36)
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Taking into account Theorems 6.2.2 and 6.2.4 in the first and the

third steps and, finally, applying Theorem 5.1.1 in the second step, we

find that the right hand side of 6.36 can rewritten as

cr

Z
[0;1]

nX
i=1

F�1+Xi
(1� q)dgr(q) + cl

Z
[0;1]

nX
i=1

F�1Xi
(1� q)dgl(q)

= cr

Z
[0;1]

F�1+Sc (1� q)dgr(q) + cl
Z
[0;1]

F�1Sc (1� q)dgl(q)

= cr�gr [S
c] + cl�gl [S

c]

= �g[S
c]:

Given that �g[Xi]; i = 1; 2; : : : ; n; is finite by assumption, we have that

�gr [Xi] and �gl [Xi] are finite too, so that all steps in the derivation above

are allowed. We can conclude that �g [Sc] is finite and given by (6.35).

The additivity property of distorted expectations for comonotonic

sums presented in Theorem 6.3.1 is well-known. However, most proofs

that appear in the literature only consider the case where the distortion

function is continuous or concave. The proof that we presented here is

simple and considers the general case.

6.4 Distorted expectations and Tail Values-at-
Risk

The distortion function g defined by

g(q) = min

�
q

1� p ; 1
�
; 0 � q � 1; (6.37)

for some p 2 [0; 1), is absolutely continuous. The related distorted ex-

pectation �g [X] is known as the Tail Value-at-Risk at level p, denoted by
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TVARp [X]. Taking into account (6.28), this distorted expectation can be

expressed as

TVARp [X] =
1

1� p

Z 1

p

F�1X (q)dq: (6.38)

We have that the increasing convex order can be characterized by

the Tail Value-at-Risk

X �icx Y , TVARp [X] � TVARp [Y ] ;8p 2 (0; 1) : (6.39)

In the following lemma, we prove that distorted expectations related to

a distortion function with absolutely continuous derivative g0 can be

expressed as a mixture of Tail Values-at-Risk.

Lemma 6.4.1 Let X be a r.v. with finite expectation and g a distortion

function with absolutely continuous derivative g0. In this case, the dis-

torted expectation �g [X] is finite and can be expressed as

�g [X] = g
0(1)E [X]�

Z 1

0

(1� p) g00(1� p)TVARp [X]dp: (6.40)

Proof. Let U be a uniformly distributed r.v. on the unit interval. Taking

into account that g0 is absolutely continuous, g0 (1� U) can be written

as

g0 (1� U) = g0 (1)�
Z U

0

g00 (1� p)dp

= g0 (1)�
Z 1

0

g00 (1� p) I (U > p)dp: (6.41)

As g0 is absolutely continuous, also g is absolutely continuous. From

(6.28) and (6.41), it follows that we can express �g [X] as

�g [X] = g
0(1)E [X]� E

�Z 1

0

g00 (1� p)F�1X (U)I (U > p)dp
�
: (6.42)
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For any distortion function g with absolute continuous derivative g0,

we have that
R 1
0
g00 (p)dp is finite. AsE [X] is assumed to be finite as well,

we find that

E
�Z 1

0

��g00 (1� p)F�1X (U)I (U > p)
��dp

�
� E [jXj]

Z 1

0

jg00 (p)jdp < +1:

Hence, the second term in the right hand side of (6.42) is finite, which

implies that also �g [X] is finite. Applying Fubini’s theorem and taking

into account (6.38) leads to (6.40).

Lemma 6.4.1 holds in particular for convex and concave distortion

functions with an absolutely continuous derivative. On the other hand,

convex and concave distortion functions with continuous derivative do

not necessarily satisfy the conditions of Lemma 6.4.1. Consider e.g. the

distortion function g defined by

g(q) =

R q
0
c(p)dpR 1

0
c(p)dp

; 0 � q � 1;

where c is a singular continuous distortion function (e.g. the Cantor

function). As g0(q) = c(q)R 1
0
c(p)dp

; 0 � q � 1, we have that g0 is non-decreasing,

and hence, g is convex. Further, g0 is singular continuous, which means

that it does not satisfy the conditions of the lemma.

Lemma 6.4.1 holds in particular for the class of distortion functions

g with continuous second derivative (which implies that g0 is absolutely

continuous). For any t 6= 0, the function g(q) = etq�1
et�1 ; 0 � q � 1, is an

example of a such a convex (if t > 0) or concave (if t < 0) distortion

function.

The decomposition formula (6.40) for the distorted expectation will

be used in Chapter 13 to define the Herd Behavior Index, which is an



Notes and references 89

index for measuring the dependence between the r.v.’s X1; X2; : : : ; Xn

using the distorted expectation of the sum S = X1 +X2 + : : :+Xn:

6.5 Notes and references

Distorted expectations can be defined more formally in terms of Choquet-

integrals. This concept is considered in detail in Denneberg (1997).

It is well-known that a distorted expectation of a random variable

(r.v.) can be expressed as a weighted average of its corresponding quan-

tiles; see e.g. Wang (1996) or Denuit et al. (2005). Although this state-

ment is true, one has to be careful to formulate it in an appropriate and

correct way, this chapter explores the conditions under which this state-

ment holds.

Using integration by parts, Theorem 6.2.2 can be considered as a

consequence of Corollary 2.1 in Gzyland & Mayoral (2006). The proof

presented above is different and is based on Fubini’s theorem.

Consider a concave distortion function gwithout a jump at 0. Taking

into account (6.28), one can rewrite the corresponding distorted expec-

tation �g [X] as

�g [X] = �
Z 1

0

F�1X (q)� (q)dq; (6.43)

with

� (q) = �g0 (1� q) : (6.44)

Notice that � (q)may not exist on a set of Lebesgue measure 0, but this

observation does not hurt the validity of (6.43). A risk measure of the

form (6.43) is called a spectral risk measure with risk spectrum � (q);

see e.g. Gzyland & Mayoral (2006).
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The reader is referred to Dudley & Norvaiša (2011) for related discus-

sions on Young type integrals where the integrand and the integrator

may have any kind of discontinuities.

A proof for the characterization of increasing convex order using

the Tail Value-at-Risk can be found in Dhaene et al. (2006). A proof of

Lemma 6.4.1 for the class of distortion functions with continuous sec-

ond derivative can be found in Denuit et al. (2005) (Property 2.6.6). The

more general situation is considered in Cheung et al. (2013).



CHAPTER 7

Ordered random vectors and equality in
distribution

The results derived in Cheung et al. (2013) are considered in the current

chapter.

7.1 Introduction

In Chapter 3, we investigated how one can decompose the expected

utility E [u(X)] in terms of the upper - and lower tails E
�
(X �K)+

�
and

E
�
(K �X)+

�
of X. Similarly, Chapter 6 showed that the distorted ex-

pecation �g [X] can be expressed as a mixture of Tail Values-at-Risk of

X.

In this chapter, we find ordering conditions under which equality of

the expected utililties E [u(X)] and E [u(Y )] (or of the distorted expecta-

tions �g [X] and �g [Y ]) of two r.v.’sX and Y implies that both are equally

distributed.

Cheung (2010) shows that under mild conditions, a random vector

X = (X1; X2; : : : ; Xn) is comonotonic provided the sum S = X1 +X2 +

91
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: : :+Xn has the same distribution as the sum Sc = Xc
1 +X

c
2 + : : :+X

c
n

of the comonontonic counterpart Xc = (Xc
1 ; X

c
2 ; : : : ; X

c
n) of X. Fur-

thermore, he shows that under appropriate conditions, equality of the

expected utilities E [u(S)] and E [u(Sc)] (or of the distorted expectations

�g [S] and �g [Sc]) implies that the random vectorX is comonotonic.

We generalize Cheung’s results by establishing ordering conditions

under which two random vectors X and Y having equally distributed

sums SX = X1+X2+ : : :+Xn and SY = Y1+ Y2+ : : :+ Yn are equal in

distribution. We also show that under appropriate conditions, equality

of E [u(SX)] and E [u(SY )] (or of �g [SX ] and �g [SY ]) implies thatX and

Y are equally distributed.

7.2 Random vectors and the sum of their com-
ponents

Hereafter, we use the notation SX to denote the sum of the components

of a r.v. X; i.e.

SX = X1 + : : :+Xn: (7.1)

In the following lemma we derive expressions for E
h
(SX �K)n�1+

i
and

E
h
(K � SX)n�1+

i
in terms of the ddf FX and the cdf FX of X, respec-

tively. The notation ys+ is used for [max (y; 0)]s. The first expression in

Lemma 7.2.1 was proven in Boutsikas & Vaggelatou (2002). We repeat

the proof here in order to make this section self-contained.

Lemma 7.2.1 For any random vector X and any real K, we have that
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E
h
(SX �K)n�1+

i
can be expressed as

E
h
(SX �K)n�1+

i
= (7.2)

(n� 1)!
Z +1

�1
: : :

Z +1

�1
FX

 
x1; : : : ; xn�1;K �

n�1X
i=1

xi

!
dx1 : : :dxn�1;

while E
h
(K � SX)n�1+

i
can be expressed as

E
h
(K � SX)n�1+

i
= (7.3)

(n� 1)!
Z +1

�1
: : :

Z +1

�1
FX

 
x1; : : : ; xn�1;K �

n�1X
i=1

xi

!
dx1 : : :dxn�1:

Proof. (a) We first prove by induction that for any k � 2,
(
Pk

i=1 xi�K)
k�1
+

(k�1)!

is equal to Z +1

�1
: : :

Z +1

�1
I (x1 > u1) : : : I (xk�1 > uk�1) (7.4)

� I
 
xk > K �

k�1X
i=1

ui

!
du1 : : :duk�1;

for any real numbers x1; x2; : : : xk and K. Here, I (A) has value 1 if A

holds, while it equals 0 otherwise.

Considering the cases x1 + x2 � K and x1 + x2 > K separately, one

can easily verify that

(x1 + x2 �K)j+
j

=

Z +1

�1
I (x1 > u1) (x2 � (K � u1))j�1+ du1: (7.5)

holds for any integer j � 1. In particular, for j = 1 this expression

reduces to

(x1 + x2 �K)+ =
Z +1

�1
I (x1 > u1) I (x2 > K � u1)du1: (7.6)



94 Ordered random vectors and equality in distribution

We can conclude that expression (7.4) holds for k = 2 and any real num-

bers x1; x2 andK.

Suppose now that for a particular value of k � 2, expression (7.4) holds

for any real numbers x1; x2; : : : ; xk and K. Then for any real numbers

x1; x2; : : : ; xk+1 andK, we have thatZ +1

�1
: : :

Z +1

�1
I (x1 > u1) : : : I (xk > uk)

� I
 
xk+1 > K �

kX
i=1

ui

!
du1 : : :duk

=

Z +1

�1
I (x1 > u1)

�
�Z +1

�1
I (x2 > u2) : : : I (xk > uk) I (xk+1 > c)du2 : : :duk

�
du1;

where c = K � u1 �
Pk

i=2 ui: From relation (7.4), we find that the right

hand side of this expression can be rewritten as

1

(k � 1)!

Z +1

�1
I (x1 > u1)

 
k+1X
i=2

xi � (K � u1)
!k�1
+

du1:

Taking into account (7.5), we then find thatZ +1

�1
: : :

Z +1

�1
I (x1 > u1) : : : I (xk > uk)

� I
 
xk+1 > K �

kX
i=1

ui

!
du1 : : :duk

=

�Pk+1
i=1 xi �K

�k
+

k!
;

which means that expression (7.4) also holds for k + 1.

We can conclude that expression (7.4) holds for any k � 2 and any real
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numbers x1; x2; : : : ; xk and K. Replacing xi by Xi and k by n in this

expression, and taking expectations leads to (7.2).

(b) Applying expression (7.2) to the vector�X and the retention�K,

we find that

E
h
(K � SX)n�1+

i
=

(n� 1)!
Z +1

�1

Z +1

�1
F�X

 
x1; : : : ; xn�1;�K �

n�1X
i=1

xi

!
dx1 : : :dxn�1:

Taking into account that F�X has at most countably many jumps, we

can replace the integrand

F�X

 
x1; : : : ; xn�1;�K �

n�1X
i=1

xi

!

by

FX

 
�x1; : : : ;�xn�1;K +

n�1X
i=1

xi

!
in this expression. Substituting the xi by yi = �xi leads to the expres-

sion (7.3) for E
h
(K � SX)n�1+

i
.

The quantities E
h
(SX �K)n�1+

i
and E

h
(K � SX)n�1+

i
in (7.2) and

(7.3) are well-defined, but may eventually be equal to +1. Hereafter,

we summarize several (necessary and) sufficient conditions for these

expectations to be finite.



96 Ordered random vectors and equality in distribution

First, we have

E
h
(Xi)

n�1
+

i
< +1 for all i (7.7)

+

E
h
(SX)

n�1
+

i
< +1

m

E
h
(SX �K)n�1+

i
< +1 for allK;

while

E
h
(Xi)

n�1
�

i
< +1 for all i (7.8)

+

E
h
(SX)

n�1
�

i
< +1

m

E
h
(K � SX)n�1+

i
< +1 for allK:

Here, the notation ys� is used for [�min (y; 0)]s.

Further, the conditions

E
h
jXijn�1

i
< +1; i = 1; 2; : : : ; n; (7.9)

imply the first conditions in (7.7) and (7.8), whereas the condition

E
h
jSX jn�1

i
< +1 (7.10)

implies the second conditions in (7.7) and (7.8).

Finally, notice that any of the conditions that we considered in (7.7),

(7.8), (7.9) and (7.10) implies that this condition also holds if we replace

the exponent n� 1 by the exponent k, k = 1; 2; : : : ; n� 1.
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In case n = 2, expression (7.3) reduces to :

E
�
(K � SX)+

�
=

Z +1

�1
FX (x;K � x)dx: (7.11)

Taking into account (3.7), this expression can be transformed in

E
�
(SX �K)+

�
=

Z +1

�1
FX (x;K � x)dx+ E [SX ]�K:

In the following lemma we derive expressions for E
�
etSX

�
in terms

of the cdf or the ddf ofX, depending on the value of t.

Lemma 7.2.2 Consider the n-vector X and the sum of its components

SX .

For any t < 0, one has that E
�
etSX

�
can be expressed as

E
�
etSX

�
= (�t)n

Z +1

�1
: : :

Z +1

�1
et(x1+���+xn)FX (x)dx1 : : :dxn: (7.12)

For any t > 0, one has that E
�
etSX

�
can be expressed as

E
�
etSX

�
= tn

Z +1

�1
: : :

Z +1

�1
et(x1+���+xn)FX (x)dx1 : : :dxn: (7.13)

Proof. Let us first consider the case where t > 0. For any iwe have that

etXi = t

Z Xi

�1
etxidxi

= t

Z +1

�1
etxiI (Xi > xi)dxi. (7.14)

Taking into account these expressions for the etXi , we can expressE
�
etSX

�
as

tnE
��Z +1

�1
etx1I (X1 > x1)dx1

�
� � �
�Z +1

�1
etxnI (Xn > xn)dxn

��
:

(7.15)



98 Ordered random vectors and equality in distribution

Using Fubini’s theorem to interchange the order of the expectation and

the integrals leads to (7.13).

Next, we consider the case t < 0. In order to prove (7.12) for t <

0, consider the random vector �X � (�X1;�X2; : : : ;�Xn). Applying

expression (7.13) to E
�
e�t(�SX)

�
leads to

E
�
etSX

�
= (�t)n

Z +1

�1
� � �
Z +1

�1
e�t(x1+���+xn)F�X (x)dx1 : : :dxn:

Taking into account that F�X has at most countably many jumps, we

can replace F�X (x) by FX (�x) in this expression. Subsituting the xi

by yi = �xi leads to expression (7.12).

For any real t, the expectationE
�
etSX

�
in Lemma 7.2.2 is well-defined

and non-negative, but eventually equal to+1. However, in caseE
�
entXi

�
<+1, for all i = 1; 2; : : : ; n; the generalized Hölder inequality leads to

E
�
etSX

�
�

nY
i=1

�
E
�
entXi

��1=n
< +1.

The relation between the conditions

“E
h
(SX)

n�1
+

i
< +1” or “E

h
(SX)

n�1
�

i
< +1”

at the one hand, and “E
�
etSX

�
< +1” at the other hand is explored in

the following lemma.

Lemma 7.2.3 For any r.v.X, the following implications hold:

E
�
etX
�
< +1 for some t < 0) E

h
(X)

k
�

i
< +1; k = 1; 2; : : : (7.16)

and

E
�
etX
�
< +1 for some t > 0) E

h
(X)

k
+

i
< +1; k = 1; 2; : : : (7.17)
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Proof. Let us first prove implication (7.17). For any positive real number

t, we have that

et(x)+ � etx + 1;

where we use the notation (x)+ = max fx; 0g. From this inequality we

find that

E
�
etX
�
< +1 ) E

h
et(X)+

i
< +1:

As

E
h

et(X)+
i
=

1X
k=0

tk

k!
E
h
(X)

k
+

i
< +1;

we can conclude that the implication (7.17) holds.

The proof of (7.16) follows immediately from (7.17) by rewriting E
�
etX
�

as E
�
e(�t)(�X)

�
.

The results that we proved in this section will be used to prove re-

sults on conditions under which convex ordered r.v.’s, or supermodular

order random vectors, are equal in distribution.

7.3 Convex order and equally distributed ran-
dom variables

In this section, we consider conditions under which convex ordered

r.v.’s are equal in distribution.

7.3.1 Convex order, expected utilities and equally distrib-
uted random variables

In expected utility theory, a decision maker is risk averse if he has a

(non-decreasing and) concave utility function. Consider now the r.v.’s
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X and Y with equal expectations. The ordering relationX �cx Y means

that all risk averse decision makers prefer random wealth X over ran-

dom wealth Y . In the following theorem we show that if X �cx Y and

in addition, there is a particular risk averse decision maker (with an ap-

propriate utility function) who is indifferent betweenX and Y , then we

can conclude thatX and Y are equal in distribution.

Theorem 7.3.1 Consider the r.v.’s X and Y with finite expectations and

the interval I with P [Y 2 I] = 1. Furthermore, let u : I �! R be a strictly

concave (or strictly convex) function with absolutely continuous deriva-

tive u0 and such that E [u (Y )] is finite. Then we have that

X �cx Y and E [u (X)] = E [u (Y )] =) X
d
= Y: (7.18)

Proof. We prove the case where u is strictly concave. The other case

can be proven in a similar way. In order to prove the implication (7.18),

notice that the convex order relation X �cx Y implies that E [X] =
E [Y ]. Furthermore, the convex order relation X �cx Y together with

P [Y 2 I] = 1 implies that P [X 2 I] = 1, so that the r.v.’s u (X) and u (Y )

are well-defined. Under the stated assumptions, we find from Lemma

3.3.1 that for a = E [X] = E [Y ], the following expressions hold for

E [u (X)] and E [u (Y )], respectively:

E [u (X)] = u (E [X])

+

Z E[X]

inf I

u00 (K)E
�
(K �X)+

�
dK +

Z sup I

E[X]
u00 (K)E

�
(X �K)+

�
dK

and

E [u (Y )] = u (E [X])

+

Z E[X]

inf I

u00 (K)E
�
(K � Y )+

�
dK +

Z sup I

E[X]
u00 (K)E

�
(Y �K)+

�
dK;
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where E [u (X)] and E [u (Y )], as well as all integrals in these expressions

for E [u (X)] and E [u (Y )] are finite. From these expressions, taking into

account the assumption that E [u (X)] = E [u (Y )], we find that

0 =

Z E[X]

inf I

u00 (K)
�
E
�
(K � Y )+

�
� E

�
(K �X)+

��
dK

+

Z sup I

E[X]
u00 (K)

�
E
�
(Y �K)+

�
� E

�
(X �K)+

��
dK: (7.19)

The convex order relationX �cx Y implies that

E
�
(X �K)+

�
� E

�
(Y �K)+

�
; for allK < E [X] ;

E
�
(K �X)+

�
� E

�
(K � Y )+

�
; for allK � E [X] :

Furthermore, as the function u0 is absolutely continuous, we have that

the condition that u is strictly concave on I is equivalent with u00(x) < 0

a.e. on I. Hence, both integrands in (7.19) are non-positive. Further-

more, asE
�
(K � Y )+

�
�E

�
(K �X)+

�
andE

�
(Y �K)+

�
�E

�
(X �K)+

�
are continuous functions ofK, we can conclude that

E
�
(K � Y )+

�
= E

�
(K �X)+

�
; for allK < E [X] ;

E
�
(Y �K)+

�
= E

�
(X �K)+

�
; for allK � E [X] ;

which is equivalent with

E
�
(Y �K)+

�
= E

�
(X �K)+

�
; for allK 2 R;

which in turn is equivalent withX d
= Y ; see relation (3.4).

Theorem 7.3.1 requires that the expectations E [Y ] and E [u (Y )] are

finite. Ifu is a non-decreasing, non-constant and convex function, while

Y is bounded from below, we have that E [u (Y )] is finite implies that
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E [Y ] is finite. Indeed, in this case a+bY � u(Y ) holds a.e. for constants

a and b > 0, while c � Y holds a.e. for a constant c. These inequalities

imply that E [Y ] is finite. On the other hand, if u is non- decreasing and

concave, while u(Y ) is bounded from below, one can prove in a similar

way that E [Y ] is finite implies that E [u (Y )] is finite.

Consider a r.v.X with finite expectation E [X]. The function

(x� E [X])2

is an example of a strictly convex function uwith absolutely continuous

derivative. From Theorem 7.3.1, we can conclude that for two r.v.’s X

and Y with finite expectations and such that Var[Y ] is finite, we have

that

X �cx Y and Var [X] = Var [Y ]) X
d
= Y:

Similarly, for any r.v.’s X and Y with finite expectations and such that

E
�
etY
�

is finite for some t 6= 0, we have that

X �cx Y and E
�
etX
�
= E

�
etY
�
) X

d
= Y:

Remark that the condition that u is strictly concave (resp. strictly

convex) on I in Theorem 7.3.1 cannot be weakened to the condition

that u is concave (resp. convex), i.e. u00(K) � 0 a.e. (resp. u00(K) � 0

a.e.), as in this case we cannot conclude from (7.19) thatE
�
(Y �K)+

�
=

E
�
(X �K)+

�
holds for allK.

7.3.2 Convex order, distorted expectations and equally
distributed random variables

In the dual theory of choice under risk, a decision maker is risk averse

if he has a (non-decreasing and) convex distortion function. Consider
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now the r.v.sX and Y with equal expectations. Also in this dual theory,

the ordering relationX �cx Y means that all risk averse decision mak-

ers prefer gain X over gain Y . In the following theorem we show that if

X �cx Y and in addition, there is a particular risk averse decision maker

(with an appropriate distortion function) who is indifferent betweenX

and Y , then we can conclude thatX and Y are equal in distribution.

Theorem 7.3.2 Consider the r.v.’sX and Y with finite expectations. Fur-

thermore, let g be a strictly convex (or strictly concave) distortion func-

tion with absolutely continuous derivative g0. Then we have that

X �cx Y and �g [X] = �g [Y ] =) X
d
= Y: (7.20)

Proof. From Lemma 6.4.1, we know that �g [X] and �g [Y ] are finite and

0 = �g [Y ]� �g [X]

=

Z 1

0

(1� p) g00(1� p) (TVARp [Y ]� TVARp [X])dp: (7.21)

As the derivative g0 is absolutely continuous, we have that the condi-

tion that g is a strictly convex distortion function is equivalent with

g00(p) > 0 almost everywhere. Because X �cx Y , we can use (6.39)

to conclude that the integrand is non-negative. Furthermore, as the

function TVARp [Y ]�TVARp [X] is a continuous function of p, we can

conclude that

TVARp [X] = TVARp [Y ] ; for all p 2 (0; 1) : (7.22)

Using (6.39), we find that (7.22) is equivalent with

E
�
(X �K)+

�
= E

�
(Y �K)+

�
; for allK 2 R;
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which in turn is equivalent withX d
= Y .

The function g(q) = etq�1
et�1 ; 0 � q � 1 is an example of a distortion

function satisfying the conditions of Theorem 7.3.2. For any t > 0, we

have that g is strictly convex, while for any t < 0, it is strictly concave.

Remark that the condition that g is strictly convex (resp. strictly con-

cave) in Theorem 7.3.2 cannot be weakened to the condition that g is

convex (resp. concave), i.e. g00(q) � 0 a.e. (resp. g00(q) � 0 a.e.), as in this

case, we cannot conclude from (7.21) that TVARp [X] and TVARp [Y ] are

equal for all values of p.

7.4 Supermodular order and equally distributed
random vectors

Hereafter, we use the notations SX and SY ; defined as

SX = X1 + : : :+Xn and SY = Y1 + : : :+ Yn: (7.23)

In the following theorem we prove that under appropriate condi-

tions, lower orthant (resp. upper orthant) ordered random vectors with

equally distributed sums are equal in distribution.

Theorem 7.4.1 Consider the n-vectorsX and Y , as well as the respective

sums of their components SX and SY .

In case E
h
(SY )

n�1
�

i
< +1, we have that

X �LO Y and SX
d
= SY =) X

d
= Y : (7.24)

In case E
h
(SY )

n�1
+

i
< +1, we have that

X �UO Y and SX
d
= SY =) X

d
= Y : (7.25)
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Proof. Let us prove (7.24), assuming that E
h
(SY )

n�1
�

i
< +1. From

(7.8) and SX
d
= SY we find that E

h
(K � SY )n�1+

i
and E

h
(K � SX)n�1+

i
are equal and finite, for any value ofK. Expression (7.3) in Lemma 7.2.1

leads to the following relation, which holds for any particular value of

K:

0 =
h
(K � SY )n�1+

i
� E

h
(K � SX)n�1+

i
= (n� 1)!

Z +1

�1
dx1 : : :

Z +1

�1
dxn�1FY (x�)� FX (x�n) ; (7.26)

where

x� = (x1; : : : ; xn�1; x
�
n) and x�n = K �

n�1X
i=1

xi:

The ordering relation X �LO Y implies that the integrand in (7.26) is

always non-negative. Hence, we have that

FX (x1; : : : ; xn�1; x
�
n) = FY (x1; : : : ; xn�1; x

�
n) ;

for any (x1; : : : ; xn�1) 2 Rn�1nAK with AK a subset of Rn�1 such that

�n�1 (AK) = 0; where �n�1 is the Lebesgue measure on Rn�1. Taking

into account the continuity from above of the integrand in (7.26), we

find that

FX (x1; : : : ; xn�1; x
�
n) = FY (x1; : : : ; xn�1; x

�
n) ;

for any (x1; : : : ; xn�1) 2 Rn�1 and anyK: This observation implies that

FX (x) = FY (x) ; for any x 2 Rn, which means thatX d
= Y .

The proof of (7.25), under the assumption that E
h
(SY )

n�1
+

i
< +1

holds, follows the same lines as the proof above, taking into account

expression (7.2) in Lemma 7.2.1.
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Suppose that one of the moment conditions in Theorem 7.4.1 holds

true. Then it follows from the same theorem that in case X �SM Y ,

it suffices to verify whether SX and SY are equally distributed in order

to be able to conclude that the random vectors X and Y are equal in

distribution.

Both moment conditions in Theorem 7.4.1 can be replaced by the

stronger, but somewhat more obvious finite moment conditions (7.9)

or (7.10); see the discussion after Lemma 7.2.1.

Combining Theorem 7.3.1 and Theorem 7.4.1, while taking into ac-

count the properties of supermodular and concordance orders that were

mentioned in Section 3.4, leads to the following theorem.

Theorem 7.4.2 Consider the n-vectors X and Y , with respective sums

SX and SY which are assumed to have finite expectations. Furthermore,

consider the interval I with P [SY 2 I] = 1, and the strictly concave (or

strictly convex) function u : I �! R with absolutely continuous deriva-

tive u0 such that E [u (SY )] is finite. Finally, suppose that either

E
h
(SY )

n�1
�

i
< +1 or E

h
(SY )

n�1
+

i
< +1: (7.27)

Then we have that

X �SM Y and E [u (SX)] = E [u (SY )] =) X
d
= Y :

The theorem above can be interpreted in terms of expected util-

ity theory. It states that under the appropriate conditions and when

X �SM Y , it suffices to verify whether there is a particular risk averse

decision maker who is indifferent between SX and SY , in order to be

able to conclude whetherX and Y are equal in distribution or not.
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Combining Theorem 7.3.2 and Theorem 7.4.1 leads to the following

theorem which has a similar interpretation in terms of the dual theory

of choice under risk.

Theorem 7.4.3 Consider the n-vectors X and Y with sums SX and SY

with finite expectations. Furthermore, let g be a strictly convex (or strictly

concave) distortion function with absolutely continuous derivative g0.

Finally, suppose that

E
h
(SY )

n�1
�

i
< +1 or E

h
(SY )

n�1
+

i
< +1: (7.28)

Then we have that

X �SM Y and �g [SX ] = �g [SY ] =) X
d
= Y :

Notice that a slightly stronger version of both Theorems 7.4.2 and

7.4.3 may be derived in the sense that when E
h
(SY )

n�1
�

i
< +1, we

have that X �SM Y may be replaced by the weaker conditions that

X �LO Y and SX �cx SY . Similarly, when E
h
(SY )

n�1
+

i
< +1, we have

thatX �SM Y may be replaced byX �UO Y and SX �cx SY .

From Lemma 7.2.3 it follows that the condition E
h
(SY )

n�1
�

i
< +1

(resp. E
h
(SY )

n�1
+

i
< +1) in Theorem 7.4.1, Corollary 7.4.2 and Corol-

lary 7.4.3 can be replaced by the stronger condition E
�
etSY

�
< +1 for

some t < 0 (resp. E
�
etSY

�
< +1 for some t > 0). Notice that a direct

proof of Theorem 7.4.1 under these stronger conditions follows from

Lemma 7.2.2.

Suppose that the r.v. SY is bounded from below by a real number

a. This situation will occur in particular when all marginals of Y are

bounded from below. In this case, we have that 0 � E
�
e�SY

�
� e�a <

+1 and hence, from Lemma 7.2.3 we find that E
h
(SY )

n�1
�

i
< +1. We
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can conclude that the moment condition (7.27) in Theorem 7.4.2 and

Theorem 7.4.3 is always satisfied in caseSY is bounded from below. In a

similar way, we can prove thatE
h
(SY )

n�1
+

i
< +1 in caseSY is bounded

from above.

Finally, let us have a look at the bivariate case. Consider the ran-

dom couples (X1; X2) and (Y1; Y2), which are supermodular ordered

such that (X1; X2) �SM (Y1; Y2). If SX and SY have finite expectations,

we also have that E
�
(SY )+

�
< +1 and E

�
(SY )�

�
< +1. Hence, in the

bivariate case, the only moment conditions that have to be assumed for

the Theorems 7.4.1, 7.4.2 and 7.4.3 to hold is that SX and SY have finite

expectations.

7.5 Characterizing comonotonic random vec-
tors

Taking into account equivalence relation (4.18) and provided that S has

a finite expectation and the moment condition (7.27) holds, we have

that

S
d
= Sc =) X is comonotonic: (7.29)

Similarly, from Theorem 7.4.2 we find that, provided S has a finite ex-

pectation, u is strictly concave (or strictly convex) with absolutely con-

tinuous derivative, E [u (S)] is finite and the moment condition (7.27) is

satisfied, the following implication holds:

E [u (S)] = E [u (Sc)] =) X is comonotonic. (7.30)

Finally, from Theorem 7.4.3 we find that, provided S has a finite expec-

tation, g is strictly convex (or strictly concave) with absolutely continu-
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ous derivative and the moment condition (7.27) holds, we have that

�g [S] = �g [S
c] =) X is comonotonic. (7.31)

Implication (7.29) remains to hold without assuming that the mo-

ment condition (7.27) is satisfied. Before we move to the proof of this

statement, we first give an alternative proof for a result which was first

considered in Mao & Hu (2011).

Lemma 7.5.1 (Mao and Hu) Consider the random vector X. In case all

expectations E
�
(Xi)+

�
; i = 1; 2; : : : ; n; are finite, we have that

X1 + : : :+Xn
d
= Xc

1 + : : :+X
c
n ) X1 + : : :+Xn�1

d
= Xc

1 + : : :+X
c
n�1:

Proof. Assume that

X1 + : : :+Xn�1
d

6= Xc
1 + : : :+X

c
n�1: (7.32)

Note that E
�
(Xi)+

�
< 1 implies that TVaRp [Xi] is finite for all p 2

(0; 1). If (7.32) holds, there exists a p 2 (0; 1) such that

TVaRp [X1 + : : :+Xn�1] <
n�1X
i=1

TVaRp [Xi] : (7.33)

Note that

TVaRp [X1 + : : :+Xn�1 +Xn] � TVaRp [X1 + : : :+Xn�1]+TVaRp [Xn] :

If (7.33) holds, we find that

TVaRp [X1 + : : :+Xn�1 +Xn] <
nX
i=1

TVaRp [Xi] ;

which implies that X1 + : : : + Xn
d

6= Xc
1 + : : : + X

c
n: This contradiction

proves that (7.32) cannot hold.
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Implication (7.29) holds without any conditions if the marginals are

bounded. In the following theorem, we give a new proof of (7.29), based

on the previous lemma.

Theorem 7.5.1 Consider the random vector X = (X1; : : : ; Xn). In case

all expectations E
�
(Xi)+

�
; i = 1; 2; : : : ; n; are finite, we have that

X is comonotonic , S
d
= Sc:

Proof. The ) - implication is straightforward. It remains to prove the

other implication. First, asX �SM Xc we have that

(Xi; Xj) �SM
�
Xc
i ; X

c
j

�
; for all i 6= j in f1; 2; : : : ; ng :

Furthermore, as S d
= Sc;we find from Lemma 7.5.1 that

Xi +Xj
d
= Xc

i +X
c
j ; for all i 6= j in f1; 2; : : : ; ng :

From Theorem 7.4.1 it follows then that

(Xi; Xj)
d
=
�
Xc
i ; X

c
j

�
; for all i 6= j in f1; 2; : : : ; ng :

As comonotonicity of the vector X is equivalent with comonotonicity

of all couples (Xi; Xj), see Theorem 4.2.1, we can conclude that X is

comonotonic.

In the following theorem, a proof for implication (7.29) is given in

case the second-order moments of all components Xi are finite. Al-

though the conditions are stronger than the conditions of Theorem 7.5.1,

we present this proof here because of its amazing simplicity.
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Theorem 7.5.2 Consider the random vector X. In case all second-order

moments E
�
X2
i

�
; i = 1; 2; : : : ; n; are finite, we have that

X is comonotonic , S
d
= Sc , Var [S] = Var [Sc] :

Proof. The second-order moment conditions imply that all covariances

Cov[Xi; Xj ] and Cov
�
Xc
i ; X

c
j

�
, i; j = 1; 2; : : : ; n, as well as Var[S] and

Var[Sc] are finite. The proof of the) - implications is trivial. It remains

to prove that Var[S] = Var[Sc] implies thatX is comonotonic.

We first recall that Cov[Xi; Xj ] � Cov
�
Xc
i ; X

c
j

�
always holds. Further-

more, we have that comonotonicity can be characterized as follows:

X is comonotonic

, Cov [Xi; Xj ] = Cov
�
Xc
i ; X

c
j

�
for all i 6= j in f1; 2; : : : ; ng :

A proof of the above-mentioned properties can be found e.g. in Dhaene

et al. (2002a). Taking into account these properties, we find that

Var [S] = Var [Sc]

)
nX

i;j=1

Cov [Xi; Xj ] =
nX

i;j=1

Cov
�
Xc
i ; X

c
j

�
) Cov [Xi; Xj ] = Cov

�
Xc
i ; X

c
j

�
, for all i 6= j in f1; : : : ; ng

) (X1; : : : ; Xn) is comonotonic.

We end this section by showing that the condition that E [S] is finite

is essential for the implication (7.29) to hold. In particular, we will show

that this implication does not hold for r.v.’s with a Cauchy distribution.

Recall that a r.v. X has a Cauchy distribution with location parame-

ter � and scale parameter � if its probability density function f is given
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by

fX (x) =
1

��
�
1 +

�
x��
�

�2� ; x 2 R;

or, equivalently, its characteristic function is given by

E
�
eitX� = ei�t��jtj:

It is well-known that the expected value of the Cauchy distributed r.v. X

does not exist.

Consider now the random couple X = (X1; X2). Suppose that X1

and X2 have a standard Cauchy distribution, which means that their

scale and location parameters are 0 and 1, respectively. Furthermore,

suppose that X1 and X2 are mutually independent. The characteristic

function of the sum S = X1 +X2 is given by

E
�
eitS� = �E �eitX1

��2
= e�2jtj;

which means thatS has a generalized Cauchy distribution with location

parameter � = 0 and scale parameter � = 2.

Next, consider the comonotonic modifiation Xc = (Xc
1 ; X

c
2) of X

and its sum Sc = Xc
1 +X

c
2 . As Sc d

= 2X1, we find that the characteristic

function of Sc is given by

E
h

eitSc
i
= E

�
eit2X1

�
= e�2jtj:

Equality of the characteristic functions of S and Sc allows us to con-

clude that S d
= Sc.

From Luan (2001), we know that (X1; X2) can only have the inde-

pendent and the comonotonic copula at the same time in case the mar-

ginal distribution FX1 is degenerate. Obviously, this condition is not

fulfilled here. Hence, for the couple (X1; X2) of independent Cauchy
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distributed r.v.’s we have that S d
= Sc, but (X1; X2)

d
6= (Xc

1 ; X
c
2). This

means that the first order moment condition is crucial for the implica-

tion (7.29) to hold.

We can conclude that when considering a random vector X and

its comonotonic modification Xc, Theorems 7.4.1, 7.4.2 and 7.4.3 re-

main to hold under weaker moment conditions than (7.27), although

the condition that S has a finite expectation cannot be relaxed. These

observations make us presume that the implications in Theorems 7.4.1,

7.4.2 and 7.4.3 might remain to hold under weaker moment conditions

than (7.27). Investigating this presumption is a topic of future research.

7.6 Notes and references

Expression (7.11) can be found e.g. in Dhaene & Goovaerts (1996). A

proof of Theorem 7.3.1 for the narrower class of twice continuously dif-

ferentiable functions u can be found in Cheung (2010). This result also

follows from Theorem 3 A43 and Theorem 3 A60 in Shaked & Shanthiku-

mar (2007). A proof of Theorem 7.3.2 can be found in Cheung (2010),

under the following weaker conditions on the distortion function: g is

continuously differentiable and strictly convex (or strictly concave). Al-

though somewhat less general, the proof presented here is more trans-

parent and elegant than the original proof.

The implications (7.29), (7.30) and (7.31) remain to hold under weaker

conditions than the moment condition (7.27). Indeed, Cheung (2010)

proves that implication (7.29) holds when the marginals have finite first

moments and the underlying probability space is atomless. Mao & Hu

(2011) prove Cheung’s result without having to assume that the under-

lying probability space is atomless. Cheung (2010) also proves the im-
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plications (7.30) and (7.31) under less stringent conditions, in particular

without having to assume the moment condition (7.27).

The bivariate special case of Theorem 7.5.2 can be found in Dhaene

et al. (2002b). A proof of the equivalence S d
= Sc , Var[S] = Var[Sc]

can also be found in Cheung & Vanduffel (2012). This equivalence was

also derived in Dhaene, Linders, Schoutens & Vyncke (2012) for the case

where all marginals are non-negative.
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CHAPTER 8

Some notions on arbitrage pricing theory

8.1 Financial markets and derivatives in con-
tinuous models

In this section, we consider the pricing mechanism of traded financial

contracts in a no-arbitrage framework. We explain the essential con-

cepts and buzz words of pricing derivative securities in arbitrage-free

markets, without worrying too much about mathematical technicali-

ties. Readers thirsty for more than just the intuitive exposition of this

section are referred to Delbaen & Schachermayer (2008).

We consider a financial market where n + 1 assets (such as bonds

and stocks) are traded, which means that any of these assets can be

bought or sold by any participant for any quantity. One of the assets is

a risk-free bank account. Money invested in this account accumulates

at a constant interest intensity r. Money can also be borrowed from

this account, at the same interest intensity r. The other n assets will be

labeled from 1 to n. In this section we assume these n assets to be non-

dividend paying securities. For simplicity, we assume that there are no

117
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transaction costs involved in buying or selling assets.

Let the current time be denoted by time 0 and assume that we are

interested in the evolution of the financial market in the time interval

[0; T ]. We introduce a measurable space (
;F), which is a mathematical

abstraction used to describe the different scenarios of the future evolu-

tion of the market as well as all events that may or may not take place

in that market. More specifically, any ! 2 
 corresponds to a possible

scenario for the future evolution of the financial market in [0; T ], while

F is a �-algebra, of which the elements are subsets of 
. The elements

of F are called events. Any A 2 F is an event of which we will know at

time T whether it has occured or not. The set F contains all statements

which can be made about the behavior of the financial market in the

time interval [0; T ].

Now the measurable space (
;F) is equipped with a filtration

(Ft)0�t�T , whereFt has to be interpreted as the information that will be

available at time t. Therefore, Ft is often called the history of the finan-

cial market up to time t. Usually, the filtration is chosen such thatFt de-

scribes the information generated by the history of the different assets

up to time t. But more generally, one could as well include other sources

of information than just the history of the asset prices. More formally, a

filtration (Ft)0�t�T is a non-decreasing family of sub �-algebras of F :

F0 � Fs � Ft � FT for all 0 � s � t � T .

We always assume that FT = F :
The price of stock i at a fixed future time t is denoted by Xi (t) ;

i = 1; 2; : : : ; n and is assumed to be non-negative. The current stock

prices Xi (0) > 0; i = 1; 2; : : : ; n are assumed to be known at time 0.

The set of all prices of stock i in the time interval [0; T ] is denoted by
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fXi (t) j 0 � t � Tg. The different fXi (t) j 0 � t � Tg are stochastic pro-

cesses defined on (
;F ; (Ft)0�t�T ). We assume that the r.v.’sXi (t) > 0

are known at time t. Stated more formally, the stock price processes fol-

low strictly positive adapted processes, which means that for any t, the

r.v.’sXi (t) > 0; i = 1; 2; : : : ; n are measurable w.r.t. the sigma-algebraFt.
The realization of Xi (t) at time t represents the value of asset i at time

t in some market scenario !. Another market situation will result in an-

other realization of Xi (t) : However, in the sequel we will not mention

this dependence on the realization ! explicitly.

Attaching a probability measure P to this measurable space leads

to the filtered probability space
�

;F ; (Ft)0�t�T ;P

�
. The measure P as-

signs a probability to any event A 2 F that may occur in this world.

Throughout this disstertation, we will assume that P is the ‘real world’

probability measure that describes the ‘real probabilities’ related to dif-

ferent events. The real world probability measure P is often called the

physical probability measure. Notice however that different probabil-

ity measures may be used for the same measurable space. For instance,

one probability measure might be used to describe an optimistic view

about the probability of occurence of future events, whereas another

probability measure might be used to express a pessimistic scenario.

Knowledge of the physical probability measure P allows one to deter-

mine the distribution function of the price Xi (t) of stock i at time t.

Notice however that P contains more information on Xi (t) than just

its distribution. In particular, it also contains information about the de-

pendence ofXi (t)with the priceXj (s) of any stock j at any time s.

A portfolio strategy (often called a portfolio or also a trading strat-

egy) is given by specifying the number of units (shares) held in each

of the traded basic assets from now (time 0) until some future time.
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The composition of the portfolio is allowed to be changed dynamically

through sales and purchases of shares. The number of stocks held at any

time t is allowed to be random, depending on the information revealed

up to that time.

Portfolio strategies are assumed to be described by predictable sto-

chastic processes, which intuitively means that the decision about the

rearrangement of the portfolio at time t is made just before time t, based

on information that is available up to, but not at, time t. Hence, the

composition of the portfolio at time t is decided before the prices at

time t of the available investment instruments are revealed. Notice that

a sufficient condition for a stochastic process to be predictable is that it

is left-continuous and adapted. Obviously, the price P (t) of the portfo-

lio at any time t is a weighted sum of the observed market prices. Let us

denote the price process of the portfolio strategy under consideration

by fP (t) j 0 � t � Tg.

A self-financing portfolio is a portfolio where money is injected only

at initiation. After the start, the underlying portfolio of units is allowed

to be rebalanced, but without infusion or withdrawal of money. This

means that after the set-up, every purchase of assets is completely fi-

nanced by selling shares in some other assets.

If a trading strategy is almost surely bounded from below, we call the

strategy admissible, i.e. there exists a real number C > 0; such that

P [P (t) � �C; 0 < t � T ] = 1:

An arbitrage opportunity on a financial market is a self-financing ad-

missible portfolio without initial injection of capital that allows one to

make a non-negative profit with certainty (probability 1) and a positive

profit with a positive probability. Hence, a portfolio strategy is an ar-
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bitrage opportunity if its price process fulfills the following conditions:

P (0) = 0, while

P [P (t) � 0; 0 < t � T ] = 1; (8.1)

and

P [P (T ) > 0] > 0: (8.2)

In this sense, an arbitrage opportunity can be considered as a risk-free

money-making machine, or a free lunch on the financial market. Obvi-

ously, arbitrage opportunities should not arise in liquid and well-

developed financial markets.

One of the cornerstones of mathematical finance is the principle of

no-arbitrage which states that a model for a financial market should

not allow for arbitrage possibilities. This is a reasonable requirement.

Indeed, suppose that an arbitrage possibility exists because a certain

asset is traded at two different prices. Arbitrageurs will buy the asset

at the cheapest price and sell it immediately at the highest price. Due

to the market mechanism, the two prices will converge to each other

almost instanteneously and the arbitrage opportunity will immediately

disappear.

A contingent claim with maturity T (also called a T -claim) is a finan-

cial contract which stipulates that the holder of this contract will obtain

a single pay-off H at time T . Stated more formally, a T -claim is an FT -

measurable random variable. For each scenario ! 2 
, the pay-off of

the T -claim is given byH (!). Notice that in case the filtration (Ft)0�t�T
is equal to the natural filtration generated by the stochastic price pro-

cesses, we have that the pay-off H of the T -claim is completely deter-

mined by the observed prices of the underlying basic assets up to and

including time T . Contingent claims are also called derivative securities
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(or derivatives for short). Examples of derivatives which are written on

a single asset are European vanilla call and put options. A basket op-

tion is a more exotic derivative where the pay-off at time T depends on

a pool of assets.

An attainable T -claim (or reachable T -claim) is a T -claim for which

there exists a self-financing and admissible portfolio with value at time

T equal to the pay-off of the T -claim, with probability 1. This self-finan-

cing portfolio is called a replicating portfolio or a hedging porfolio (a

hedge for short) of the derivative. It follows immediately that the price

at any time t of an attainable T -claim that is traded in an arbitrage-

free market must be equal to the price of the replicating portfolio at

that time. If there is more than one replicating portfolio for the T -claim,

then they all must have the same price at any time. Hence, the price of

an attainable T -claim is always uniquely determined.

Let us now consider the probability measures P andQ, both defined

on the measurable space (
;F). Then P andQ are said to be equivalent

probability measures if for any event A 2 F , it holds that P [A] = 0,
Q [A] = 0. Hence, equivalent probability measures operate on the same

measurable space and agree on what is impossible. In other words, if

an event is impossible under P, then it is also impossible under Q, and

vice-versa.

The discounted price process of stock i is given by the set

fe�rtXi (t) j t � 0g. This process is said to be a martingale under Q, or

also a Q-martingale, in case EQ [jXi (t)j] < 1 for all 0 � t � T and

moreover,

e�rsXi (s) = EQ
�
e�rtXi (t) j Fs

�
; for all 0 � s � t � T .

where the subscript Q in the expectation operator means that the ex-
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pectation is taken with respect to the probability measure Q. Further,

the expectation is conditional onFs, which is a shortcut for all the mar-

ket events that have been observed until and including time s. The latter

condition can be rewritten as

Xi (s) = EQ
h

e�r(t�s)Xi (t) j Fs
i
; for all 0 � s � t � T . (8.3)

If F0 contains the events of zero-probability, the expected discounted

future price levels are equal to the current stock price:

Xi (0) = EQ
�
e�rtXi (t)

�
:

A probability measure Q defined on the measurable space (
;F)
is said to be an equivalent martingale measure, also called risk-neutral

probability measure, in caseQ is equivalent to P and moreover, the dis-

counted price processes of the stocks 1; 2; : : : ; n areQ-martingales.

The Fundamental Theorem of Asset Pricing relates the existence of

an equivalent martingale measure to the no-arbitrage conditions. It

states that the existence of an equivalent martingale measures implies

that the financial market as described above is free of arbitrage. On

the other hand, the fact that a financial market is free of arbitrage is

a slightly too weak condition to imply the existence of an equivalent

martingale measure. Therefore, in the literature, one often states that

the no-arbitrage condition is essentially equivalent to the existence of

an equivalent martingale measure.

In order to be able to construct a formal equivalence relation between a

notion of no-arbitrage at one hand, and a condition in terms of the ex-

istence of an equivalent probability measure at the other hand, one has

to introduce the notion of no free lunch with vanishing risk, which is a
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somewhat stronger requirement than the ‘no-arbitrage’ condition de-

scribed above. One can then prove that a financial market driven by lo-

cally bounded semi-martingales does not allow free lunches with van-

ishing risk if, and only if, there exists an equivalent probability measure

Q under which the discounted price processes of the stocks 1; 2; : : : ; n

areQ-local martingales; see Delbaen & Schachermayer (1994). The case

of unbounded semi-martingales can be treated in the framework of Q-

sigma martingales; see Delbaen & Schachermayer (1998).

In most of the financial literature on no-arbitrage pricing, one starts

the development of the theory by assuming that there exists an equiva-

lent martingale measureQ, which is a slightly stronger assumption than

the no-arbitrage condition. We will follow the same approach.

Notice that there may exist several equivalent martingale measures

Q. From the Fundamental Theorem of Asset Pricing we know that every

such Q leads to a pricing system where arbitrage is excluded. This im-

plies that, from a theoretical point of view, there are several arbitrage-

free pricing rules possible. The particular Q-measure that is actually

used for pricing purposes is chosen by the market. Obviously, for any

attainable contingent claim the different Q-measures must lead to the

same price. However, the price of any traded non-attainable contin-

gent claim is given by the discounted expectation of the pay-off under

the particularQ-measure that is chosen by the market.

In order to investigate the case where there is only one single equiva-

lent martingale measure, we have to introduce the notion of a complete

market. A financial market model in which any (sufficiently integrable)

T -claim is attainable is said to be complete. In this case, it follows from

the no-abitrage principle that the price of any T -claim is unique and

given by the price of the underlying replicating portfolio at that time.
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It is often stated in the literature that ‘most practioners believe that

in actual markets there are T -claims that cannot be hedged perfectly,

which means that one cannot set up replicating portfolios for them, and

hence, these markets are not complete’. Notice that the (in-)completeness

property of a market is rather a modeling issue. Indeed, enlarging the

measurable space by allowing for more sources of randomness in the

model will automatically lead to incompleteness of the market. On the

other hand, an incomplete market can be made complete by adding

additional traded assets to the market. Moreover, while the market may

be complete for one market participant (e.g. an institutional investor),

it may be incomplete for another one (e.g. an individual investor).

One can prove that the existence of a unique equivalent martingale

measure implies market completeness. In this case, the recipe of tak-

ing the discounted expectations, with respect to the uniqueQ-measure,

leads to the price of the derivative. On the other hand, the completeness

of a market does not necessarily imply the existence of a unique equiv-

alent martingale measure. Indeed, there exist financial markets that are

complete, although there are several equivalent martingale measures.

One can even construct complete markets where there is no equivalent

martingale measure.

There exists a rather intuitive rule of thumb to check whether a math-

ematical market model is arbitrage-free and/or (in-)complete; see Björk

(1998, p. 105-106). As before we consider a model with n traded stocks

plus the risk free account, and assume that the prices of these assets

are driven by k stochastically independent random sources. Then the

following rule of thumb holds:

� There is a possibility of arbitrage in the model if and only if the

number of stocks is larger than the number of random sources.
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� The model is incomplete if and only if the number of stocks is

smaller than the number of random sources.

� The model is arbitrage-free and complete if and only if the num-

ber of stocks equals the number of random sources.

An example of an arbitrage-free and complete market model is the

Cox, Ross & Rubinstein model, with a deterministic risk-free interest

rate and a single stock whose price process is described by a binomial

random variable. Another example is the celebrated Black & Scholes

model, with a deterministic risk-free interest rate and a stock, of which

the price follows a geometric Brownian motion. Models where the stock

price behavior is described by a Lévy process are in general incomplete,

which implies that there is no unique equivalent martingale measure;

see e.g. Schoutens (2003). Notice that the k random sources can be cor-

related as well, but then there should exist k equivalent independent

random sources.

8.2 Stocks, the market index and options

Let us first assume that there exists a unique equivalent martingale mea-

sure Q. Then the market is arbitrage-free and complete. Furthermore,

the measure Q allows us to express the current time 0 price Xi (0) of

stock i as the discounted expected value of its price Xi (t) at time t,

where the expectation is taken with respect to this martingale measure;

see (8.3). This recipe can be used to price T -claims. Assume that an in-

vestor can buy or sell a T -claim. The corresponding price of this instru-

ment should be such that the market, which now consists of a bank ac-

count, the n risky assets plus the T -claim, remains arbitrage-free. This
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price is called the arbitrage-free price of the T -claim. One can prove that

the arbitrage-free price of any T -claim is given by the expected value of

the discounted pay-off of this derivative, not with respect to the phys-

ical probability measure P, but with respect to Q; see e.g. Harrison &

Kreps (1979), Kreps (1981) or Harrison & Pliska (1981). A reference in

the actuarial literature is Gerber & Shiu (1996).

When dealing with derivative pricing in an incomplete market where

more than one equivalent martingale measure is available, the above-

mentioned recipe remains valid in the sense that the market itself will

choose a measure Q in the set of feasible equivalent martingale mea-

sures. The price of any T -claim is then given by the expected value of

the discounted pay-off of this derivative, not with respect to the physi-

cal probability measure P, but with respect to theQ-measure chosen by

the market. Trying to figure out which Q is actually used in the market

is an empirical issue in the sense that we have to observe the existing

prices in the market to find out (partial) information about this Q. The

theoretical model (which allows for several equivalent martingale mea-

sures) has to be calibrated to the market data.

Let us further in this section assume that the equivalent martingale

measure Q is the one that is used for pricing purposes. Consider the

times t1 � t2 � : : : � tm � T � T � and a derivative product that pays

at time T the pay-offHT (X1 (t1) ; X2 (t2) ; : : : ; Xn (tn)). According to the

above-mentioned recipe, the time-0price of this derivative is then given

by

e�rTEQ [HT (X1 (t1) ; X2 (t2) ; : : : ; Xn (tn))] : (8.4)

Let us illustrate this important result from arbitrage pricing theory to

some special types of derivative securities.
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We assume troughout this book that the market consists of n stocks,

labeled from 1 to n. A European-type vanilla call option on the i-th

stock, with strike price K � 0 and maturity date 0 � T � T � gener-

ates a pay-off (Xi(T )�K)+ at time T , that is, if the price of stock i at

time T exceeds the exercise price K, then the pay-off equals the differ-

ence, if not, the pay-off is zero. At current time t = 0 this call option

will trade against its arbitrage-free price, which is denoted by Ci [K;T ] :

This price can be determined as follows:

Ci [K;T ] = e�rTEQ
�
(Xi(T )�K)+

�
: (8.5)

A European type vanilla put option on stock i with strike price K �
0 and maturity date 0 � T � T � has a pay-off at maturity equal to

(K �Xi(T ))+ : Its time-0 price is denoted by Pi [K;T ] : It follows from

(8.4) that this price is given by

Pi [K;T ] = e�rTEQ
�
(K �Xi(T ))+

�
: (8.6)

A stock market index is a positive weighted average of the n individ-

ual stocks:

S (t) = w1X1 (t) + w2X2 (t) + : : :+ wnXn (t) ; (8.7)

wherewi � 0: An index call option with strike priceK � 0 and maturity

date T pays (S (T )�K)+ at maturity. The price at time zero of such an

option is denoted by C [K;T ] : A similar derivative can be defined, but

where the pay-off at maturity is equal to (K � S (T ))+ : Such a prod-

uct is called an index put option and the price at time 0 is denoted by

P [K;T ] : The price of an index call and an index put option can be ex-
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pressed as

C [K;T ] = e�rTEQ
�
(S(T )�K)+

�
; (8.8)

P [K;T ] = e�rTEQ
�
(K � S(T ))+

�
: (8.9)

The notationsFXi(T ) (x) andFS(T ) will be used for the time-0 cumu-

lative distribution functions (cdf’s) ofXi (T ) and S (T ) underQ. We will

call FXi(T ) (x) and FS(T ) the risk-neutral distributions of the stock and

index prices at time T , respectively.

In order to avoid unnecessary overloading of the notations, from

here on we will omit the time index T when no confusion is possible.

This means e.g. that we will use the notationsXi; Ci [K] and FXi
(x) for

Xi (T ) ; Ci [K;T ] and FXi(T ) (x), respectively.

8.2.1 Risk-neutral stock distribution

From (8.5), (8.6) and (3.7) it follows that

Ci [K] + e�rTK = Pi [K] + e�rTE [Xi] . (8.10)

This relation between the call and the put option prices with the same

strike and maturity is known as the put-call parity. The term e�rTE [Xi]
can be interpreted as the zero-strike call option price:

Ci[0] = e�rTE [Xi] : (8.11)

If stock i pays no dividends in [0; T ], we have that Ci[0] = Xi (0). In

general however, one has that

Ci[0] � Xi (0) . (8.12)

The put-call parity (8.10) can also be proven via a no-arbitrage ar-

gument. Indeed, consider the time zero strategy consisting of buying
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Ci [K] and investingKe�rT in the risk-free account. The pay-off at time

T of this strategy is equal to the pay-off at time T of the time zero strat-

egy consisting of buying the options Pi [K] and Ci[0]. Given that both

strategies have the same pay-off at time T , they must have the same

price at time 0.

The risk-neutral expectation E [Xi] in (8.10) can also be interpreted

as the time-0 forward price of stock i at time T . Indeed, consider the

contract set up at time 0, of which the buyer pays the stock price Xi at

time T , while the seller in return pays a fixed amountP at time T , which

was agreed upon at the deal’s inception. Assuming that P is determined

such that the price of the contract is 0 at time 0, i.e.

0 = e�rTE [Xi � P ] ; (8.13)

leads to the following expression for P :

P = E [Xi] : (8.14)

This contract is called a T -year forward contract on stock i, while E [Xi]

is called the time-0 forward price of stock i at time T .

The put-call parity (8.10) withK = 0 connects the time-0 call option

price Ci[0] and the forward price E [Xi] with the prices of call and put

options on stock i.

Using expressions (3.3) and (8.5), one can show that the risk-neutral

distribution functionFXi ofXi can be determined from the correspond-

ing call option curve by the following equation:

FXi
(x) = 1 + erTC 0i[x+]; (8.15)

where C 0i[x+] is the right derivative of Ci at x. Using either the put-call

parity or combining expressions (3.9) and (8.6), it follows that FXi
can



Stocks, the market index and options 131

also be derived from the corresponding put option curve:

FXi
(x) = erTP 0i [x+]: (8.16)

Given the call or the put option curve, the risk-neutral marginal dis-

tribution functionFXi
is fully determined. However, the observed stock

option prices do not allow us to specify the multivariate pricing distri-

bution FX1;X2;:::;Xn
(x1; x2; : : : ; xn).

8.2.2 Stochastic interest rates

Untill now, interest rates are assumed to be deterministic and constant

over time. In this subsection we will consider the situation where inter-

est rates are described by an adapted interest rate process fR (t) j t � 0g.

Then we define the discount process as

D(t) = exp

�
�
Z t

0

R(u)du
�
:

ObviouslyD(0) = 1.

Consider a zero-coupon bond that pays 1 unit of currency at maturity

T . The value of this bond at time t 2 [0; T ] under theQ-measure is

P (t; T ) =
1

D(t)
E[D(T ) j Ft]; (8.17)

whereFt is the information available at time twith the discount process

defined on the filtered probability space (
;F ; fFtg0�t�T ; P ). In partic-

ular P (T; T ) = 1 and P (0; T ) = E[D(T )].
We need the assumption that there are no arbitrage opportunities

and the market prices of all options involved are given by expectations

of discounted pay-offs under theQ-measure:



132 Some notions on arbitrage pricing theory

It can be proven that there exists a measureQT ; such that the time-0

price of a contingent claim with pay-offHT (X1 (t1) ; X2 (t2) ; : : : ; Xn (tn))

at time T is

P (0; T )EQT [HT (X1 (t1) ; X2 (t2) ; : : : ; Xn (tn))] :

In a stochastic interest rate environment, derivatives are priced using

the price recipe (8.4), where the risk-neutral measure Q is replaced by

QT and discounting is performed using the bond priceP (0; T ) ; see e.g.

Geman et al. (1995).

The price of a vanilla option on stock i is now given by

Ci [K] = P (0; T )EQT
�
(Xi �K)+

�
; (8.18)

Pi [K] = P (0; T )EQT
�
(K �Xi)+

�
: (8.19)

The cdf ofXi underQT is denoted byGXi
; hence

QT [Xi � x] = GXi(x):

In a stochastic interest rate setting, there is a one-to-one relation be-

tween the vanilla option curve of stock i and the cdfGXi
:

GXi
(x) = 1 +

1

P (0; T )
C 0i [x+] (8.20)

=
1

P (0; T )
P 0i [x+] :

The measureQT is also called the forward measure.

Throughout this dissertation, we will always make the assumption

that interest rates are constant over time and equal to r:However, all re-

sults can be generalized to the case where interest rates are stochastic,

provided the discounting factor e�rT is interpreted as the time-0 price

of a T -year zero coupon bond and the pricing measureQ is interpreted
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as a ‘T -year forward measure’ instead of a ‘risk-neutral measure’. Fur-

thermore, in the presence of stochastic interest rates, we have to replace

FXi
; the cdf ofXi under theQ-measure byGXi

; the cdf ofXi under the

forward measureQT :
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CHAPTER 9

Index options: a model-free approach

This chapter is based on Linders et al. (2012). One of the aims of this

chapter is to make the work of Hobson et al. (2005) and Chen et al.

(2008) accessible to a broader audience by simplifying the original proofs

and presentations. Furthermore, we give a framework which handles

calls and puts at the same time and we show how to deal with a more

realistic market situation; see Section 9.4.5.

9.1 Introduction

In this chapter we investigate European-type options on an index which

is a weighted sum of stock prices. The usual setup for determining the

arbitrage-free price of such an option consists of first postulating a risk-

neutral measure and then determining its price as the expected value

of its discounted pay-off, where discounting is performed at the risk-

free rate and the expectation is taken with respect to the risk-neutral

measure. In this chapter, we consider a different approach. Instead of

postulating a risk-neutral measure, we look for the best upper bound

135
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for the price of the index option under consideration, based on avail-

able market information. In particular, we determine the lowest upper

bound for the price of the index option which is consistent with the

observed prices of traded European options on the individual stocks

contained in the index.

When a self-financing portfolio dominates the corresponding exotic

option in terms of the pay-off, it is a super-replicating portfolio. In addi-

tion, when the weights of the elements in a super-replicating portfolio

are fixed from the starting time, it is a static super-replicating portfolio

which also represents a strategy called a static super-replicating strat-

egy. We prove that the lowest upper bound for the price of the index

option corresponds to the price of the cheapest strategy in a broad class

of static investment strategies with a pay-off that super-replicates the

pay-off of the index option.

We consider the finite market case, where the prices of the options

on the stocks composing the index are available for a finite number of

strikes. We prove that the cheapest super-replicating strategy consists

of buying for each individual stock, options with at most two different

strike prices.

The approach considered in this chapter is a model-free approach in

the sense that the upper bound for the index option price and the cor-

responding super-hedging strategy are determined from the observed

option prices on the individual stocks, without making any assumption

about the underlying risk-neutral measure.

Considering the pricing of index call and put options in a unified

framework gives rise to an efficient algorithm for calculating upper

bounds and for determining the corresponding superhedging strate-

gies for both the put and the call option case. The unified framework
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also allows us to extend existing optimality results concerning these su-

perhedging strategies. We also consider the situation where for some

of the constituent stocks in the index there are no option prices avail-

able. We show how the algorithm for calculating bounds and super-

replicating strategies can be further simplified in this case.

9.2 Stocks, the market index and options

Throughout this chapter we consider the market situation described in

Section 8.2. Hence we assume a financial market where n different (div-

idend or non-dividend paying) stocks, labeled from 1 to n, are traded.

The price level of stock i at time T is denoted byXi: In this market, there

is a market index S which is a linear combination of the n traded stocks.

We have that S (t) is given by (8.7).

It is assumed that the financial market is arbitrage-free and that there

exists a pricing measure Q, equivalent to the physical probability mea-

sure P, such that the current price of any pay-off at time T can be repre-

sented as the expectation of the discounted pay-off. In this price-recipe,

the discounting factor is e�rT , where r is the continuously compounded

time-0 risk-free interest rate to expiration T , whereas expectations are

taken with respect to Q. For simplicity in notation and terminology,

we assume deterministic interest rates. Notice, however, that all results

hereafter remain to hold in case interest rates are stochastic, provided

the discounting factor e�rT is interpreted as the time-0 price of a T -

year zero coupon bond and the pricing measure Q is interpreted as a

‘T -year forward measure’ instead of a ‘risk-neutral measure’. Further-

more, in the presence of stochastic interest rates, we have to replace

FXi ; the cdf ofXi under theQ-measure, byGXi ; the cdf ofXi under the
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forward measure; see Section 8.2.2.

One of the goals of this chapter is to determine the smallest upper

bound for the index call and put option prices C [K] and P [K] which

can be expressed as the price of a portfolio of individual stocks and op-

tions on these individual stocks, with a pay-off that super-replicates the

pay-off of the index option under consideration. Solving this problem

numerically by considering any feasible combination of stock options

is practically impossible. Indeed, let us consider the simpler problem

where we want to determine the lowest upper bound for the call index

option price C [K] which can be expressed as the price
Pn

i=1 wiCi [Ki]

of a super-replicating strategy for this index call option consisting of

buying for each stock i in the index, wi call options Ci [Ki] with strike

Ki. From a practical point of view, solving this problem numerically by

considering any feasible vector (K1;K2; : : : ;Kn) of available strikes is

impossible. Assuming that the number of traded strikes per vanilla op-

tion is equal tom, this problem comes down to finding the price of the

cheapest super-replicating strategy among a set ofmn possible combi-

nations. In the case of the Dow Jones Index (DJI), which has 30 stocks

in the index and an average number of around 10 traded strikes per

individual stock, the number of possible combinations is of the order

1030. The problem that we want to solve in this chapter is even much

more complex, in the sense that we will not restrict to super-replicating

strategies consisting of only one strike per stock. Instead, we will con-

sider super-replicating strategies which allow to buy stock options for

any traded strike. This example, which is described in Hobson et al.

(2005), clearly illustrates the need for deriving an anaytical solution to

the above-mentioned super-replication problem.
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9.3 The finite market case

In case the full vanilla option curve Ci (or Pi) is known, relation (8.15)

(or (8.16)) can be used to extract the marginal cdf FXi
: The market sit-

uation where for each stock i; the prices Ci [K] and Pi [K] can be ob-

served is called the infinite market case. In this section we will investi-

gate the situation where only finitely many strikes are traded per stock.

More specifically, we will assume that for each stock i; only the strikes

Ki;j ; j = 0; 1; : : : ;mi, are traded and hence, only the prices Ci [Ki;j ] and

Pi [Ki;j ] ; j = 0; 1; : : : ;mi; are observed. We call the situation where only

a finite number of option prices is observed the finite market case.

9.3.1 Traded options and approximations

As before, we assume that the traded option prices can be expressed as

Ci [Ki;j ] = e�rTE
h
(Xi �Ki;j)+

i
; i = 1; : : : ; n; j = 0; 1; : : : ;mi;

(9.1)

Pi [Ki;j ] = e�rTE
h
(Ki;j �Xi)+

i
; i = 1; : : : ; n; j = 0; 1; : : : ;mi;

(9.2)

where for each i, the value of stock i at time T is denoted by Xi and

the expectations are taken with respect to the distributions FXi of the

stock pricesXi under the risk-neutral measureQ. The only information

that we have about these risk-neutral distributions is contained in the

observed option prices. Notice that we assume that the sets of traded

strikes for the call and put options are identical. This assumption will

be relaxed in Section 9.4.

For each stock i, we denote the ‘maximal value’ of the stock priceXi
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at time T byKi;mi+1:

F�1Xi
(1) := Ki;mi+1: (9.3)

Any value Ki;mi+1 may be finite or infinite. In the sequel, we will take

a practical approach and assume that allKi;mi+1 are known and have a

finite value, which is sufficiently large. Loosely speaking, Ki;mi+1 is the

maximal possible value for stock i at time T . Appropriate choices for

theKi;mi+1 are discussed in Section 9.4.

We assume that the chain of traded strikes is such that

0 = Ki;0 < Ki;1 < Ki;2 < � � � < Ki;mi
< Ki;mi+1 = F

�1
Xi
(1) <1:

In particular we assume that for each stock i, the smallest traded strike

Ki;0 is equal to 0.

From (9.1) and (9.2) we find that the zero-strike stock option prices

are given by

Ci [0] = e�rTE [Xi] and Pi [0] = 0:

Furthermore, from (9.1) and (9.2) it follows that the prices of the stock

options with strikeKi;mi+1 are given by

Pi [Ki;mi+1] = e�rT (Ki;mi+1 � E [Xi]) and Ci [Ki;mi+1] = 0: (9.4)

Obviously, the put options with strike 0 and the call options with strike

Ki;mi+1 are not traded. In practice, also the call options with strike 0

and the put options with strikeKi;mi+1 are not traded directly. However,

these options can be constructed artificially by a combination of traded

instruments. For more details we refer to Section 9.4.

An example of observed option curves corresponding to a partic-

ular stock at a particular date is given in Figure 9.1, where the NYSE

midquote closing prices for puts and calls on Walt Disney Company are
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Figure 9.1: Option curves Walt Disney Co., January 23, 2012.

shown. Time 0 is January 23, 2012, whereas the expiration date T is Feb-

ruary 17, 2012. The numerical values of these option prices are listed in

Table 9.1.

For each i, we first define the convex functions Ci and Pi by

Ci [K] = e�rTE
�
(Xi �K)+

�
; K � 0 (9.5)

and

Pi [K] = e�rTE
�
(K �Xi)+

�
; K � 0: (9.6)

Notice that in the infinite market case, the value of these functions is

known for all K, or equivalently, the risk-neutral distribution FXi
is

completely specified for any stock i. On the other hand, in the finite

market case, the functions Ci [K] and Pi [K] are known only for the val-

uesKi;j , j = 0; 1; : : : ;mi+1, implying that the risk-neutral distributions

FXi
are not completely specified.
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Strike Call Price Put Price

28 11.3 0.015
29 10.3 0.025
30 9.3 0.035
33 6.35 0.08
34 5.425 0.11
35 4.45 0.17
36 3.525 0.265
37 2.68 0.41
38 1.915 0.65
39 1.265 1.01
40 0.775 1.52
42 0.23 2.955
44 0.06 4.825

Table 9.1: Option prices Walt Disney Co., January 23, 2012.

In Figure 9.2, the dashed curve corresponds to a possible shape of

the curve Ci, of which only the values Ci [Ki;j ], j = 0; 1; : : : ;mi + 1; are

explicitely known.

Let S be the weighted sum of the stock prices Xi at time T , as de-

fined earlier. Suppose that the index call and put options with strike K

and respective pay-offs (S �K)+ and (K � S)+ at time T are traded in

the market. Their prices are denoted by C [K] and P [K]. As before, we

assume that these prices can be expressed as

C [K] = e�rTE
�
(S �K)+

�
(9.7)

and

P [K] = e�rTE
�
(K � S)+

�
; (9.8)

where the expectations are taken with respect to the distribution FS of

S under theQ-measure.
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It is our goal to find upper bounds for the index option prices C [K]

and P [K]which can be expressed in terms of the available stock option

prices Ci [Ki;j ] and Pi [Ki;j ], j = 0; 1; : : : ;mi + 1.

From Theorem 5.2.1 and Corollary 5.2.2, we find the following upper

bounds for the index option prices:

C [K] �
nX
i=1

wiCi [K
�
i ] and P [K] �

nX
i=1

wiPi [K
�
i ] ;

with the K�
i defined in (5.12). In the finite market case, it is in general

not possible to determine these upper bounds numerically, because

the distribution function of Sc is not completely specified. In order to

solve this problem, in a first step we construct approximations Ci and

P i for the functions Ci and Pi respectively, which are fully specified.

In particular, we define Ci and P i as the piecewise linear functions

connecting the observed points (Ki;j ; Ci [Ki;j ]) and (Ki;j ; Pi [Ki;j ]) ; j =

0; 1; : : : ;mi+1, respectively. Hence,Ci andP i are piecewise linear func-

tions, changing their slope only in the observed strikes Ki;j and such

that

Ci [Ki;j ] = Ci [Ki;j ] ; j = 0; 1; : : : ;mi + 1; (9.9)

P i [Ki;j ] = Pi [Ki;j ] ; j = 0; 1; : : : ;mi + 1: (9.10)

From (9.5) and (9.6) it follows that

Ci [K] = Ci [0]� e�rTK and Pi [K] = 0; ifK � 0;

whereas

Ci [K] = 0 and Pi [K] = e�rTK � Ci [0] ; ifK � Ki;mi+1:
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Figure 9.2: The option curves Ci [K] (dashed curve) and Ci [K] (solid
curve).

Therefore, we use the following definition for Ci and P i in the region

outside (0;Ki;mi+1):

Ci [K] = Ci [K] ifK =2 (0;Ki;mi+1) ; (9.11)

P i [K] = Pi [K] ifK =2 (0;Ki;mi+1) (9.12)

In Figure 9.2, the dashed curve corresponds to the (unknown) op-

tion curveCi, whereas the solid curve corresponds to the piecewise lin-

ear approximation Ci.

In the following lemma, we consider the piecewise linear approxi-

mation Ci for the call option curve Ci.
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Lemma 9.3.1 (Piecewise linear approximation forCi) The piecewise lin-

ear approximation Ci for the stock option curve Ci is given by

Ci [K] =
Ci [Ki;j+1]� Ci [Ki;j ]

Ki;j+1 �Ki;j
(K �Ki;j) + Ci [Ki;j ] ; (9.13)

in caseKi;j � K < Ki;j+1; j = 0; 1; : : : ;mi:

ForK � 0, it is given by

Ci [K] = Ci [K] = Ci [0]� e�rTK; (9.14)

while forK � Ki;mi+1; one has that

Ci [K] = Ci [K] = 0: (9.15)

The function Ci is convex and decreasing. Furthermore,

Ci[K] � Ci[K] for allK.

Proof. Expression (9.13) follows from the fact that the line that connects

the observed points (Ki;j ;Ci [Ki;j ]) and (Ki;j+1;Ci [Ki;j+1]) is given by

(9.13). Expressions (9.14) and (9.15) hold by definition of Ci. The con-

vexity and decreasingness ofCi follows from the corresponding proper-

ties of Ci. Indeed, because the upper tail transform is a decreasing and

convex curve (see 3.2), we find thatCi has to be convex and decreasing.

Next, we consider the piecewise linear approximation P i for the put

option curve Pi.

Lemma 9.3.2 (Piecewise linear approximation for Pi) The piecewise lin-

ear approximation P i for the option curve Pi is given by

P i [K] =
Pi [Ki;j+1]� Pi [Ki;j ]

Ki;j+1 �Ki;j
(K �Ki;j) + Pi [Ki;j ] ;
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in caseKi;j � K < Ki;j+1; j = 0; 1; : : : ;mi:

ForK � 0, it is given by

P i [K] = Pi [K] = 0;

while forK � Ki;mi+1; one has that

P i [K] = Pi [K] = e�rTK � Ci [0] :

The function P i is convex and increasing. Furthermore,

P i[K] � Pi[K] for allK.

Proof. The proof is similar to the proof of Lemma 9.3.1.

From the previous lemmas one can prove that the following put-call

parity holds for the approximated stock option curves:

Ci [K] + e�rTK = P i [K] + e�rTE [Xi] . (9.16)

In the finite market case, we are not able to determine FXi
from the

call or put option curve. In a first step, we propose to approximate the

partially known call and put option curves Ci and Pi by the completely

specified piecewise linear functionsCi andP i, respectively. In a second

step, we will determine the distribution functions FXi
such that the ap-

proximate option prices Ci[K] and P i[K] can be expressed as expected

values of the respective discounted pay-offs, where the expectations are

taken with respect to that distribution. In the following lemma, we con-

sider the call option case.

Lemma 9.3.3 (The cdf FXi
ofXi corresponding toCi) Let FXi

be the

cdf ofXi determined such that

e�rTEFXi

�
(Xi �K)+

�
= Ci [K] ; for allK: (9.17)
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Then we have that

FXi
(x) =

8>><>>:
0 if x < 0;

1 + erT
Ci [Ki;j+1]� Ci [Ki;j ]

Ki;j+1 �Ki;j

if Ki;j � x < Ki;j+1;
j = 0; 1; : : : ;mi;

1 if x � Ki;mi+1:
(9.18)

Proof. For the particular situation at hand, expression (8.15) translates

into

FXi
(x) = 1 + erTC

0
i[x+]:

The proof of (9.18) follows immediately from applying this expression

to the function Ci[K] defined in Lemma 9.3.1.

Let us now consider the put option case.

Lemma 9.3.4 (The cdf FXi ofXi corresponding to P i) Let FXi be the

cdf ofXi determined such that

e�rTEFXi

�
(K �Xi)+

�
= P i [K] for allK. (9.19)

Then we have that

FXi
(x) =

8>><>>:
0 if x < 0;

erT
Pi [Ki;j+1]� Pi [Ki;j ]

Ki;j+1 �Ki;j

if Ki;j � x < Ki;j+1;
j = 0; 1; : : : ;mi;

1 if x � Ki;mi+1:
(9.20)

Proof. Translating expression (8.16) to the situation at hand, we find

that

FXi(x) = erTP
0
i[x+]:

The proof of (9.20) follows then from applying this expression to the

function P i[K] defined in Lemma 9.3.2.
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Important to notice is that the put-call parity (9.16) allows us to prove

that the underlying distribution FXi derived from the call option curve

Ci is equal to the distribution function that emerged from the put op-

tion curve P i.

From Lemma 9.3.1 and Definition 3.2.5 we find the following order-

ing relations between the distributions FXi and FXi :

Xi
d
= F�1Xi

(U) �cx F
�1
Xi
(U); (9.21)

where as usual, U is a r.v. which is uniformly distributed over the unit

interval.

For any stock i, we have that FXi
is a discrete distribution func-

tion, with possible outcomes given by the traded strikes Ki;j . For any

x 2 [Ki;j ;Ki;j+1) ; j = 0; 1; : : : ;mi, one has that 0 � FXi
(x) < 1. The

first strictly positive jump upwards of FXi(x) does not necessarily oc-

curs at 0, but the last strictly positive jump upwards of FXi(x) always

occurs atKi;mi+1: Therefore, we have to determine F
�1+
Xi

(0) and F
�1
Xi
(1)

as follows:

F
�1+
Xi

(0) = min
j2f0;1;:::;mig

�
Ki;j j FXi

(Ki;j) > 0
	

and F
�1
Xi
(1) = Ki;mi+1:

(9.22)

A possible shape of the risk-neutral cdf FXi
of stock i is shown in Figure

9.3. In this particular case, we have that F
�1+
Xi

(0) = Ki;2. Figure 9.4

shows the corresponding option curves Ci [K] and P i [K].

Hereafter, we will always silently assume that

FXi(Ki;mi) > 0; i = 1; 2; : : : ; n: (9.23)

This assumption means that no marginal cdf FXi has a one-point dis-

tribution. Notice that this assumption can always be satisfied by choos-

ing the maximal valuesKi;mi+1, i = 1; 2; : : : ; n, sufficiently large.
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Figure 9.3: The cdf FXi ofXi:

Figure 9.4: The curves Ci [K] and P i [K] under FXi .
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Taking into account Lemma 9.3.3 and expression (9.1) for the call

option prices, we find the following relation between the cdf’s FXi and

FXi
:

FXi
(Ki;j) =

1

Ki;j+1 �Ki;j

Z Ki;j+1

Ki;j

FXi
(x)dx; j = 0; 1; : : : ;mi,

(9.24)

where we used expression (3.1) to connect for the stop-loss premiums

ofXi with the cdf FXi . From (9.22) we find that for any j = 0; 1; : : : ;mi,

it holds that

F
�1+
Xi

(0) = Ki;j () FXi
(Ki;j�1) = 0 and FXi

(Ki;j) > 0; (9.25)

whereKi;�1 is defined by

Ki;�1 = �1:

Obviously, one has that

FXi(Ki;�1) = 0:

Taking into account (9.24), the equivalence relations (9.25) can be rewrit-

ten as

F
�1+
Xi

(0) = Ki;j () Ki;j � F�1+Xi
(0) < Ki;j+1; j = 0; 1; : : : ;mi:

(9.26)

This means that F
�1+
Xi

(0) is equal toKi;j when the ‘smallest value’ ofXi

is contained in the interval [Ki;j ;Ki;j+1). In particular, we have that

F
�1+
Xi

(0) = 0 () 0 � F�1+Xi
(0) < Ki;1:

Hence, F
�1+
Xi

(0) = 0 is the ‘minimal possible value’ of the price Xi of

stock i at time T and is strictly smaller than the strikeKi;1.
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9.3.2 An upper bound for the index option price

Our goal is to find the best possible upper bound for the prices C [K]

and P [K] of the traded index options in terms of the observed stock

option pricesCi [Ki;j ] and Pi [Ki;j ]. This upper bound will be expressed

in terms of the comonotonic sum S
c
, which is defined by

S
c
= w1F

�1
X1
(U) + w2F

�1
X2
(U) + � � �+ wnF

�1
Xn
(U): (9.27)

From (5.4) and (5.5), we find that the extreme outcomes of S
c

fulfill the

following conditions:

F�1+
S
c (0) =

nX
i=1

wiF
�1+
Xi

(0) �
nX
i=1

wiF
�1+
Xi

(0) = F�1+Sc (0) � F�1+S (0);

F�1S (1) � F�1Sc (1) =
nX
i=1

wiKi;mi+1 = F
�1
S
c (1):

In the following theorem, we derive upper bounds for the index option

prices C [K] and P [K] in terms of the distribution function of S
c
.

Theorem 9.3.1 (Upper bound for the index option price) The prices

C [K] and P [K] of the traded index options with pay-off (S �K)+ and

(K � S)+ at time T are constrained from above as follows:

C [K] � e�rTE
��
S
c �K

�
+

�
; (9.28)

P [K] � e�rTE
��
K � Sc

�
+

�
: (9.29)

Proof. From Corollary 5.2.2 and (9.21) we find that

nX
i=1

wiXi �cx
nX
i=1

wiF
�1
Xi
(U) �cx

nX
i=1

wiF
�1
Xi
(U) ;
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or equivalently,

S �cx Sc �cx S
c
: (9.30)

The stated inequalities follow from the convex order characterization

(3.14).

The convex order relation (9.30) implies that E [S] = E [Sc] = E
h
S
c
i

.

The right-hand sides of (9.28) and (9.29) correspond to the prices of an

index call and put option with strike K in case the stock option curves

are piecewise linear and moreover, the dependence structure between

the stock prices is the comonotonic one. In the sequel we will use the

notations C
c
[K] and P

c
[K] for options written on S

c
:

C
c
[K] = e�rTE

��
S
c �K

�
+

�
; (9.31)

P
c
[K] = e�rTE

��
K � Sc

�
+

�
;

and call them the comonotonic index call and put option prices. Notice

that the following put-call parity holds for these comonotonic option

prices:

C
c
[K] + e�rTK = P

c
[K] + e�rTE [S] : (9.32)

For K =2
�
F�1+
S
c (0); F�1

S
c (1)

�
, we know the exact value of the index

option prices C [K] and P [K]; see (9.67) and (9.68) in Section 9.4 for

explicit expressions. Furthermore, one has that

C [K] = C
c
[K] ifK =2

�
F�1+
S
c (0); F�1

S
c (1)

�
;

P [K] = P
c
[K] ifK =2

�
F�1+
S
c (0); F�1

S
c (1)

�
:

As the values of C [K] and P [K] are explicitely known when

K =2
�
F�1+
S
c (0); F�1

S
c (1)

�
, in the sequel we will focus on the case where
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K 2
�
F�1+
S
c (0); F�1

S
c (1)

�
when considering upper bounds for the index

option prices. When not explicitely mentioned, we will always suppose

thatK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
.

In the following theorem, we show that the upper bounds derived in

Theorem 9.3.1 can be expressed in terms of stock option prices.

Theorem 9.3.2 (Expressions for the curvesC
c

and P
c
) For any strike

priceK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, the comonotonic option pricesC

c
[K] and

P
c
[K] can be expressed as

C
c
[K] =

nX
i=1

wiCi [K
�
i ] ; (9.33)

P
c
[K] =

nX
i=1

wiP i [K
�
i ] ; (9.34)

with theK�
i given by

K�
i = F

�1(�K)
Xi

(FSc(K)) ; i = 1; 2; : : : ; n (9.35)

and where �K is any element in [0; 1] such that

nX
i=1

wiK
�
i = K: (9.36)

Proof. Taking into account expression (9.17) for the stock call option

curve Ci and expression (9.19) for the stock put option curve P i, we

can rewrite the decomposition formula of Theorem 5.2.1 as follows:

C
c
[K] =

nX
i=1

wiCi [K
�
i ] ;

P
c
[K] =

nX
i=1

wiP i [K
�
i ] ;
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which proves (9.33) and (9.34). The choice (9.35) follows from expres-

sion (5.12).

From Lemma 9.3.1, we know that for each i, the option priceCi [K�
i ]

can be expressed in terms of at most two observed option pricesCi [Ki;j ],

j = 0; 1; : : : ;mi + 1. Hence, the upper bound C
c
[K] for the index call

option price C [K] is a linear combination of observed stock call option

prices. A similar remark holds for the index put option.

Taking into account the additivity property for quantiles of a como-

notonic sum, stated in Theorem 5.1.1, relation (9.36) can be rewritten

as

F
�1(�K)
S
c (FSc(K)) = K: (9.37)

Hereafter, we explain how to determine the upper bounds C
c
[K]

and P
c
[K]. Therefore, we first introduce the indices ji(K) and the sets

NK andNK .

Let K 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, then we have that FSc(K) 2 (0; 1). For

any suchK and any stock i, we define ji(K) � ji as the unique element

contained in the set f0; 1; : : : ;mi + 1g that satisfies

FXi
(Ki;ji�1) < FSc(K) � FXi

(Ki;ji): (9.38)

Further, we define the setNK as follows:

NK =
�
i 2 f1; 2; : : : ; ng j FXi

(Ki;ji�1) < FSc(K) < FXi
(Ki;ji)

	
:

(9.39)

Its complementNK is the set given by

NK =
�
i 2 f1; 2; : : : ; ng j FSc(K) = FXi

(Ki;ji)
	
: (9.40)

Notice that i 2 NK implies that ji 2 f0; 1; : : : ;mig.



The finite market case 155

Figure 9.5: The cdf FXi(x) in case i 2 NK :

In Figures 9.5 and 9.6, we illustrate how to determine the indices

ji. In Figure 9.5 we consider the case where FXi(Ki;j�1) < FSc(K) <

FXi
(Ki;j), hence i 2 NK . In Figure 9.6, we have thatFSc(K) = FXi

(Ki;j),

which implies that i 2 NK .

In the following theorem, we prove that the comonotonic option

prices C
c
[K] and P

c
[K] can be expressed in terms of traded stock op-

tion prices.

Theorem 9.3.3 (C
c

and P
c

are l.c.’s of stock option prices) For any

strike priceK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, the comonotonic option pricesC

c
[K]
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Figure 9.6: The cdf FXi
(x) in case i 2 NK :

and P
c
[K] can be expressed as

C
c
[K] =

X
i2NK

wiCi [Ki;ji ] +
X
i2NK

wi (�KCi [Ki;ji ] + (1� �K)Ci [Ki;ji+1]) ;

(9.41)

P
c
[K] =

X
i2NK

wiPi [Ki;ji ] +
X
i2NK

wi (�KPi [Ki;ji ] + (1� �K)Pi [Ki;ji+1]) ;

(9.42)

where �K is any element in [0; 1] such that (9.37) holds.

Proof. Let K 2
�
F�1+
S
c (0); F�1

S
c (1)

�
. From Lemma 9.3.3 it follows that

for any � 2 [0; 1], the �-quantile F
�1(�)
Xi

(p), 0 < p < 1, is given by

F
�1(�)
Xi

(p) =

8<: Ki;j
if FXi(Ki;j�1) < p < FXi(Ki;j);
j = 0; 1; : : : ;mi + 1;

�Ki;j + (1� �)Ki;j+1 if p = FXi
(Ki;j); j = 0 : : : ;mi:

(9.43)
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Taking into account the definitions of the indices ji and the setsNK and

NK in (9.38), (9.39) and (9.40), we find that

F
�1(�)
Xi

(FSc(K)) =

�
Ki;ji if i 2 NK
�Ki;ji + (1� �)Ki;ji+1 if i 2 NK

(9.44)

holds for any � 2 [0; 1].
Combining (9.44) with Lemma 9.3.1 and using the linearity of the func-

tion Ci, we arrive at

Ci

h
F
�1(�)
Xi

(FSc(K))
i
=

�
Ci [Ki;ji ] if i 2 NK
Ci [�Ki;ji + (1� �)Ki;ji+1] if i 2 NK

=

�
Ci [Ki;ji ] if i 2 NK
�Ci [Ki;ji ] + (1� �)Ci [Ki;ji+1] if i 2 NK :

(9.45)

which holds for any � in [0; 1]. The proof of (9.41) follows from Theorem

9.3.2 and expression (9.45) for � = �K .

Expression (9.42) can be proven in a similar way or via the put-call par-

ities (8.10) for stock option prices and (9.32) for comonotonic index op-

tion prices.

In order to calculate the comonotonic option prices (9.41) and (9.42)

in Theorem 9.3.3, we first have to determine FSc(K) and �K . Knowl-

edge of FSc(K) allows to determine the indices ji, as well as the setsNK

and NK . The numerical valuation of these quantities is considered in

Section 9.4.

In the following theorem we prove that each upper bound presented

in the previous theorem corresponds to the price of a static super-replica-

ting strategy for the index option under consideration.
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Theorem 9.3.4 (Static super-replicating strategies) Let the strike price

K 2
�
F�1+
S
c (0); F�1

S
c (1)

�
and consider the index call and put options

with pay-off at time T given by (S �K)+ and (K � S)+, respectively.

1. Consider the strategy where at time 0, for any stock i 2 NK one

buys wi calls Ci [Ki;ji ], while for any stock i 2 NK one buys �Kwi

callsCi [Ki;ji ] and (1� �K)wi callsCi [Ki;ji+1]. Furthermore, these

positions are held until they expire at time T . This static strat-

egy super-replicates the pay-off of the index call option with price

C [K]. Its price is given by C
c
[K].

2. Consider the pay-off of the strategy where at time 0, for any stock

i 2 NK one buys wi puts Pi [Ki;ji ], while for any stock i 2 NK one

buys �Kwi puts Pi [Ki;ji ] and (1� �K)wi puts Pi [Ki;ji+1]. Further-

more, these positions are held until they expire at time T . This sta-

tic strategy super-replicates the pay-off of the index put option with

price P [K]. Its price is given by P
c
[K].

Proof. The pay-off of the first strategy described in the theorem is given

byX
i2NK

wi (Xi �Ki;ji)++X
i2NK

wi

�
�K (Xi �Ki;ji)+ + (1� �K) (Xi �Ki;ji+1)+

�
;

while from Theorem 9.3.3 it follows that its price is given by C
c
[K].

Taking into account (9.36) we find that the pay-off at time T of the index

option C [K] can be expressed as

(S �K)+ =
 

nX
i=1

wi (Xi �K�
i )

!
+

; (9.46)
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with theK�
i defined in (9.35).

It remains to prove that

(S �K)+ �
X
i2NK

wi (Xi �Ki;ji)+ (9.47)

+
X
i2NK

wi

�
�K (Xi �Ki;ji)+ + (1� �K) (Xi �Ki;ji+1)+

�
:

In order to prove this inequality, observe from (9.44) that

K�
i = F

�1(�K)
Xi

(FSc(K)) =

�
Ki;ji if i 2 NK ;
�KKi;ji + (1� �K)Ki;ji if i 2 NK :

(9.48)

Taking into account (9.36) and (9.48), we find from (9.46) that

(S �K)+ �
nX
i=1

wi (Xi �K�
i )+

=
X
i2NK

wi (Xi �Ki;ji)+

+
X
i2NK

wi (Xi � �KKi;ji � (1� �K)Ki;ji+1)+

�
X
i2NK

wi (Xi �Ki;ji)+

+
X
i2NK

wi

�
�K (Xi �Ki;ji)+ + (1� �K) (Xi �Ki;ji+1)+

�
;

so we have proven that the first strategy in the theorem indeed super-

replicates the index call option pay-off.

Let us now consider the put option case. Using the relation

(S �K)+ = (K � S)+ + S �K;
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one immediately finds from (9.47) that

(K � S)+ �
X
i2NK

wi (Ki;ji �Xi)+

+
X
i2NK

wi

�
�K (Ki;ji �Xi)+ + (1� �K) (Ki;ji+1 �Xi)+

�
:

This inequality proves that the second strategy in the theorem is indeed

a super-replicating strategy for the the index put option P [K]. From

Theorem 9.3.3, it follows that the price of this strategy is given byP
c
[K] :

From our previous derivations, we can conclude that the following

inequalities hold concerning the index option prices:

C [K] �
X
i2NK

wiCi [Ki;ji ] (9.49)

+
X
i2NK

wi (�K Ci [Ki;ji ] + (1� �K)Ci [Ki;ji+1]) ;

P [K] �
X
i2NK

wiPi [Ki;ji ] (9.50)

+
X
i2NK

wi (�K Pi [Ki;ji ] + (1� �K)Pi [Ki;ji+1]) :

The right hand side of equation (9.49) is the price of a static super-

replicating strategy for the index call option with pay-off (S �K)+ at

time T , whereas the right hand side of equation (9.50) is the price of a

static super-replicating strategy for the index put option with pay-off

(K � S)+ at time T . From these observations we can conclude that

the upper bound inequalities (9.49) and (9.50) remain to hold, without

having to make the explicit assumption that the involved option prices

are expected discounted pay-offs under some Q-measure. The only as-

sumption that we have made is that the market is free of arbitrage. Re-
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mark however that in order to prove the equalities (9.41) and (9.42), we

have to make the assumption that any option price can be expressed as

an expectation of its discounted pay-off.

9.3.3 The upper bound is the price of the cheapest super-
replicating strategy

The upper bounds (9.49) and (9.50) for the index option pricesC[K] and

P [K] are both linear combinations of observed stock options prices.

Each bound can be interpreted as the price of a static strategy that super-

replicates the pay-off of the corresponding index option; see Theorem

9.3.4. The question arises whether it is possible to derive better upper

bounds within a general class of superhedging strategies consisting of

buying/selling available stock call and put options. In order to be able

to answer this question, we have to introduce the class of admissible

strategies I.

Definition 9.3.1 (The class I) The class I consists of all 2n - dimensio-

nal functions � � (�1c; �1p; : : : ; �nc; �np), of which for each i, the func-

tions �ic : R ! R and �ip : R ! R are r.c. jump functions, only having

jumps at Ki;j , j = 0; 1; 2; : : : ;mi + 1. Jumps upwards as well as down-

wards are allowed.

We will consider the class of investment strategies where for each

stock i at current time 0, calls and/or puts can be bought (i.e. holding a

long position) or sold (i.e. holding a short position). The positions taken

are assumed to be held until time T , and then exercised. Any such sta-

tic investment strategy can be uniquely described by a 2n-dimensional

function � 2 I, where for any stock i and any strike y � 0, we interprete

�ic (y) as the number of call options purchased with a strike smaller
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than or equal to y. Similarly, for any stock i and any strike y � 0, the

value of �ip (y) is the number of put options purchased with a strike

price smaller than or equal to y.

The pay-off at time T of the investment strategy � 2 I is given by

Pay-o¤ [�;X] (9.51)

=
nX
i=1

mi+1X
j=0

((Xi �Ki;j)+��ic(Ki;j) + (Ki;j �Xi)+��ip(Ki;j)) ;

where X � (X1; X2; : : : ; Xn) is the vector of the individual stock prices

at time T and where ��ic(Ki;j) and ��ip(Ki;j) are the magnitudes of

the jumps of the function �ic and �ic atKi;j . The corresponding price of

this investment strategy is given by

Price [�] =
nX
i=1

mi+1X
j=0

(Ci [Ki;j ] ��ic(Ki;j) + Pi [Ki;j ] ��ip(Ki;j)) : (9.52)

We can rewrite the pay-off and the price formulas in terms of Riemann-

Stieltjes integrals:

Pay-o¤ [�;X] (9.53)

=
nX
i=1

�Z +1

�1
(Xi � y)+ d�ic (y) +

Z +1

�1
(y �Xi)+ d�ip (y)

�
and

Price [�] =
nX
i=1

�Z +1

�1
Ci [y]d�ic(y) +

Z +1

�1
Pi [y]d�ip(y)

�
: (9.54)

We are only interested in investment strategies that super-replicate

either the pay-off (S �K)+ of the index call option or the pay-off (K � S)+
of the index put option. Therefore, we define the subclass CK of super-

replicating strategies for the index call option with pay-off (S �K)+
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and the subclass PK of super-replicating strategies for the index put

option with pay-off (K � S)+.

Definition 9.3.2 (The classes CK and PK ) For any K � 0, the classes

CK and PK are defined by

CK =
(
� 2 I j

 
nX
i=1

wi xi �K
!
+

� Pay-o¤ [�; x] for all x

)
; (9.55)

PK =
(
� 2 I j

 
K �

nX
i=1

wi xi

!
+

� Pay-o¤ [�; x] for all x

)
: (9.56)

In this definition, x � (x1; x2; : : : ; xn) and ‘for all x’ has to be understood

as

‘for all xwith xi 2
h
F
�1+
Xi

(0); F
�1
Xi
(1)
i

’. (9.57)

As we have from (9.26) that F
�1+
Xi

(0) � F�1+Xi
(0) and from (9.22) that

F
�1
Xi
(1) = F�1Xi

(1) = Ki;mi+1, we find that the set of x-values for which

the inequalities in the definitions above have to hold is a support of

(X1; X2; : : : ; Xn) in theQ-world and hence, also in the P-world. We can

conclude that

P
�
(S �K)+ � Pay-o¤ [�;X]

�
= 1; for any � 2 CK : (9.58)

A similar remark holds for any � 2 PK .

In the following example, we show that the super-replicating strate-

gies that were considered in Theorem 9.3.4 are elements of the class CK
and PK , respectively.
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Example 9.3.1 (Two simple investment strategies)

Consider the investment strategy �� �
�
��1c; �

�
1p; : : : ; �

�
nc; �

�
np

�
2 I,

where for any i 2 NK , the functions ��ic and ��ip are defined by

��ic(y) =

�
0 if y < Ki;ji ;
wi if y � Ki;ji ;

and ��ip(y) � 0;

while for any i 2 NK , the functions ��ic and ��ip are defined by

��ic(y) =

8<: 0 if y < Ki;ji ;
�Kwi if Ki;ji � y < Ki;ji+1;
wi if y � Ki;ji+1;

and ��ip(y) � 0:

Obviously, �� is the super-replicating strategy for the index call option

that was considered in Theorem 9.3.4 and hence,

�� 2 CK :

The pay-off of this strategy is considered in the first strategy of Theorem

9.3.4, whereas its price is given by

Price [��] = C
c
[K] :

Similarly, we define the investment strategy �� �
�
��1c; �

�
1p; : : : ; �

�
nc; �

�
np

�
2

I, where for any i 2 NK , the functions ��ic and ��ip are defined by

��ic(y) � 0 and ��ip(y) =
�

0 if y < Ki;ji

wi if y � Ki;ji ;

while for any i 2 NK , the functions ��ic and ��ip are defined by

��ic(y) = 0 and ��ip(y) =

8<: 0 if y < Ki;ji ;
�Kwi if Ki;ji � y < Ki;ji+1;
wi if y � Ki;ji+1:
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The investment strategy �� is the super-replicating strategy for the in-

dex put option that was considered in Theorem 9.3.4 and hence,

�� 2 PK :

The pay-off of this strategy is considered in the second strategy of The-

orem 9.3.4, whereas its price is given by

Price
�
��
�
= P

c
[K] :

The investment strategies �� and �� will turn out to be optimal super-

replicating strategies for the index call and put option, respectively.

r
In the following theorem, we look for the cheapest strategy con-

tained in CK which super-replicates the pay-off (S �K)+ of the index

optionC [K], as well as for the cheapest strategy contained inPK which

super-replicates the pay-off (K � S)+ of the index option P [K] :

Theorem 9.3.5 Let �� 2 CK and �� 2 PK be the investment strategies

defined in Example 9.3.1. For anyK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
it holds that

min
�2CK

Price [�] = Price [��] = C
c
[K] (9.59)

and

min
�2PK

Price [�] = Price
�
��
�
= P

c
[K] : (9.60)

Proof. Consider the investment strategy � 2 CK . Replacing the xi by

F
�1
Xi
(U) in the pay-off inequality 

nX
i=1

wi xi �K
!
+

�

nX
i=1

�Z +1

�1
(Xi � y)+ d�ic (y) +

Z +1

�1
(y �Xi)+ d�ip (y)

�
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and taking expectations leads to

E
��
S
c �K

�
+

�
�

nX
i=1

�Z +1

�1
E [(Xi � y)+]d�ic(y) +

Z +1

�1
E [(y �Xi)+]d�ip(y)

�
.

Note that we used Fubini’s theorem to interchange the integral and the

expectation; see Theorem 2.2.1. Multiplying the left and right hand side

by e�rT , this inequality can be rewritten as

C
c
[K] � Price [�] :

As this inequality holds for any � 2 CK , we can conclude that

C
c
[K] � inf

�2CK
Price [�] .

On the other hand, as �� 2 CK , we have that

inf
�2CK

Price [�] � Price [��] = Cc [K] .

Combining these results, we can conclude that the stated results holds

true for the call option case.

The put option case can be proven in a similar way.

From Theorem 9.3.5, it follows that the cheapest super-replicating

strategy contained in CK is given by ��, whereas the cheapest super-

replicating strategy contained in PK is given by ��. The prices of these

cheapest super-replicating strategies are equal to the upper bounds

C
c
[K] and P

c
[K] that we derived in Theorem 9.3.1. Although we al-

low portfolios consisting of any available strike per individual stock, the

cheapest of these strategies only invests in at most two strikes per stock.
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Suppose for a moment that the index call option C [K] is not traded

in the market, but sold over-the-counter. In this case, both the seller

and the buyer of this option may think of C
c
[K] as a fair price for the

index option. Indeed, from the seller’s point of view, C
c
[K] may be a

reasonable price for the index call option as he can use this amount

to acquire the portfolio ��, resulting in a pay-off which always exceeds

the pay-off of the index option that he is due to the buyer. On the other

hand, the buyer of the index option cannot find a cheaper super-replica-

ting strategy in the market. In case the index option was sold over-the-

counter at a higher price than its comonotonic price C
c
[K], the buyer

may prefer to buy the cheaper investment portfolio ��. A similar rea-

soning can be made concerning the over-the-counter index put option

price.

9.3.4 The upper bound is the least upper bound for the
index option price

We introduce the symbol Dn to denote the class of all n-dimensional

cdf’s on the non-negative orthant of Rn, whereas the symbols Fi; i =

1; : : : ; n are used to denote the marginal cdf’s of F 2 Dn. We first define

the subclassRn ofDn.

Definition 9.3.3 (The Fréchet class) The classRn ofn-dimensional cdf ’s

F is defined as

Rn =
n
F 2 Dn j e�rTiEFi

h
(Xi �Ki;j)+

i
= Ci [Ki;j ] ; (9.61)

i = 1; : : : ; n and
j = 0; 1; : : : ;mi + 1

�
:

The Fréchet classRn consists of all multivariate distributionsF which

are consistent with the observed call option prices Ci [Ki;j ].
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From the put-call parity (8.10), it follows that the class Rn can also

be seen as the class of all multivariate distributions F;which are consis-

tent with the observed put option prices Pi [Ki;j ]:

Rn =
n
F 2 Dn j e�rTiEFi

h
(Ki;j �Xi)+

i
= Pi [Ki;j ] ;

i = 1; : : : ; n and
j = 0; 1; : : : ;mi + 1

�
:

Taking into account (9.9) and (9.17), we find that the cdf of the co-

monotonic random vector
�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

with mar-

ginal distributions FXi defined in (9.18) is an element ofRn.

In the finite market case that we consider in this section, the only

information that we have about the cdf of (X1; X2; : : : ; Xn) is that it be-

longs toRn. This information does not allow us to determine the index

option pricesC [K] andP [K] :However, this information is sufficient to

specify the cdf of S
c

unambigously and hence, it allows us to determine

the comonotonic index option prices C
c
[K] and P

c
[K].

Theorem 9.3.6 (The least upper bound forC and P ) For anyK � 0, one

has that

max
F2Rn

e�rTEF
�
(S �K)+

�
= C

c
[K] (9.62)

and

max
F2Rn

e�rTEF
�
(K � S)+

�
= P

c
[K] : (9.63)

Moreover, in both cases the maximum is obtained for the cdf of�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�
:

Proof. Suppose that F 2 Rn is the cdf of (X1; X2; : : : ; Xn). The relation

S �cx S
c

in (9.30) implies that

EF
�
(S �K)+

�
� E

��
S
c �K

�
+

�
:
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As this inequality holds for any F 2 Rn, we find that

sup
F2Rn

EF
�
(S �K)+

�
� E

��
S
c �K

�
+

�
:

On the other hand, from the fact that the cdf of�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

is an element ofRn, we also have that

E[(Sc �K)+] � sup
F2Rn

EF [(S �K)+]:

Combining these observations leads to (9.62).

The put option case is proven in a similar way.

Theorem 9.3.6 states that both the upper bounds C
c
[K] and P

c
[K]

that we derived in Theorem 9.3.1 can be interpreted as least upper bounds

in the sense that they correspond to the largest possible expected dis-

counted pay-off of the corresponding index option, given the limited

information about the marginal distributions of the underlying stocks

that is contained in the observed stock option prices. Somewhat loosely

speaking, C
c
[K] is the lowest upper bound for the index call option

price with strike K in the class of all models which are consistent with

the observed stock option prices. A similar interpretation holds true for

the upper bound P
c
[K].

The upper bound C
c
[K], resp. P

c
[K], coincides with the index op-

tion price C [K], resp. P [K], in case the risk-neutral multivariate distri-

bution of the price vectorX is equal to the distribution of�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

. The question whether this upper bound

is reachable in the sense that it is possible to construct an arbitrage-free
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market with the observed index and stock option prices and with this

risk-neutral multivariate pricing distribution is considered in Hobson

et al. (2005).

9.4 Computational and practical aspects

In this section we will consider several computational aspects related

to the finite market case. We first prove the following lemma, which will

be needed hereafter. The notations used in this section correspond to

the notations introduced before.

Lemma 9.4.1 Consider a real number xwhich can be expressed as

x =
nX
i=1

wixi (9.64)

with x = (x1; x2 : : : ; xn) being an element of a comonotonic support of�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

. Then one has that

FSc (x) = min
i2f1;2;:::;ng

FXi
(xi): (9.65)

Proof. Any two elements x and y of a given comonotonic support of�
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

are ordered componentwise. Hence ei-

ther xi � yi must hold for all i or yi � xi must hold for all i. Let x be

defined by (9.64), then the componentwise ordering of x and y leads to

nX
i=1

wiyi � x() yi � xi; for all i = 1; 2; : : : ; n;

or, equivalently,

I

 
nX
i=1

wiyi � x
!
= I (y1 � x1; y2 � x2; : : : ; yn � xn) ; (9.66)
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where the notation I(A) is used to denote the indicator function which

equals 1whenAholds true and 0otherwise. Replacing each yi byF
�1
Xi
(U)

in (9.66) and taking expectations on both sides leads to

FSc (x) = P
h
F
�1
Xi
(U) � x1; F

�1
X2
(U) � x2; : : : ; F

�1
Xn
(U) � xn

i
= min

i2f1;2;:::;ng
FXi

(xi);

where in the last step we made use of the expression for the multivariate

cdf of a comonotonic vector derived in Theorem 4.2.2.

9.4.1 Numerical evaluation of the upper bounds forC [K]
and P [K]

In this subsection, we explain how to determine the comonotonic in-

dex option pricesC
c
[K] and P

c
[K] as well as the corresponding super-

replicating strategies �� and �� for the index options C [K] and P [K],

respectively.

Starting from either the observed stock option prices Ci [Ki;j ] or the

observed stock put options Pi [Ki;j ], we can determine all FXi
(Ki;j)

from Lemma 9.3.3. In a second step, the extreme outcomes F�1+
S
c (0)

and F�1
S
c (1) are obtained. Indeed, from expression (5.4) we find that

F�1+
S
c (0) =

nX
i=1

wiF
�1+
Xi

(0);

with

F
�1+
Xi

(0) = min
j2f0;1;:::;mig

�
Ki;j j FXi

(Ki;j) > 0
	

and using (5.5) we find that

F�1
S
c (1) =

nX
i=1

wiKi;mi+1:
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Taking into account (5.6), we find that for K =2
�
F�1+
S
c (0); F�1

S
c (1)

�
,

the comonotonic index option pricesC
c
[K] and P

c
[K] are equal to the

exact index option prices:

C [K] = 0; K � F�1
S
c (1) ; (9.67)

P [K] = 0; K � F�1+
S
c (0) ;

and

C [K] = e�rT (E [S]�K) ; K � F�1+
S
c (0) ; (9.68)

P [K] = e�rT (K � E [S]) ; K � F�1
S
c (1) :

In the remainder of this section, we assume thatK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
,

except if explicitely stated otherwise. This assumption implies thatFSc(K)

2 (0; 1).
In order to be able to determine the upper boundsC

c
[K] and P

c
[K]

for the index call and put optionsC [K] and P [K], one has to determine

FSc(K), the indices ji; i = 1; 2; : : : ; n, the corresponding sets NK and

NK , and also the coefficient �K . Let us first consider the problem of

determining FSc(K).

Lemma 9.4.2 For anyK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
one has that

FSc(K) = min
i2f1;:::;ng

�
FXi

(Ki;ji)
	
: (9.69)

Proof. First notice that

FSc (K) = FSc
�
F�1
S
c (FSc (K))

�
:

As F�1
S
c (FSc (K)) =

Pn
i=1 wiF

�1
Xi
(FSc (K)) and�

F
�1
X1
(FSc (K)) ; : : : ; F

�1
Xn
(FSc (K))

�
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is an element of a comonotonic support of
�
F
�1
X1
(U) ; : : : ; F

�1
Xn
(U)
�

, a

direct application of Lemma 9.4.1 leads to

FSc (K) = min
i2f1;2;:::;ng

FXi
(F

�1
Xi
(FSc (K)))

Expression (9.69) follows then from (9.44).

Unfortunately, Lemma 9.4.2 does not provide us with a straightfor-

ward way for determiningFSc(K). Indeed, the ji depend on the value of

FSc(K) and hence, (9.69) only gives an implicit expression for FSc(K).

In the following theorem we present an explicit expression for FSc(K).

The proof of the theorem makes use of Lemma 9.4.2.

Theorem 9.4.1 LetA be the set defined by

A =
�
FXi

(Ki;j) j i = 1; : : : ; n and j = 0; 1; : : : ;mi

	
n f0g : (9.70)

For anyK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, the value of FSc(K) follows from

FSc (K) = max

(
p 2 A j

nX
i=1

wiF
�1
Xi
(p) � K

)
: (9.71)

Proof. From Lemma 9.4.2 it follows immediately that FSc(K) is equal

to one of the FXi (Ki;j), i = 1; : : : ; n; j = 0; 1; : : : ;mi + 1. Furthermore,

for any K 2
�
F�1+
S
c (0); F�1

S
c (1)

�
one has that 0 < FSc(K) < 1. These

observations imply that

FSc (K) 2 A:

Taking into account Theorem 5.1.3, we can write FSc (K) as follows:

FSc (K) = max
n
p 2 A j F�1

S
c (p) � K

o
:
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Combining this expression with the additivity property for the quantiles

of a comonotonic sum leads to (9.71).

Combining the previous results and Theorem 9.4.1 allows us to write

down the following algorithm for determining FSc(K).

Algorithm 9.4.1 (Determining FSc(K))

For anyK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, determine FSc(K) as follows:

1. Calculate all elements FXi
(Ki;j) of the setA defined in (9.70):

For any i = 1; : : : ; n and j = 0; 1; : : : ;mi, we have that

FXi (Ki;j) = 1 + erT
Ci [Ki;j+1]� Ci [Ki;j ]

Ki;j+1 �Ki;j
,

or, equivalently,

FXi
(Ki;j) = erT

Pi [Ki;j+1]� Pi [Ki;j ]

Ki;j+1 �Ki;j
:

2. Calculate F
�1
Xi
(p) for any i = 1; : : : ; n and any p 2 A:

F
�1
Xi
(p) = Ki;j if FXi(Ki;j�1) < p � FXi(Ki;j);

j = 0; 1; : : : ;mi + 1:

3. Calculate FSc(K) from (9.71):

FSc(K) = max

(
p 2 A j

nX
i=1

wiF
�1
Xi
(p) � K

)
:

In case K =2
�
F�1+
S
c (0); F�1

S
c (1)

�
, it is straightforward to determine

FSc(K): Indeed,

FSc(K) = 1 ifK � F�1
S
c (1);
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whereas

FSc(K) = 0 ifK < F�1+
S
c (0)

and

FSc
�
F�1+
S
c (0)

�
= min

i2f1;:::;ng
FXi

�
F
�1+
Xi

(0)
�

(9.72)

This last expression follows from Lemma 9.4.1.

A computationally better but more complicated algorithm for de-

termining FSc(K) is described in Chen et al. (2008). After having cal-

culated FSc(K), the indices ji; i = 1; 2; : : : ; n; can be determined from

(9.38), while the setsNK andNK are given by (9.39) and (9.40), respec-

tively. From (9.35), together with (9.36) and (9.44) we find that

K =
X
i2NK

wiKi;ji +
X
i2NK

wi (�KKi;ji + (1� �K)Ki;ji+1) : (9.73)

Solving this equation for �K leads to

�K = 1�
K �

Pn
i=1 wiKi;jiP

i2NK
wi (Ki;ji+1 �Ki;ji)

(9.74)

From Lemma 9.4.2 it follows that the set NK contains at least one ele-

ment. Furthermore, recall that we assumed that all Ki;mi+1 are finite.

Both observations guarantee that �K is well-defined.

In practice, it may happen that the chain of traded strikes is different

for the stock calls and puts. In order to explain how to cope with this

problem, let us suppose that Pi [K] is traded, whileCi [K] is not. As long

as there is at least one strikeK�
i for which the prices Ci [K�] and P [K�

i ]

are traded, the forward price E [Xi] can be calculated in a model-free

way from the put-call parity applied to this couple:

e�rTE [Xi] = Ci [K�]� Pi [K�] + e�rTK�:
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The pay-off of receivingXi at time T can be replicated by an investment

strategy consisting of buying the call Ci [K�], selling the put Pi [K�] and

putting e�rTK� on the bank account. The priceCi [K]of the non-traded

call option can then be backed out of the traded put option Pi [K] with

the help of the put-call parity:

Ci [K] = Pi [K] + e�rTE [Xi]� e�rTK:

In this case, a long position in the non-traded call option Ci [K] has to

be understood as a long position in the traded put option Pi [K], receiv-

ing the stock i at time T and borrowing e�rTK.

9.4.2 On the choice of the maximal valuesKi;mi+1

In this subsection we make the following assumption concerning the

choice of the ‘maximal’ valuesKi;mi+1 of the stock pricesXi:

max
i2f1;:::;ng

FXi
(Ki;mi�1) < min

i2f1;:::;ng
FXi

(Ki;mi
) . (9.75)

Notice that we implicitely assume here that all mi > 0. From (9.18) we

find that any FXi (Ki;mi) is given by

FXi (Ki;mi) = 1� erT
Ci [Ki;mi

]

Ki;mi+1 �Ki;mi

:

This implies that FXi
(Ki;mi

) is an increasing function of Ki;mi+1 and

by choosing Ki;mi+1 sufficiently large, the value of FXi
(Ki;mi

) can be

made as close to 1 as desired. This means that the assumption (9.75)

will be fulfilled, provided allKi;mi+1 are chosen sufficiently large.

Taking into account (9.18), we can rewrite the assumption (9.75) as fol-
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lows:

Ki;mi+1 > Ki;mi
+ Ci [Ki;mi

]� max
j2f1;:::;ng

(
Kj;mj

�Kj;mj�1

Cj
�
Kj;mj�1

�
� Cj

�
Kj;mj

�) ;
i = 1; 2; : : : ; n: (9.76)

Throughout this subsection, we will also silently assume thatF
�1+
Xi

(0) <

Ki;mi
for any i = 1; : : : ; n. This assumption implies that FXi

(Ki;mi
) > 0

for all i.

Lemma 9.4.3 Assume that theKi;mi+1; i = 1; : : : ; n; are sufficiently large

in the sense that (9.75) holds. Then one has that

FSc(K) < min
i2f1;:::;ng

FXi
(Ki;mi

) ; ifK <
nX
i=1

wiKi;mi
; (9.77)

while

FSc

 
nX
i=1

wiKi;mi

!
= min

i2f1;:::;ng
FXi

(Ki;mi
) : (9.78)

Proof. (a) We first prove that (9.78) holds.

Let pmin be defined by

pmin = min
i2f1;:::;ng

FXi
(Ki;mi

) :

Notice that 0 < pmin < 1. From assumption (9.75) we find that

FXi
(Ki;mi�1) < pmin � FXi

(Ki;mi
) ; i = 1; : : : ; n. (9.79)

This implies that

F
�1
Xi
(pmin) = Ki;mi ; i = 1; : : : ; n.

Hence,
nX
i=1

wiKi;mi =
nX
i=1

wiF
�1
Xi
(pmin).
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These last two expressions combined with Lemma 9.4.1 imply that (9.78)

holds true.

(b) The r.v. S
c

is a comonotonic sum of discrete r.v.’s and hence, also has

a discrete distribution. As

F�1
S
c (pmin) =

nX
i=1

wiF
�1
Xi
(pmin) =

nX
i=1

wiKi;mi
;

we have that S
c

has a strictly positive probability mass at
Pn

i=1 wiKi;mi .

This observation implies (9.77).

Based on the results derived above, we are now able to prove that,

under rather general conditions, the upper bounds for the index option

prices will not depend on the particular choices for the values of the

Ki;mi+1.

Theorem 9.4.2 Assume that the Ki;mi+1; i = 1; : : : ; n; are chosen suffi-

ciently large in the sense that (9.75) holds. In this case, we have that for

any K 2
�
F
�1+
S
c (0);

Pn
i=1 wiKi;mi

i
the upper bounds C

c
[K] and P

c
[K]

for the index option prices C [K] and P [K] and also the corresponding

super-replicating strategies do not depend on the particular choices for

the values of theKi;mi+1.

Proof. (a) WhenK <
Pn

i=1 wiKi;mi
, we know from Lemma 9.4.3 that

FSc(K) < FXi (Ki;mi) ; i = 1; : : : ; n:

From the definitions of the ji it follows then that for each i 2 f1; : : : ; ng
either ‘ji = mi and i 2 NK ’ or ‘ji � mi � 1’ holds. Hence, the indices ji

as well as the setsNK andNK do not depend on the choices of the val-

ues of the Ki;mi+1. From (9.74) it follows that also �K does not depend
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on the choice of the Ki;mi+1. We can conclude that the upper bounds

C
c
[K] and P

c
[K] for the index option prices C [K] and P [K] and the

associated super-replicating strategies do not depend on the particular

choice of theKi;mi+1.

(b) Let us now consider the limiting case where K =
Pn

i=1 wiKi;mi
.

From Lemma 9.4.3, we know that FSc has a positive jump at K. Taking

into account the definition (9.37) of �K , we find that �K = 1 in this

case. Furthermore, from assumption (9.75) and expression (9.78) we

find that

FXi
(Ki;mi�1) < FSc (K) � FXi

(Ki;mi
) ; i = 1; : : : ; n;

which implies that ji = mi for any i = 1; : : : ; n in this case. Hence, we

can again conclude that the upper bounds C
c
[K] and P

c
[K], as well as

the associated optimal super-replicating strategies, do not depend on

the particular choice of theKi;mi+1.

From the previous lemma, we know that under reasonable assump-

tions the boundsC
c
[K] and P

c
[K], as well as the corresponding super-

replicating strategies, do not depend on the particular choices of the

values of theKi;mi+1.

9.4.3 Determining the synthetic stock option prices

Until here we assumed that the stock option prices

Ci [0] = e�rTE [Xi] (9.80)

and

Pi [Ki;mi+1] = e�rT (Ki;mi+1 � E [Xi]) (9.81)
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are known for any stock i. In practice however, these options are not

traded and hence, their prices cannot be observed. Hereafter, we will

explain how to derive these prices, or equivalently, how to determine

the forward prices E [Xi], from information that is available in the mar-

ket. Notice from the previous subsection that under appropriate choices

for the Ki;mi+1, our results will not depend on the explicit values of

these Ki;mi+1 and hence, knowledge of the Pi [Ki;mi+1] will not be re-

quired. Nevertheless, for reasons of completeness hereafter we will not

only explain how to cope with the problem of unobserved values of the

option prices Ci [0], but we will also have a look at the problem of un-

known values of Pi [Ki;mi+1].

Let us first consider the simple case where stock i pays no dividends

in the period [0; T ]. In this case, ‘buying the callCi [0] at time 0 and hold-

ing it until maturity T ’ or ‘buying the stock i at time 0 and selling it at

time T ’ leads to the same pay-off Xi at time T . A no-arbitrage argu-

ment leads to the conclusion that the call option price Ci [0] is equal to

the spot price of the underlying stock in this case:

Ci [0] = Xi (0) ; for a non-dividend-paying stock.

From (9.80) and (9.81) it follows that the put option price Pi [Ki;mi+1] is

then given by

Pi [Ki;mi+1] = e�rTKi;mi+1�Xi (0) ; for a non-dividend-paying stock.

Let us now consider the general case where stock i may or may not

pay dividends in the period [0; T ]. In order to determine the value of

Ci [0] in this case, let y be any strike for which calls and puts with expi-

ration date T are traded on stock i. From the put-call parity (8.10) we

find that

Ci [0] = Ci [y]� Pi [y] + ye�rT : (9.82)
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Taking into account (9.80) and (9.81), this expression leads to

Pi [Ki;mi+1] = Pi [y]� Ci [y] + e�rT (Ki;mi+1 � y) : (9.83)

The relations (9.82) and (9.83) express the option prices

Ci [0] and Pi [Ki;mi+1]

in terms of observed prices. Furthermore, it is straightforward to prove

that the pay-offs of both Ci [0] and Pi [Ki;mi+1] can be replicated by the

pay-offs of time-0 strategies consisting of trading the stock optionsCi [y]

and Pi [y] and investing in the risk-free T -year zero coupon bond, the

prices of which are given by the right hand sides of (9.82) and (9.83),

respectively.

In principle Ci [0] and Pi [Ki;mi+1] can be determined from (9.82)

and (9.83) for any traded strike y. However, in order to guarantee that

the strike y is sufficiently traded, in practice one often prefers to choose

the strike y as close as possible to E [Xi], or equivalently, to choose y

such that jCi [y]� Pi [y]j is as small as possible. This means that the

strike y 2 fKi;j j j = 0; 1; : : : ;mi + 1g that is used to determine Ci [0]

and Pi [Ki;mi+1] is defined as follows:

y = argmin
j2f0;1;:::;mi+1g

jCi [Ki;j ]� Pi [Ki;j ]j :

Having determined the values of Ci [0] or Pi [Ki;mi+1], we immediately

find the corresponding value of E [Xi].

9.4.4 The upper bounds in terms of the inverses F
�1
Xi

and

F
�1+
Xi

From Theorem 9.3.2 it follows that the comonotonic index option prices

C
c
[K] and P

c
[K] are expressed in terms of the inverses F�1(�K)

Xi
with
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�K defined in (9.74). In the following corollary, we show that these up-

per bounds can also be expressed in terms of the usual inverses F�1
Xi

.

Corollary 9.4.1 For anyK 2
�
F�1+
S
c (0); F�1

S
c (1)

�
, one has that

C
c
[K] =

nX
i=1

wiCi [Ki;ji ]�e�rT
 
K �

nX
i=1

wiKi;ji

!
(1� FSc(K)) (9.84)

and

P
c
[K] =

X
i2NK

wiPi [Ki;ji ] +
X
i2NK

wiPi [Ki;ji+1] (9.85)

� e�rT

0@X
i2NK

wiKi;ji +
X
i2NK

wiKi;ji+1 �K

1AFSc(K);
where the indices ji are defined as before.

Proof. Combining Corollary 5.2.1 with expression with (8.8) applied to

the vector �
F
�1
X1
(U); F

�1
X2
(U); : : : ; F

�1
Xn
(U)
�

proves that C
c
[K] can be expressed as

C
c
[K] =

nX
i=1

wiCi

h
F
�1
Xi
(FSc(K))

i
� e�rT

�
K � F�1

S
c (FSc(K))

�
(1� FSc(K)) :

From (9.45) for � = 1, we find that Ci
h
F
�1
Xi
(FSc(K))

i
= Ci [Ki;ji ]. Fur-

thermore, from the additivity property for quantiles of a comonotonic

sum and from (9.43) for � = 1, we have that F�1
S
c (FSc(K)) =

Pn
i=1 wi

Ki;ji . Combining these observations leads to (9.84).

The expression (9.85) for P
c
[K] can be proven in a similar way.
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From (9.73) it follows that

nX
i=1

wiKi;ji � K and
X
i2NK

wiKi;ji +
X
i2NK

wiKi;ji+1 � K:

This implies that the second term in the right hand side of (9.84) and

the third term in the right hand side of (9.85) are non-negative. Hence,

we find that

C
c
[K] �

nX
i=1

wiCi [Ki;ji ] ;

P
c
[K] �

X
i2NK

wiPi [Ki;ji ] +
X
i2NK

wiPi [Ki;ji+1] ;

and
Pn

i=1 wi Ci [Ki;ji ] is also an upper bound for the index option price

C[K] and
P

i2NK
wiPi [Ki;ji ]+

P
i2NK

wiPi [Ki;ji+1] is also an upper bound

for the index option price P [K] : However, these upper bounds are not

the optimal ones in the sense that the time-0 price of the portfolio of

vanilla call options Ci [Ki;ji ]will not be the price of the cheapest super-

replicating strategy for the index call option C [K] : Similar, the time-

0 price of the portfolio of vanilla put options Pi [Ki;ji ] if i 2 NK and

Pi [Ki;ji+1] if i 2 NK will not be the price of the cheapest super-replicating

strategy for the index put option P [K].

9.4.5 The case when no option data are available for some
stocks

Recall that for any stock i, the chain of traded strikes is given by

0 = Ki;0 < Ki;1 < Ki;2 < � � � < Ki;mi
< Ki;mi+1 = F

�1
Xi
(1) <1:

In practice, there may be stocks i for which mi = 0, which means that

there is no couple (Ci [Ki;j ] ; Pi [Ki;j ]) of option prices available with 0 <
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Ki;j < Ki;mi+1. This situation will occur in particular when there are

only options available on a subset of the constituent stocks of the index.

An example in that respect is the S&P 500 index. Hereafter, we show how

the calculations of the index option upper bounds can be simplified in

this case, provided theKi;mi+1 fulfill an appropriate condition. Without

lack of generality, throughout this section we assume that mi > 0 for

stocks i = 1; 2; : : : ; k, whilemi = 0 for i = k + 1; : : : ; n.

The discrete distributions FXi
of the stocks i = k + 1; : : : ; n, follow

from Lemma 9.3.3:

FXi
(x) =

8>><>>:
0 x < 0;

1� erT
Ci [0]

Ki;1
0 � x < Ki;1;

1 x � Ki;1:

(9.86)

As before, we assume that no marginal distribution FXi
is a one-point

distribution, see (9.23). For the stocks i = k + 1; : : : ; n, this implies that

0 < FXi(0) < 1.

We introduce the notation S
c

k for the comonotonic sum of the first k

stocks:

S
c

k = w1F
�1
X1
(U) + w2F

�1
X2
(U) + � � �+ wkF

�1
Xk
(U):

Furthermore, we use the symbolC
c

k [K] and P
c

k [K] to denote the corre-

sponding comonotonic call and put option prices:

C
c

k [K] = e�rTE
��
S
c

k �K
�
+

�
and

P
c

k [K] = e�rTE
��
K � Sck

�
+

�
:

For any K 2
�
F�1+
S
c
k

(0); F�1
S
c
k

(1)
�

, the value of FSck(K) follows from

algorithm 9.4.1, where we replace n, A and S
c

by k, Ak and S
c

k, respec-
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tively:

FSck
(K) = max

(
p 2 Ak j

kX
i=1

wiF
�1
Xi
(p) � K

)
;

with the setAk given by

Ak =
�
FXi

(Ki;j) j i = 1; : : : ; k and j = 0; 1; : : : ;mi

	
n f0g :

From Theorem 9.3.2, we find that

C
c

k [K] =

kX
i=1

wiCi

�
F
�1(�(k)K )

Xi

�
FSck

(K)
��
; (9.87)

P
c

k [K] =
kX
i=1

wiP i

�
F
�1(�(k)K )

Xi

�
FSck

(K)
��
; (9.88)

with �(k)K determined from

F
�1(�(k)K )

S
c
k

�
FSck

(K)
�
= K: (9.89)

Theorem 9.3.3 can be applied to determine alternative expressions for

C
c

k [K] and P
c

k [K].

In the following theorem we prove that calculating the upper bounds

C
c
[K] and P

c
[K] for the index call and put option prices reduces to the

calculation ofC
c

k [K] andP
c

k [K], provided the ‘maximal’ valuesKi;mi+1;

i = k + 1; : : : ; n, fulfill the following condition:

max
i�k

FXi
(Ki;mi

) < min
i>k

FXi
(0) . (9.90)

From (9.86) it is clear that condition (9.90) is fulfilled provided the val-

uesKi;1 of the last (n� k) stocks are chosen sufficiently large.

Theorem 9.4.3 Suppose thatmi > 0 for stocks i = 1; 2; : : : ; k, whilemi =

0 for i = k + 1; : : : ; n. Assume that the Ki;mi+1; i = 1; : : : ; n; are chosen
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sufficiently large in the sense that (9.90) holds. In this case, we have that

for any K 2
�
F
�1+
S
c (0);

Pk
i=1 wiKi;mi+1

�
the upper bounds C

c
[K] and

P
c
[K] for the index option prices C [K] and P [K] are given by

C
c
[K] = C

c

k [K] +

nX
i=k+1

wiCi [0] (9.91)

and

P
c
[K] = P

c

k [K] ;

respectively.

Proof. Let K 2
�
F�1+
S
c (0) ;

Pk
i=1 wiKi;mi+1

�
. Taking into account that

F�1+
S
c
k

(0) � F�1+
S
c (0) and F�1

S
c
k

(1) =
Pk

i=1 wiKi;mi+1, we have that K 2�
F�1+
S
c
k

(0) ; F�1
S
c
k

(1)
�

.

From assumption (9.90) we find that

0 < p < FXi
(0) , p 2 Ak and i > k: (9.92)

From (9.86) it follows then that

F
�1
Xi
(p) = 0; p 2 Ak and i > k: (9.93)

Notice that we find from (9.65), that FSc(K) � FSck(K) always holds. On

the other hand, (9.93) leads to

FSck
(K) = max

(
p 2 Ak j

kX
i=1

wiF
�1
Xi
(p) � K

)

= max

(
p 2 Ak j

nX
i=1

wiF
�1
Xi
(p) � K

)

� max
(
p 2 A j

nX
i=1

wiF
�1
Xi
(p) � K

)
= FSc(K):
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We can conclude that

FSc(K) = FSck
(K): (9.94)

We have that FSc(K) 2 Ak:We find from (9.92) that

F
�1(�K)
Xi

(FSc(K)) = 0; i > k;

from which it follows that

nX
i=1

F
�1(�K)
Xi

(FSc (K)) =

kX
i=1

F
�1(�K)
Xi

(FSc (K)) :

Taking into account (9.89), this equality also implies

�K = �
(k)
K : (9.95)

The equalities (9.94) and (9.95) lead to

F
�1(�K)
Xi

(FSc(K)) = F
�1(�(k)K )

Xi

�
FSck

(K)
�
; i = 1; 2; : : : ; n:

Hence, from Theorem 9.3.2 and (9.87), we finally find that

C
c
[K] =

nX
i=1

wiCi

h
F
�1(�K)
Xi

(FSc(K))
i

=
kX
i=1

wiCi

�
F
�1(�(k)K )

Xi

�
FSck

(K)
��
+

nX
i=k+1

wiCi [0]

= C
c

k [K] +
nX

i=k+1

wiCi [0] :

Similarly, one can prove that P
c
[K] = P

c

k [K].

From the previous theorem, we can conclude that under the as-

sumption (9.90), the calculation of the upper bounds C
c
[K] and P

c
[K]
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reduces to the calculation of C
c

k [K] and P
c

k [K], provided thatK 2�
F�1+
S
c (0) ;

Pk
i=1 wiKi;mi+1

�
. Notice that the requirement

K <
Pk

i=1 wiKi;mi+1 will be met, provided the Ki;mi+1; i > k; are cho-

sen sufficiently large. Finally, notice that in case the last (n � k) stocks

pay no dividends, each Ci [0] ; i = k + 1; : : : ; n; in (9.91) is equal to the

corresponding current stock priceXi (0). On the other hand, in case of

dividend-paying stocks, we have that Ci [0] � Xi (0) ; i = k + 1; : : : ; n,

and replacing each Ci [0] by Xi (0) results in an upper bound for C
c
[K]

and hence also for the index option price C [K].

9.5 Notes and references

In a model-based approach, index (and other exotic) call option prices

are determined via simulation techniques or via an appropriate approx-

imation technique. We refer to Deelstra et al. (2004), where comonoto-

nic approximations are used to determine the price of an index option,

given that the underlying stock prices are modelled by a multivariate

Black-Scholes model. Another approach consists of determining upper

bounds for European-type index option prices, which are only based on

available market information, without assuming any particular model

for the underlying stock prices. Such an approach is called model-free.

To the best of our knowledge, Simon et al. (2000) were the first to use

the theory of comonotonicity to derive model-free upper bounds for

Asian options. They showed that this upper bound can be expressed

in terms of European options. Albrecher et al. (2005) show that this

model-independent upper bound for an Asian option price corresponds

to a static super-replicating strategy for this option. They explain how a

long position in an Asian option can be hedged by shorting a portfolio
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of European call options on the underlying stocks.

Hobson et al. (2005) derive a model-independent upper bound for

index options. They considered Lagrange optimization techniques to

construct an upper bound for the index option price as well as the cor-

responding super-replicating strategy. These authors also presented

the more realistic framework, where the set of traded European op-

tions is finite. They showed that their upper bound is the lowest upper

bound for the price of the index option which is consistent with the ob-

served prices of the traded European options on the individual stocks

contained in the index.

Chen et al. (2008) unify the approaches of Simon et al. (2000) and

Hobson et al. (2005) by determining upper bounds for a general class of

exotic options (including Asian and index options), based on the theory

of comonotonicity.

In the current chapter, we have presented the above-mentioned re-

sults for index options in a broader context. Different from the existing

literature, we do not only consider index calls but also index puts. More-

over, it is shown that treating the pricing of an index call option and an

index put option in an integrated framework results in an efficient way

to calculate both upper bounds. We have added several extensions to

the existing literature. In particular, we have considered the situation

where for some of the constituent stocks in the index there are no op-

tions available.

Numerical results can be found in Hobson et al. (2005), where the

authors determine the price of the cheapest super-replicating strategy

for the Dow Jones Industrial Average, both in the finite and the infinite

market case. In Linders et al. (2013), the comonotonic index option

curve is determined for different trading days, including some trading
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days during crisis periods.



CHAPTER 10

The multivariate Black & Scholes model

This chapter is based on the paper Dhaene, Kukush & Linders (2013).

We give a new proof for Theorem 10.3.1 and 10.3.2, which can also be

found in Karatzas & Shreve (1998) and for Theorem 10.4.1, which can

be found in Björk (1998). Section 10.5 justifies the multivariate Black &

Scholes model which will be used in Chapters 11 and 14.

10.1 Introduction

The origin of the one-dimensional Black & Scholes model goes back to

the early work of L. Bachelier in the beginning of the 20th century. His

revolutionary idea of using stochastic processes to model the behavior

of a stock over time was the start of a long tradition in developing stock

price models; see Bachelier (1900). One of these models is proposed in

Samuelson (1965). The popularity of this model is to a large extent in-

fluenced by the possibility to develop a sound theory of option pricing,

which was first introduced in Black & Scholes (1973) and extended in

Merton (1973). Although there is a variety of stochastic processes which

191
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might be more suitable for capturing the random fluctuations of a stock

or index, the one-dimensional Black & Scholes model still remains the

benchmark model, mainly due to its simplicity and the disposal of an

option pricing formula.

In this chapter we derive conditions under which the framework

considered in the above mentioned papers, leads to an arbitrage-free

and complete multivariate Black & Scholes model.

10.2 Brownian motion

The Brownian motion process is named after the biologist Robert Brown,

who observed how pollen particles were jittering around in water. In

1828, he wrote down his results in Brown (1828). Here, the erratic move-

ment of the particles is called the Brownian motion, but no explanation

was provided for the cause of these movements. In 1905, Einstein dis-

covered that the Brownian motion of the pollen particles was caused by

invisible water molecules hitting the pollen particles. Louis Bachelier

pulled the ideas of Brownian motion and pollen particles to the stock

markets. The behavior of the price of a stock over time exhibits a simi-

lar erratic image as the pollen particles.

A stochastic process fWj (t) j t � 0g is said to follow a standard Brown-

ian motion on the probability space (
;F ;P) if the process starts at

zero and has independent and stationary increments. Furthermore, the

sample paths of the process should be continuous and the increment

(Wj (t+ s)�Wj (s)) should have a normal distribution with mean zero

and variance s :

(Wj (t+ s)�Wj (s))
d
= N (0; s) :
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The sample paths of a Brownian motion are continuous, but nowhere

differentiable. The continuity of a sample path makes it possible to con-

struct a roller coaster which follows this sample path. However, there

would be no smooth parts on this trajectory as the path is nowhere dif-

ferentiable. Such a roller coaster would be quite a ride!

10.3 The multivariate Black & Scholes model:
canonical form

10.3.1 The real-world dynamics

Consider a market with n non-dividend paying stocks, labeled from 1 to

n: The price of stock i at time t is denoted byXi (t) :We assume that the

stock price dynamics can be described by the following set of stochastic

differential equations (SDE’s):

dXi (t)
Xi (t)

= �idt+
kX
j=1

�i;jdWj (t) ; for t > 0 and i = 1; 2; : : : ; n; (10.1)

where W (t) = (W1 (t) ;W2 (t) ; : : : ;Wk (t)) and fW (t) j t � 0g is a stan-

dard k-dimensional Brownian motion defined on the filtered probabil-

ity space (
;F ;P). This probability space is equiped with the filtra-

tion
�
FWt

�
0�t�T of F which records the ‘past behavior’ of the multi-

variate Brownian motion. This means that for 0 � t � T; FWt denotes

the �-algebra generated by fW (s) j 0 � s � tg, which we also denote by

� fW (s) j 0 � s � tg, completed by events of zero P�probability: The

vector � = (�1; �2; : : : ; �n) contains the drift parameters of each stock
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and the matrix � is defined as

� = (�i;j)i=1:n;j=1:k :

We have that � 2 Rn; �i;j 2 R and � 2 Rn�k:
For each i; the price level of stock i at time t follows a lognormal

distribution:

ln
Xi (t)

Xi (0)

P
= N

��
�i �

1

2
�2i

�
t; �2i t

�
; for i = 1; 2; : : : ; n; (10.2)

where �2i =
Pk

j=1 �
2
i;j : The notation P

= is used to denote an equality

in distribution under the real-world probability measure. We also find

that

EP [Xi (t)] = Xi (0) e�it;

VarP [Xi (t)] = Xi (0)
2 e2�it

�
e�

2
i t � 1

�
:

The correlation between the stocks i and j is given by

CorrP [Xi (t) ; Xj (t)] =
e�i;jt � 1p

e�
2
i t � 1

p
e�

2
j t � 1

;

where �i;j =
Pk

l=1 �i;l�j;l: For each i = 1; 2; : : : ; n; the volatility parame-

ter �i and the drift parameter �i determine the distribution of the stock

price at every time t � 0: The dependence between the different stocks

is completely captured by the matrix �:

Model (10.1) for the stock prices is called the canonical form of the

multivariate Black & Scholes model.

10.3.2 Risk-Neutral dynamics

Investing in stock i is riskier than putting the same amount of money on

the bank account. The former investment has expected return �i;while



The multivariate Black & Scholes model: canonical form 195

the return for the latter investment is equal to r. The quantity �i � r is

called the risk-premium of stock i: It represents the excess return one

receives in return for investing in stock i: In the Black & Scholes model

(10.1), the market consists of k random sources and each stock is driven

by a linear combination of these random sources. It is reasonable to as-

sume that the contribution of each random source to the risk premium

is the same for each stock. Otherwise stated, there exists a vector  2 Rk

satisfying the following condition:

�i � r =
kX
j=1

�i;jj ; for i = 1; 2; : : : ; n: (10.3)

The quantity j represents the effect on the risk-premium when the as-

set is exposed to one unit of volatility of the j-th risk driverWj . If k = n

and�
�1

exists, we have that  is unique and equal to 0 = �
�1 �

�� r1
�0

.

Define the k-dimensional process
nfW (t) j t � 0

o
as follows:

dfW1 (t) = dW1 (t) + 1dt; (10.4)

dfW2 (t) = dW2 (t) + 2dt;

...

dfWk (t) = dWk (t) + kdt:

It follows from Girsanov’s theorem that we can find a probability mea-

sureQ; equivalent to P and such that
nfW (t) j t � 0

o
is a k-dimensional

standard Brownian motion under this new probability measure. If (10.3)

holds, plugging (10.3) into (10.1) and using relation (10.4) results in

dXi (t)
Xi (t)

= rdt+
kX
j=1

�i;jdfWj (t) ; for i = 1; 2; : : : ; n: (10.5)
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Taking into account (10.5), it follows that fX (t) j t � 0g is ann-dimensi-

onal geometric Brownian motion under the probability measureQ. Un-

der this new probability measure, all the drifts are replaced by the risk-

free rates while the parameters �i;j remain the same.

The stock price Xi (t) follows a lognormal distribution under this

new probability measure:

ln
Xi (t)

Xi (0)

Q
= N

��
r � 1

2
�2i

�
t; �2i t

�
; for i = 1; 2; : : : ; n; (10.6)

and

EQ [Xi (t)] = Xi (0) ert;

VarQ [Xi (t)] = Xi (0)
2 e2rt

�
e�

2
i t � 1

�
:

Moving from the P-world to the Q-world does not change the matrix

�, which means that the dependence structure between the different

stock prices is the same under both probability measures. For example,

we can write

CorrQ [Xi (t) ; Xj (t)] = CorrP [Xi (t) ; Xj (t)] ;

for i; j = 1; 2; : : : ; n:

One can prove that in the Q-world, the discounted price process of

each stock is a martingale:

EQ
h

e�r(t�u)Xi (t) j Fu
i
= Xi (u) ; for i = 1; 2; : : : ; n: (10.7)

The probability measureQ is equivalent to P and is called an equivalent

martingale measure. The following theorem gives necessary and suffi-

cient conditions for the multivariate Black & Scholes model (10.1) to be

arbitrage-free.
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Theorem 10.3.1 (Conditions for no-arbitrage) In the multivariate Black

& Scholes model (10.1), the following statements are equivalent:

1. The model is arbitrage-free.

2. There exists an equivalent martingale measure.

3. There exists a non-random vector  satisfying

�i = r +
kX
j=1

�i;jj ; for i = 1; 2; : : : ; n: (10.8)

Proof. (3) =)(2)
We already showed that if (10.8) holds, there exists a risk-neutral prob-

ability measureQ.

(2) =)(1) : The proof is standard; cf. Lemma 2 of Shiryaev et al.

(1995).

(1) =)(3): A proof of this statement can be found in Dhaene, Kukush

& Linders (2013).

A particular choice for the Q-dynamics is to replace all the drift pa-

rameters �i by the risk-free rate r: Furthermore, each solution  of (10.8)

leads to an equivalent martingale measure.

The existence of a martingale measure is equivalent with stating that

market (10.1) is arbitrage free. In the following theorem, we provide

conditions under which the market is complete. We prove that the mul-

tivariate Black & Scholes model (10.1) can be complete while there is no

equivalent martingale measure.
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Theorem 10.3.2 (Conditions for completeness) Consider the multivari-

ate Black & Scholes model (10.1). Then the following statements are equiv-

alent:

1. The market is complete.

2. The variance-covariance matrix � satisfies

rank
�
�
�
= k: (10.9)

Proof. The sigma-algebra FXt denotes the filtration generated by the

stock price process fX (s) j 0 � s � tg : Assume now that rank
�
�
�
< k;

then it follows from (10.1) that

FXt 6= FWt ;

implying that the market is incomplete. Indeed the claim fT = I (A)
cannot be replicated by admissible strategies, where the event A be-

longs to FWt and not to FXt :
If rank

�
�
�
= k; then we can form a submarket with k stocks and

non-singular variance-covariance matrix. It is proven in

Karatzas & Shreve (1998) that such a market is complete. As a conse-

quence, the market (10.1) is also complete because the filtrations in

both situations coincide.

Condition (10.9) implies that k � n: To be complete, the number of

random sources in the multivariate Black & Scholes model (10.1) can-

not exceed the number of traded stocks.

Corollary 10.3.1 Consider the multivariate Black & Scholes model (10.1).

If the market is arbitrage-free, the following statements are equivalent:
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1. The market is complete.

2. There exists a unique martingale measure.

10.4 The multivariate Black & Scholes model

In this section we describe an alternative version of the multivariate

Black & Scholes model. Here, each stock i will be modelled by a one-

dimensional standard Brownian motionBi, where the different Brown-

ian motions are assumed to be dependent. Assume that the real world

price dynamics are given by the following set of SDE’s:

P-dynamics:
dXi(t)
Xi(t)

= �idt+ �idBi(t); for t > 0 and i = 1; 2; : : : ; n;

(10.10)

where �i � 0 is the drift and �i > 0 the volatility of stock i. The parame-

ters �i and �i are assumed to be deterministic and constant over time.

Furthermore, f(B1(t); B2(t); : : : ; Bn(t)) j t � 0g is ann-dimensional cor-

related Brownian motion process defined on the probability space

(
;F ;P). This means that the stochastic processes fBi(t) j t � 0g are

standard Brownian motions and that the dependence structure is cap-

tured by

�i;jt = Cov [�iBi (t) ; �jBj (t+ s)] ; (10.11)

where s � 0: The process fB (t) j t � 0g is defined on a filtered prob-

ability space which is equiped with the filtration
�
FBt
�
0�t�T of F : For

0 � t � T; FBt is given by � fB (s) j 0 � s � tg, completed by events of

zero probability P:
The matrix � is given by � = (�i;j)i=1;2;:::;n;j=1;2;:::;n and we use k to

denote its rank. The correlation �i;j is for every i; j = 1; 2; : : : ; n defined
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as

�i;j = Corr [�iBi (t) ; �jBj (t+ s)] ; (10.12)

and we can write that �i;j = �i;j�i�j :

We prove that (10.10) can be rewritten in the canonical form (10.1).

Theorem 10.4.1 Assume the dynamics of a multivariate stock price model

are given by (10.10).

There always exists a matrix � = (�i;j)i=1:n;j=1:k ; with rank
�
�
�
=

k � n; such that the stock price dynamics can be described by

dXi (t)
Xi (t)

= �idt+
kX
j=1

�i;jdWj (t) ; for i = 1; 2; : : : ; n; (10.13)

where fW (t) j t � 0g is a standard k-dimensional Brownian motion and

the filtration FWt coincides with the filtration FBt .

Proof. For any t > 0; define the vector � (t) as

� (t) = (�1B1(t); �2B2(t); : : : ; �nBn(t)) ;

whereas � (0) = 0: The orthogonal unit eigenvectors and eigenvalues of

the matrix� are denoted by ei and�i; respectively. Because the matrix�

is a non-negative semidefinite matrix, all eigenvalues are positive. The

rank of � is denoted by k: If �1 � �2 � : : : � �n; we have that the first k

eigenvalues are strictly positive and �k+1 = �k+2 = : : : = �n = 0:

The vectorW (t) = (W1 (t) ;W2 (t) ; : : : ;Wk (t)) is defined as

Wj (t) =
1p
�j



� (t) ; ej

�
; for j = 1; 2; : : : ; k;

where h:; :i denotes the scalar product. It can be proven thatW (t) has a

k-dimensional standard normal distribution andWj (0) = 0:The process
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fW (t) j t � 0g is a k-dimensional standard Brownian motion with con-

tinuous sample paths

Let � be the n� k matrix of rank k containing the elements �i;j :

� =
hp
�1e

0
1;
p
�2e

0
2; : : : ;

p
�ke

0
k

i
:

Define the n-dimensional Brownian motion
n eB (t) j t � 0o as follows:

eBi (t) = 1

�i

kX
j=1

�i;jWj (t) ; for i = 1; 2; : : : ; n: (10.14)

We have

E
h� (t)� �W (t)

2i = E" nX
i=k+1



� (t) ; ei

�2#
=

nX
i=k+1

�i = 0:

So we find that E
�B (t)� eB (t)2� = 0;which implies that

Z +1

0

E
�B (t)� eB (t)2�dt = 0:

Applying Fubini’s theorem proves that
R +1
0

B (t)� eB (t)2dt = 0; al-

most surely and

P
h
B (t) = eB (t) ; for a.e. t � 0

i
= 1:

Both fB (t) j t � 0g and
n eB (t) j t � 0ohave continuous paths, from which

we can conclude that

Bi (t) =
1

�i

kX
j=1

�i;jWj (t) ; for i = 1; 2; : : : ; n;

holds P-a.s. This proves (10.13).
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The two filtrations coincide because fB (t) j t � 0g and fW (t) j t � 0g
are linear transformations of each other.

From Theorem 10.4.1, we find that the logreturns of model (10.10)

are again described by (10.2). Assume that the dynamics can be de-

scribed by the canonical form (10.1) of the Black & Scholes model. Then

it does not hold true that we can rewrite these dynamics in the form of

(10.10). Indeed, when k > n; it is not true that for each t; FWt = FBt :
The following theorem gives necessary and sufficient conditions for

the multivariate Black & Scholes model (10.10) to be arbitrage-free and

complete.

Theorem 10.4.2 The multivariate Black & Scholes model (10.10) is com-

plete. For this model, the following statements are equivalent:

1. The model is arbitrage-free.

2. There exists an equivalent martingale measure.

3. There exists a unique martingale measureQ.

4. There exists a non-random vector  satisfying

�i = r +
kX
j=1

�i;jj ; for i = 1; 2; : : : ; n:

Proof. We first write the dynamics (10.10) in the canonical form using

Theorem 10.4.1. It follows from Theorem 10.3.2 that the multivariate

Black & Scholes model (10.10) is complete.

The equivalence relations (1) , (2) , (4) follow from Theorem

10.3.1.
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The proof of (3)) (2) is trivial.

For a proof of (2) ) (3) ; assume that there are two equivalent mar-

tingale measures, which we denote byQ andQ�:TakeA 2 F be any ran-

dom event. Because the market is complete, the contingent claim fT =

I (A) can be replicated by the corresponding admissible self-financing

strategy (� (t))t�0 : The discounted capital Y� (t) is a martingale under

bothQ andQ� with underlying filtration. Then

e�rTQ(A) = e�rTEQ [I (A)] = Y�(0);

and in a similar way we find e�rTQ�(A) = Y�(0). We can conclude that

Q (A) = Q� (A) for anyA 2 F which proves thatQ = Q�:

If the multivariate stock price dynamics are described by the multi-

variate Black & Scholes model (10.10), the market cannot be complete

without having a risk-neutral probability measureQ:

10.5 An arbitrage-free and complete multivari-
ate Black & Scholes model

In this section we will show that under reasonable assumptions, we ar-

rive at a special multivariate Black & Scholes model for the stock price

processes which is always arbitrage-free and complete.

In the canonical multivariate Black & Scholes model (10.1), there are

k random sources for the n traded stocks. We will first elaborate on the

choice of k: More precisely, it will be shown that it is reasonable to as-

sume that k = n and rank
�
�
�
= n: A first, intuitive, argument to avoid

the situation where k 6= n is the fact that it is not possible to construct
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a market where all the assets are independent when k < n and if k > n;

the market is not complete anymore.

10.5.1 k > n

Remember that � is an n � k matrix containing on row i and column j

the parameter �i;j : The rank of the matrix cannot exceed n: Assume for

the moment that

rank
�
�
�
= n:

This means that all the rows are linearly independent, while there are

(k � n) columns which can be expressed as linear combinations (l.c.)

of the remaining n columns. Without loss of generality, we may assume

that the first n columns are linearly independent, so each column j =

n + 1; n + 2; : : : ; k can be expressed as a l.c. of the first n columns. To

be more precise, for each j = n + 1; n + 2; : : : ; k, there exists a vector

�(j) 2 Rn such that

�i;j =

nX
l=1

�
(j)
l �i;l; for i = 1; 2; : : : ; n:

Using this relation in (10.1) and changing the order of summation leads

to

dXi (t)
Xi (t)

= �idt+
nX
j=1

�i;jdWj (t) +
nX
l=1

�i;l

kX
j0=n+1

�
(j0)
l dWj0 (t)| {z }

=dMl(t)

:

The n�dimensional stochastic process fM (t) j t � 0g is defined as

Mi (t) =Wi (t) +
kX

j0=n+1

�
(j0)
i Wj0 (t) ; for i = 1; 2; : : : ; n:
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We can now rewrite the multivariate price dynamics (10.1) as

dXi (t)
Xi (t)

= �idt+
nX
j=1

�i;jdMj (t) ; for i = 1; 2; : : : n: (10.15)

Although there are more than n random sources, each stock can be de-

scribed by a linear combination of n ‘funds’, where each fund is a blend

of the original random sourcesWj ; j = 1; 2; : : : ; k:

When k > n; the market is incomplete. Expression (10.15) shows

that we can use a smaller number of financial instruments and change

the filtration toFMt . As a result, the former incomplete market becomes

complete.

10.5.2 k < n

Consider the n� k matrix � containing the parameter �i;j on row i and

column j: Assume that

rank
�
�
�
= k;

so all the columns are linearly independent and it is not possible to

reduce the k random sources as we showed in Subsection 10.5.1. Be-

cause k < n; there are (n� k) rows which can be expressed as linear

combinations of the remaining k rows. Without loss of generality we

may assume that the first k rows are linearly independent. For each

i = k + 1; k + 2; : : : ; n; there exists a vector �(i) 2 Rk such that

�i;j =
kX
l=1

�
(i)
l �l;j ; for j = 1; 2; : : : ; k:

For each i = k + 1; k + 2; : : : ; n in (10.1), one obtains after changing the

order of summation:

dXi (t)
Xi (t)

= �idt+
kX
l=1

�
(i)
l

kX
j=1

�l;jdWj (t) :
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Note that
Pk

j=1 �l;jdWj (t) =
dXl(t)
Xl(t)

� �ldt; so we can write

dXi (t)
Xi (t)

= �idt+
kX
l=1

�
(i)
l

�
dXl (t)
Xl (t)

� �ldt
�
; for i = k + 1; k + 2; : : : ; n:

(10.16)

Expression (10.16) shows that if k < n and rank
�
�
�
= k; only the first

k assets can be considered as primary assets. The remaining (n� k)
assets behave as funds which hold a portfolio consisting of the primary

assets.

10.5.3 An arbitrage-free and complete multivariate Black
& Scholes model

Given the discussion in Subsections 10.5.1 and 10.5.2, it is reasonable

to assume that k = n and rank
�
�
�
= n: Under these assumptions, the

reduction techniques explained in Subsections 10.5.1 and 10.5.2 can-

not be applied and we are considering a market model which consists

of n primary assets which are driven by n different random sources. In

Theorem 10.5.1, we prove that in this situation, the stock price dynam-

ics can be equivalently described by n correlated Brownian motions or

by n independent Brownian motions.

Theorem 10.5.1 The multivariate stock price dynamics can be equiva-

lently described by the following two models.

1.

dXi (t)
Xi (t)

= �idt+
nX
j=1

�i;jdWj (t) ; for i = 1; 2; : : : ; n; (10.17)

where � 2 Rn and � = (�i;j)i;j=1:n : The filtration at time t 2 [0; T ]
is FWt and rank

�
�
�
= n:



An arbitrage-free and complete multivariate Black & Scholes model207

2.
dXi (t)
Xi (t)

= �idt+ �idBi (t) ; for i = 1; 2; : : : ; n; (10.18)

where � 2 Rn and � = (�i;j)i;j=1:n : The dependence structure be-

tween the Brownian motions Bi (t) is captured by (10.11). The fil-

tration at time t 2 [0; T ] is FBt and rank(�) = n:

For each t 2 [0; T ]we have that FWt = FBt and � = �� �T :

Proof. From Theorem 10.4.1, we find in case the dynamics are de-

scribed by model (10.18), we can always find a matrix �, such that the

dynamics are described by model (10.17), where the filtrations coin-

cide.

Assume for the moment that the stock price dynamics are described

by (10.17). For each i;we define �i as �2i =
Pk

j=1 �
2
i;j and the stochastic

process fBi (t) j t � 0g as

Bi (t) =
1

�i

nX
j=1

�i;jWj (t) : (10.19)

It can be shown that fBi (t) j t � 0g is again a standard Brownian mo-

tion.

The process fB (t) j t � 0g is defined on a filtered probability space which

is equiped with the filtration
�
FBt
�
0�t�T of F : From (10.19), it follows

that we can take FBt = FWt ; for each t 2 [0; T ]. The quantity �i;j is

defined as

�i;jt = Cov [�iBi (t) ; �jBj (t+ s)]

and the variance-covariance matrix � is given by

� =

0BBB@
�21 �1;2 � � � �1;n
�2;1 �22 � � � �2;n

...
...

. . .
...

�n;1 �n;2 � � � �2n

1CCCA ;
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which shows that we can rewrite (10.17) as (10.18), where � = � � �T :

A stock market where the different stocks are assumed to follow one

of the equivalent multivariate Black & Scholes models (10.17) or (10.18)

is arbitrage-free and complete.

Theorem 10.5.2 The multivariate Black & Scholes models (10.17) and

(10.18) are complete and arbitrage-free.

Proof. Both models are equivalent, so it suffices to prove that (10.17) is

always arbitrage-free and complete. Note that rank
�
�
�
= rank(�) = n:

The matrix � is assumed to be of full rank, which implies that �
�1

al-

ways exists. As a consequence, we find from Theorem 10.3.1 that the

multivariate Black & Scholes model (10.17) is always arbitrage-free. In-

deed, we can always find a vector  2 Rn such that (10.8) holds. Because

rank
�
�
�
= n; we find from Theorem 10.3.2 that (10.17) is a complete

market.

10.6 Notes and references

In this chapter we described two multivariate stock price models which

extend the classical one-dimensional Black & Scholes model. The canon-

ical multivariate Black & Scholes model was introduced in Section 10.3.

In Karatzas & Shreve (1998), this model is considered for the more gen-

eral case where the interest rates and the parameters are stochastic.

In Section 10.4, we considered a second multivariate Black & Scho-

les model. Furthermore, we showed under which conditions both mul-

tivariate Black & Scholes models coincide. A similar result was proven
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in Frey (2009) and Björk (1998).
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CHAPTER 11

Index options: A model-based approach

The results described in this chapter are based on the paper Dhaene,

Linders & Schoutens (2013). We derive an upper and a lower bound for

the price of an index option; see Kaas et al. (2000). A moment matching

technique, introduced in Vyncke et al. (2004), is used to combine the

bounds in an approximate value.

11.1 The financial market

We consider a market with n non-dividend paying stocks. Furthermore,

we assume that the stock price dynamics can be described by the mul-

tivariate Black & Scholes model (10.18). In Theorem 10.5.2 it is proven

that this stock price model is free of arbitrage and complete.

Following Theorem 10.4.2, we know that there exists a unique risk-

neutral measure Q. Under this risk-neutral pricing measure, the stock

prices at time T are following a lognormal distribution:

211
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ln
Xi (T )

Xi (0)

Q
= N

��
r � 1

2
�2i

�
T; �2i T

�
; for i = 1; 2; : : : ; n; (11.1)

where ‘
Q
= ’ denotes an ‘equality in distribution under theQ-measure’.

The current price of any pay-off at time T can be represented as the

discounted expectation of this pay-off. In this price-recipe, discounting

is performed using r, whereas expectations are taken with respect toQ;

see Section 8.2. Given the risk-neutral dynamics (11.1) for Xi; call and

put options written on stock i can be priced using the Black & Scholes

option pricing formula; see Black & Scholes (1973):

Ci [K] = Xi (0)� (di;1)�Ke�rT� (di;2) ; (11.2)

Pi [K] = Ke�rT� (�di;2)�Xi (0)� (�di;1) ; (11.3)

with

di;1 =

�
r + 1

2�
2
i

�
T � ln K

Xi(0)

�i
p
T

;

di;2 = di;1 � �i
p
T :

When the financial market can be described by the multivariate Black

& Scholes model, the individual stocks are following a lognormal distri-

bution. Furthermore, the prices of vanilla options are given in closed

form.

The stock market index S; defined in (8.7), is a blend of n depen-

dent lognormal random variables and its distribution is unknown. As a

result, the prices of index options are not easy to derive. One solution

would be to to use a Monte Carlo simulation. To avoid this time con-

suming procedure, we derive the approximate values C [K] and P [K]

for the index option pricesC [K] andP [K] ; respectively, which are given

in closed form.
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11.2 Convex approximations for index options

In this section, we derive a convex upper bound and lower bound for

the prices C [K] and P [K] of a European call and put on the index S;

respectively: In a last step, the upper and lower bound are combined

into one single approximate value for the price of an index call or put

option.

11.2.1 Upper bound

In this subsection, we replace the real sum S by the random sum Sc;

which is defined as

Sc = w1F
�1
X1
(U) + : : :+ wnF

�1
Xn
(U) : (11.4)

The index Sc is called the comonotonic stock market index and it is, like

the index S; a weighted average of the marginalsX1; X2; : : : ; Xn; but the

dependence structure is assumed to be comonotonic.

Consider the pay-offs (Sc �K)+ and (K � Sc)+ at time T: These

pay-offs can be interpreted as pay-offs of an index call and put option

written on a stock market index that can be described by Sc:Note, how-

ever, that these options are not traded actively and its prices cannot be

observed in the market, because the stock market index S is in general

not equal to the comonotonic stock market index Sc. If we denote the

prices of these index options by Cc [K] and P c [K] ; we can determine

them as:

Cc [K] = e�rTE
�
(Sc �K)+

�
; (11.5)

P c [K] = e�rTE
�
(K � Sc)+

�
:
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For the comonotonic index option prices, we can prove the put-call par-

ity

Cc [K] = P c [K]� e�rTK + e�rTE [S] : (11.6)

The following theorem gives an upper bound for the prices C [K] and

P [K] :

Theorem 11.2.1 The index call and put option prices C [K] and P [K]

are constrained from above by Cc [K] and P c [K] ; respectively:

C [K] � Cc [K] ; for allK � 0;

P [K] � P c [K] ; for allK � 0:

Proof. This is a direct consequence of the convex order relation (5.18).

Theorem 11.2.1 holds regardless the assumption about the marginal

distributions FXi
: In this section, we specify the marginal distributions

to be lognormally distributed. In this special case, we can determine Sc

explicitly in terms of the marginal volatilities, the risk-free rate and the

cdf of a standard normal distribution.

Theorem 11.2.2 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18). The comonotonic market index

Sc is given by the following expression:

Sc
Q
=

nX
i=1

wiXi (0) exp

��
r � �

2
i

2

�
T + �i

p
T��1 (U)

�
; (11.7)

where � denotes the cdf of a standard normal random variable and U

denotes a r.v. which is uniformly distributed on the unit interval. Its vari-
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ance is given by

Var [Sc] =
nX
i=1

nX
j=1

wiwjXi (0)Xj (0) e2rT
�

e�i�jT � 1
�
: (11.8)

Proof. The marginal risk-neutral distributions are given by (10.6). If we

combine this expression with Theorem 4.1.1, we find that the inverse

cdf F�1Xi
is given by

F�1Xi
(p) = Xi (0) exp

��
r � �

2
i

2

�
T + �i

p
T��1 (p)

�
: (11.9)

Taking into account the definition of Sc in (11.4) proves (11.7).

We write the variance Var[Sc] as

Var [Sc] =
nX
i=1

nX
j=1

wiwjCov
h
F�1Xi

(U) ; F�1Xj
(U)
i
:

We have that

Cov
h
F�1Xi

(U) ; F�1Xj
(U)
i
= Xi (0)Xj (0) e2rT�

1
2 (�

2
i+�

2
j )T

� Cov
h

e�i
p
T��1(U); e�j

p
T��1(U)

i
:

Note that if � 2 R; then E
h

e��
�1(U)

i
= e

�2

2 and

Cov
h

e�i
p
T��1(U); e�j

p
T��1(U)

i
= e

1
2 (�

2
i+�

2
j )T

�
e�i�jT � 1

�
;

for each pair i; j = 1; 2; : : : n;which proves (11.8).

In the following theorem, we prove that the upper bound Cc [K] for

the index call option and the upper bound P c [K] for the index put op-

tion can be expressed in terms of vanilla call and put option prices on

the components of S:
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Theorem 11.2.3 The prices Cc [K] and P c [K] of the index options with

pay-off at time T given by (Sc �K)+ and (K � Sc)+, respectively, can be

expressed as follows:

Cc [K] =

nX
i=1

wiCi [K
�
i ] ; (11.10)

P c [K] =
nX
i=1

wiPi [K
�
i ] ; (11.11)

where

K�
i = Xi (0) exp

��
r � �

2
i

2

�
T + �i

p
T��1 (FSc (K))

�
; (11.12)

and FSc (K) is determined using the relation

nX
i=1

wiK
�
i = K: (11.13)

Proof. The sum Sc is a comonotonic sum. Furthermore, the marginal

cdf’s FXi
are strictly increasing and continuous for all i = 1; 2; : : : ; n:

From Theorem 5.1.2 we find that also FSc is continuous and strictly in-

creasing. From (11.7), if follows that
�
F�1+Sc (0) ; F�1Sc (1)

�
= (�1;+1) :

The result follows then from combining (11.9) with (5.16) and (5.17).

The right hand side of (11.10) is a linear combination of vanilla call

options and the right hand side of (11.11) is a linear combination of

vanilla put options. Using the Black & Scholes option pricing formula

we can find an analytical expression for the prices Cc [K] and P c [K] :

Theorem 11.2.4 The prices Cc [K] and P c [K] of the index options with

pay-off at time T given by (Sc �K)+ and (K � Sc)+, respectively, can be
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expressed as follows:

Cc [K] =
nX
i=1

wi
�
Xi (0)� (di;1)�K�

i e�rT� (di;2)
�
; (11.14)

P c [K] =
nX
i=1

wi
�
K�
i e�rT� (�di;2)�Xi (0)� (�di;1)

�
(11.15)

whereK�
i is defined in (11.12) of Theorem 11.2.3 and

di;1 =
ln Xi(0)

K�
i
+
�
r +

�2i
2

�
T

�i
p
T

;

di;2 = di;1 � �i
p
T :

Proof. Using expressions (11.2) and (11.3) in Theorem 11.2.3 proves the

result.

11.2.2 Lower bound

In this subsection we replace the market indexS by the conditional sum

Sl;which is defined as follows:

Sl = w1E [X1 j �] + : : :+ wnE [Xn j �] ; (11.16)

where

� =

nX
i=1

�i ln
Xi
Xi (0)

; (11.17)

for �i > 0: In Kaas et al. (2000) it is proven that the sum Sl is a convex

lower bound for the sum S1:

Sl �cx S: (11.18)

1A proof of (11.18) is given in Appendix B.
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Consider the pay-offs (Sl �K)+ and (K � Sl)+ which have to be

paid at time T: These pay-offs can be interpreted as the pay-offs of an

index call and put option written on a stock market index which can

be described by Sl: The stock market index S will differ from Sl; which

makes it impossible to invest in the index Sl. We denote by Cl [K] and

P l [K] the prices of the synthethic index call and put options written on

Sl: The theoretical prices of these options are given by

Cl [K] = e�rTE
h�
Sl �K

�
+

i
;

P l [K] = e�rTE
h�
K � Sl

�
+

i
:

We can prove the put-call parity for these options:

Cl [K] = P l [K]� e�rTK + e�rTE [S] : (11.19)

Theorem 11.2.5 The index call and put option prices C [K] and P [K]

are constrained from below by Cl [K] and P l [K] ; respectively:

Cl [K] � C [K] ; for allK � 0;

P l [K] � P [K] ; for allK � 0:

Proof. This is a direct consequence of the convex order relation (11.18).

If the marginals are lognormally distributed, an analytical expres-

sion for Sl in terms of the r.v. �; the risk-free rate r, the maturity T and

the marginal volatilities �i can be derived.

Theorem 11.2.6 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18). The convex lower bound Sl can

be expressed as follows:

Sl
Q
=

nX
i=1

wiXi (0) exp

��
r � �

2
i

2
r2i

�
T + ri�i

p
T��1 (U)

�
: (11.20)
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In this formula, ri = Corr
h
ln Xi

Xi(0)
;�
i

and

�
Q
=

nX
i=1

�i

��
r � �

2
i

2

�
T + �i

p
TBi (1)

�
: (11.21)

The variance is given by

Var
�
Sl
�
=

nX
i=1

nX
j=1

wiXi (0)wjXj (0) e2rT
�

erirj�i�jT � 1
�
: (11.22)

Proof. Note that Bi (T )
d
=
p
TN (0; 1) ; for i = 1; 2; : : : ; n: From (11.1),

we find that the risk-neutral dynamics of the logreturns are given by

ln
Xi
Xi (0)

Q
=

�
r � 1

2
�2i

�
T + �iBi (T ) :

From (11.17) we find (11.21). Furthermore, � has a normal distribution

with mean ��T and variance �2�T: Remember that for a bivariate nor-

mal distribution (X;Y ) with � = Corr[X;Y ] ; we have that X j Y has

again a normal distribution with mean:

E [X j Y ] = E [X] + �Var (X)
Var (Y )

(Y � E [Y ]) ; (11.23)

and variance Var[X]
�
1� �2

�
:Using expression (11.23), we find that

ln Xi

Xi(0)
j � has a normal distribution with mean

E
�
ln

Xi
Xi (0)

j �
�
=

�
r � �

2
i

2

�
T + ri�i

p
T

�
�� E [�]
Var (�)

�
;

and variance

Var
�
ln

Xi
Xi (0)

j �
�
= �i

p
T
�
1� r2i

�
:

Finally, the equality
�
��E[�]
Var[�]

�
d
= ��1 (U) proves (11.20).

The proof of (11.22) follows the same lines as the proof of (11.8).
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Remark 11.2.1 (Calculation of ri) The variances of � and Xj are both

involved in the calculation of ri: The variance of � is denoted by �2�T .

Using (10.12) and (11.21), we find that

�2� =
nX
i=1

�2i�
2
i + 2

nX
i=1
j<i

�i�j�i;j�i�j :

Plugging the variance �2� in the formula for the correlation ri results in

Corr
�
ln

Xi
Xi (0)

;�

�
=

Cov
h
ln Xi

Xi(0)
;�
i

p
Var (Xi)Var (�)

=
T
Pn

j=1 �jCov [�iBi (1) ; �jBj (1)]

T�i��

=

Pn
j=1 �j�i;j�j

��
: (11.24)

Given that �i;j � 0; all correlations ri are positive.

O
In general, the sum Sl is not a comonotonic sum. Therefore, we

make the following assumption:

Assumption : ri > 0 for all i = 1; 2; : : : ; n: (11.25)

Under this assumption, the market index Sl can be expressed as a sum

of n comonotonic lognormal random variables:

Sl
Q
=

nX
i=1

wiVi;

where Vi
Q
= Xi (0) exp

n�
r � �2i

2 r
2
i

�
T + ri�i

p
T��1 (U)

o
can be consid-

ered as an adjusted stock price process for stock i: Under this adjusted
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price process, the stock price at time T is again lognormally distributed:

ln
Vi
Vi (0)

Q
= N

��
r � �

2
i

2
r2i

�
T; r2i �

2
i T

�
: (11.26)

The following theorem states that the prices Cl [K] and P l [K] can be

expressed as a weighted sum of n vanilla option prices, written on the

adjusted stock prices Vi:

Theorem 11.2.7 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18), where �i;j � 0; for all i; j: The

pricesCl [K] and P l [K] of the index options with pay-off at time T given

by
�
Sl �K

�
+

and
�
K � Sl

�
+

, respectively, can be expressed as follows:

Cl [K] =
nX
i=1

wie�rTE
�
(Vi �K�

i )+
�
; (11.27)

P l [K] =
nX
i=1

wie�rTE
�
(K�

i � Vi)+
�
; (11.28)

where

K�
i = Xi (0) exp

��
r � �

2
i

2
r2i

�
T + ri�i

p
T��1 (FSl (K))

�
;

and FSl (K) is determined using

nX
i=1

wiK
�
i = K:

Proof. The assumption (11.25) assures that Sl is a sum of the comono-

tonic r.v.’s V1; V2; : : : ; Vn: Each Vi has a lognormal distribution and from

Theorem 4.1.1, we find that

F�1Vi (p) = Xi (0) exp

��
r � ri�

2
i

2

�
T + ri�i

p
T��1 (p)

�
: (11.29)
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The sum Sl is a comonotonic sum. Furthermore, the marginal cdf’s FVi
are strictly increasing and continuous for all i = 1; 2; : : : ; n: From The-

orem 5.1.2 we find that also FSl is continuous and strictly increasing.

From (11.20), if follows that
�
F�1+
Sl

(0) ; F�1
Sl
(1)
�
= (�1;+1) : The re-

sult follows then from combining (11.9) with (5.16) and (5.17).

Theorem 11.2.8 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18), where �i;j � 0; for all i; j: The

pricesCl [K] and P l [K] of the index options with pay-off at time T given

by
�
Sl �K

�
+

and
�
K � Sl

�
+

, respectively, can be expressed as follows:

Cl [K] =
nX
i=1

wi
�
Xi (0)� (di;1)�K�

i e�rT� (di;2)
�
; (11.30)

P l [K] =
nX
i=1

wi
�
K�
i e�rT� (�di;2)�Xi (0)� (�di;1)

�
; (11.31)

where theK�
i is defined as in Theorem 11.2.7 and

di;1 =
ln Xi(0)

K�
i
+
�
r +

�2i
2 r

2
i

�
T

ri�i
p
T

;

di;2 = di;1 � ri�i
p
T :

Proof. The marginals Vi; i = 1; 2; : : : ; n have a lognormal distribution;

see (11.26). Combining this observation with (11.2) and (11.3) results in

a closed form expression for e�rTE
�
(Vi �K�

i )+
�

and e�rTE
�
(K�

i � Vi)+
�

for i = 1; 2; : : : ; n: Using these expressions in (11.27) and (11.28) proves

the result.
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11.2.2.1 On the choice of �i

In Chapter 7 it is proven that for a sufficiently nice convex function2

u, we have that E
�
u
�
Sl
��
� E [u (S)] : Moreover, if u is strictly convex

E
�
u
�
Sl
��
= E [u (S)] is equivalent with Sl d

= S. Therefore, it is reason-

able to take �i such that E
�
u
�
Sl
��

is as close as possible to E [u (S)] ; for

a particular function u:

We choose u to be equal to u (x) = (x� E [S])2 : Then E [u (S)] =
Var[S] and we approximate the variance of Sl as follows:

E
�
u
�
Sl
��
= Var

�
Sl
�
�

nX
i=1

nX
j=1

wiXi (0)wjXj (0) e2rT rirj�i�jT:

(11.32)

Remember that ri = Corr
h
ln Xi

Xi(0)
;�
i
; so we can write

ri�i
p
T =

Cov
h
ln Xi

Xi(0)
;�
i

��
:

Using this relation, the right hand side of (11.32) becomes

nX
i=1

nX
j=1

wiXi (0)wjXj (0) e2rT
Cov

h
ln Xi

Xi(0)
;�
i

Cov
h
ln

Xj

Xj(0)
;�
i

�2�
:

which can be written as�
Cov

hPn
i=1 wiXi (0) erT ln Xi

Xi(0)
;�
i�2

�2�
:

2A function u is sufficiently nice if has an absolutely continuous derivative u0.
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Finally, we can approximate the variance as follows:

E
�
u
�
Sl
��
= Var

�
Sl
�
�
 

Corr

"
nX
i=1

wiXi (0) erT ln
Xi
Xi (0)

;�

#!2
(11.33)

� Var

"
nX
i=1

wiXi (0) erT ln
Xi
Xi (0)

#
:

If E
�
u
�
Sl
��

reaches its maximal value, E
�
u
�
Sl
��

is as close as pos-

sible to E [u (S)] : The right hand side of (11.33) is maximal if we take �

such that

Corr

"
nX
i=1

wiXi (0) ln
Xi
Xi (0)

;�

#
= 1:

So we find that a globally optimal choice for � is

� =
nX
i=1

wiXi (0) erT ln
Xi
Xi (0)

;

hence

�i = wiXi (0) erT ; for i = 1; 2; : : : ; n: (11.34)

11.2.3 Moment based approximation

The upper and lower bounds derived in Theorems 11.2.4 and 11.2.8 can

be combined in one approximate value for the prices C [K] and P [K] ;

which we denote by C [K] and P [K] ; respectively: This approximation

will be a linear combination of the convex upper and lower bound, us-

ing a factor z 2 (0; 1) :

C [K] = zCl [K] + (1� z)Cc [K] ; for allK � 0; (11.35)

P [K] = zP l [K] + (1� z)P c [K] ; for allK � 0: (11.36)
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The non-increasing convex curveC and the non-decreasing convex curve

P can be interpreted as option curves of a synthetic stock market index

S: The index S is not traded in the market, but the theoretical price of

an index option on S is given by

C [K] = e�rTE
h�
S �K

�
+

i
; for allK � 0; (11.37)

P [K] = e�rTE
h�
K � S

�
+

i
; for allK � 0: (11.38)

The cdf FS can be expressed in terms of the cdf’s FSl and FSc :

Theorem 11.2.9 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18), where �i;j � 0; for all i; j: Assume

that the prices for index call and put options are given by (11.35) and

(11.36), respectively. The cdf FS of S such that (11.37) and (11.38) hold,

is given by

FS (x) = zFSl (x) + (1� z)FSc (x) ; for all x 2 R: (11.39)

Proof. If the price of an index call option is given by (11.37), we can

determine the cdf FS via the relation

FS (x) = 1 + erTC
0
[x+] ;

whereC
0
[x+] denotes the right derivative ofC in x; see (8.15). Applying

this relation in (11.35) proves (11.39).

Different values for z will lead to different option curves C and P

and as a result also to different distributions for S . The value for z in

(11.35) is determined such that E
�
u
�
S
��
= E [u (S)] : The latter equality

cannot be used to conclude that S d
= S because the r.v.’s S and S are not

convex ordered.
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Theorem 11.2.10 Consider a market where the assets follow the multi-

variate Black & Scholes model (10.18), where �i;j � 0; for all i; j: If in

(11.35) and (11.36), z is given by

z =
E [u (Sc)]� E [u (S)]
E [u (Sc)]� E [u (Sl)] ; (11.40)

then E
�
u
�
S
��
= E [u (S)] :

Proof. From Theorem 3.3.1, we find that E
�
u
�
S
��
� E [u (S)] can be

expressed as

E
�
u
�
S
��
� E [u (S)] =Z E[S]

0

u00 (K)
�
P [K]� P [K]

�
dK +

Z +1

E[S]
u00 (K)

�
C [K]� C [K]

�
dK:

Inserting (11.35) in this expression results in

E
�
u
�
S
��
� E [u (S)] =Z E[S]

0

u00 (K)
�
zP l [K] + (1� z)P c [K]� P [K]

�
dK

+

Z +1

E[S]
u00 (K)

�
zCl [K] + (1� z)Cc [K]� C [K]

�
dK

= E [u (Sc)]� E [u (S)]� z
�
E [u (Sc)]� E

�
u
�
Sl
���
;

from which we find that E
�
u
�
S
��
� E [u (S)] = 0 if z is given by (11.40).

Throughout this chapter, we will use the choice u (x) = (x� E [S])2.

Theorem 11.2.10 states that if we take

z =
Var [Sc]� Var [S]
Var [Sc]� Var [Sl]

; (11.41)

then the index option surface is approximated such that

Var
�
S
�
= Var [S] :
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We will use C [K] and P [K] as approximations for the prices of index

call and put options:

C [K] � C [K] ; for allK � 0;

P [K] � P [K] ; for allK � 0:

Numerical illustrations of the convex approximations C and P are

discussed in the following section.

11.3 Numerical illustration

The efficiency of the comonotonic approximations C [K] and P [K] for

the option prices C [K] and P [K] is discussed in this section with the

help of a numerical illustration. We consider the bivariate case, so n =

2. The correlation between the stocks is denoted by � and S (T ) =

w1X1 (T ) + w2X2 (T ) : The interest rate r is set to 5%. An example with

equal weights and another example with unequal weights will be inves-

tigated. In each situation, we compare the approximate option prices

with the corresponding Monte Carlo estimates, where 106 simulated

values are used. We determine option prices for the maturities T = 1

and T = 3: Note that strike prices are expressed in terms of forward

moneyness. A basket strike price K has forward moneyness equal to
K
E[S] :

In a first illustration, we assume that the current prices of the non-

dividend paying stocks are given by X1 (0) = X2 (0) = 100 and the

weights are equal, w1 = w2 = 0:5: The results are listed in Table 11.1.

Table 11.2 gives the numerical values for the situation where the

weights and the initial stock prices are different. Here, we have that

X1 (0) = 130 andX2 (0) = 70. Furthermore,w1 = 0:3 andw2 = 0:7: Both
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tables show that the approximate values are very close to the simulated

values. The two situations considered in Table 11.1 and 11.2 are also

handled in Deelstra et al. (2004). In this paper, the authors discuss vari-

ous approximations for the price of an arithmetic basket option, which

are also based on comonotonic approximations. To improve the ap-

proximations C [K] and P [K] ; one can use more advanced moment

matching techniques; see Deelstra et al. (2004). However, the results

presented here are already more than acceptable.
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Table 11.1: Comparing approximations: r = 5%; w1 = w2 =
0:5; X1(0) = X2(0) = 100

K T � � Cmc[K] �C[K]
�C[K]

Cmc[K]

10%OTM
115.64 1 0.3 0.2 2.9 2.8987 0.04%

0.4 9.12 9.1119 0.09%
0.7 0.2 3.72 3.7189 0.03%

0.4 10.88 10.8794 0.01%
127.80 3 0.3 0.2 7.39 7.3835 0.09%

0.4 18.85 18.8329 0.09%
0.7 0.2 8.92 8.9149 0.06%

0.4 21.66 21.6648 -0.02%
ATM

105.13 1 0.3 0.2 6.44 6.4352 0.07%
0.4 12.9 12.8916 0.07%

0.7 0.2 7.35 7.3463 0.05%
0.4 14.64 14.6426 -0.02%

116.18 3 0.3 0.2 11.17 11.1614 0.08%
0.4 22.41 22.3928 0.08%

0.7 0.2 12.69 12.698 -0.06%
0.4 25.12 25.1277 -0.03%

10% ITM
94.61 1 0.3 0.2 12.37 12.3706 0.001%

0.4 17.88 17.8846 -0.03%
0.7 0.2 13.08 13.0876 -0.06%

0.4 19.47 19.4697 0.001%
104.57 3 0.3 0.2 16.34 16.333 0.04%

0.4 26.62 26.625 -0.02%
0.7 0.2 17.71 17.7028 0.04%

0.4 29.19 29.1794 0.04%
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Table 11.2: Comparing approximations: r = 5%; w1 = 0:3; w2 =
0:7; X1(0) = 130; X2(0) = 70

K T � � Cmc[K] �C[K]
�C[K]

Cmc[K]

10%OTM
101.76 1 0.3 0.2 2.57 2.5694 0.02%

0.4 8.07 8.0573 0.16%
0.7 0.2 3.28 3.2802 -0.01%

0.4 9.61 9.5893 0.22%
112.47 3 0.3 0.2 6.53 6.5289 0.02%

0.4 16.65 16.6277 0.13%
0.7 0.2 7.84 7.856 -0.20%

0.4 19.07 19.0865 -0.09%
ATM

92.51 1 0.3 0.2 5.69 5.6841 0.10%
0.4 11.39 11.3822 0.07%

0.7 0.2 6.47 6.474 -0.06%
0.4 12.9 12.9013 -0.01%

102.24 3 0.3 0.2 9.89 9.8532 0.37%
0.4 19.76 19.7567 0.02%

0.7 0.2 11.18 11.1859 -0.05%
0.4 22.12 22.1337 -0.06%

10%ITM
83.26 1 0.3 0.2 10.9 10.8978 0.02%

0.4 15.78 15.767 0.08%
0.7 0.2 11.52 11.5208 -0.01%

0.4 17.13 17.1442 -0.08%
92.02 3 0.3 0.2 14.41 14.4003 0.07%

0.4 23.46 23.4755 -0.07%
0.7 0.2 15.58 15.59 -0.06%

0.4 25.69 25.6985 -0.03%
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11.4 Notes and references

There is a long tradition in deriving bounds for sums of random vari-

able for which the marginal distributions are known, but the multi-

variate distribution is unspecified. This research goes back to Fréchet

(1951) and Hoeffding (1940). The derivation of convex upper and lower

bounds goes back to the work of Rogers & Shi (1995) and Kaas et al.

(2000). In these papers, the authors propose the idea of introducing

a conditioning random variable, which can be used to derive convex

lower bounds for a sum of dependent risks. The performance of the

convex bounds when considering a sum of lognormal random variables

was studied in Vanduffel et al. (2005) and extended in Kukush & Pu-

pashenko (2007).

In this chapter, we assume that stock prices can be adequately de-

scribed by a geometric Brownian motion, as was proposed by Samuel-

son (1965) and further investigated in Black & Scholes (1973) and Mer-

ton (1973).

The pricing of an index option in a Black & Scholes context using the

theory of comonotonicity was also considered in Deelstra et al. (2004).

Here, the price of a basket option is divided in an exact part and a part

that can be approximated using the theory of comonotonicity. The au-

thors also consider different choices for the random variable�:Another

approach to approximate the price of a basket option was applied in

Milevsky & Posner (1998), where the reciprocal gamma distribution is

used to approximate a sum of lognormals. Alternatively, one can use

a binomial tree model to price basket options; see e.g. Hull & White

(1993) or Rubinstein (1994). The pricing of basket options using Quasi-

Monte Carlo simulation is discussed in Joy et al. (1993). The approxi-
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mate basket option valuation within a jump diffusion model is consid-

ered in Xu & Zheng (2010). In McWilliams (2011), the author uses the

theory of comonotonicity to derive approximations for the index op-

tion price in a stochastic delay model.
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Men, it has been well said, think in herds, it will be seen that
they go mad in herds, while they only recover their senses
slowly, and one by one.

Charles Mackay

CHAPTER 12

The herd behavior index

This chapter is to a large extent based on Linders et al. (2013) and Dhaene,

Linders, Schoutens & Vyncke (2012).

12.1 Introduction

Never put all your eggs in one basket. Investors are well aware of this ad-

vice and prefer to compose a blend of different stocks to invest in. This

is a prudent strategy because heavy losses in one asset can be countered

by gains of others. However, this diversification effect is fading away

when there is an increased co-movement between the stocks. It is well-

documented that periods of increased co-movement are tied to peri-

ods of high market stress. As a result, the diversification benefit evapo-

rates when it is needed the most. Therefore, having a notion about the

strength of the co-movement between stock prices gives market partic-

ipants the opportunity to take the necessary cautionary actions.

235
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In this chapter, we propose a new measure for the implied degree

of co-movement (or herd behavior) of asset prices which can be deter-

mined from available option data. Although hereafter we will restrict to

stock markets, the proposed methodology can be applied to any mar-

ket index provided an appropriate series of vanilla options is traded on

this index as well as on its components.

The volatility of a stock market index is determined by the volatil-

ities of the index components as well as by the dependence structure

among them. Higher individual volatilities and/or stronger positive in-

terdependences will increase the index volatility. A stronger positive

dependence structure is a sign of less diversification and a higher de-

gree of herd behavior. Bubbles and crashes may be explained in terms

of herd behavior. The tulip mania in the Netherlands in the 17th cen-

tury, the internet bubble around 1995-2000 and the US housing bubble

which peaked in 2006 are textbook examples of bubbles driven by greed

and by strong herd behavior. All these bubbles lead to major crashes in

the relevant markets. Crashes in financial markets typically occur when

individuals are driven by panic and join the crowd in a rush to get out of

the market, leading to dramatic price movements (fire-sales). The late-

2000’s financial crisis following the US housing bubble is an example of

this phenomenon.

Although herd behavior is often irrational, having information about

its magnitude is significant in that it gives insight into the degree of di-

versification that is obtained by investing in the market index. Similar

to volatility, the degree of herd behavior may be changing over time in a

random manner, which makes it a hard task to predict it from past data.

Derivative instruments take a forward looking view and their prices con-

tain information on the market participants’ perception on the future



The financial market 237

evolution of the market. A standard approach is to determine the volatil-

ity of a stock or a stock index that is implied by today’s market prices of

traded options. In a somewhat similar way, we will define and investi-

gate a new family of dependence measures. Each member of this family

can be used to define a barometer for the expected degree of herd be-

havior as implied by today’s option quotes on individual stocks in com-

bination with option prices on the corresponding index.

12.2 The financial market

Throughout this section, we consider the financial market described

in Section 8.2. We assume a financial market where n different (divi-

dend or non-dividend paying) stocks, labeled from 1 to n, are traded.

The price at time T of stock i is denoted by Xi. Hereafter, we will al-

ways silently assume that Xi � 0 for all i and that its first and second

order moments are finite. The standard deviation of Xi is denoted by

�Xi
. Pearson’s correlation coefficient between Xi and Xj is denoted by

Corr[Xi; Xj ].

We assume that we are in the finite market case, described in Sec-

tion 9.3. For stock i; i = 1; 2; : : : ; n, at current time 0, European call and

put options with strikes 0 = Ki;0 < Ki;1 < : : : < Ki;mi
< F�1Xi

(1) and

maturity T are available in the market. The prices of these options are

denoted by Ci [Ki;j ] and Pi [Ki;j ] ; i = 1; 2; : : : ; n; j = 0; 1; : : : ;mi. Fur-

thermore, we assume that F�1Xi
(1) is known and finite. We will denote

this ‘maximal value’ ofXi byKi;mi+1.

In the finite market case, the pricing distributions FXi
are in general

unknown. Therefore, hereafter we will often use the empirical distrib-

utions FXi
defined in Lemma 9.3.3 instead. The cdf FXi

is an empiri-
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cal version of FXi
which arises from approximating the partially known

convex call option curve Ci by the piecewise linear convex function

connecting the observed points (Ki;j ; Ci [Ki;j ]) ; j = 0; 1; : : : ;mi+1. The

approximate option curve is denoted byCi and defined in Lemma 9.3.1.

Alternatively, Lemma 9.3.4 can be used to replace the actual cdf FXi
by

its empirical version FXi : In this case, we have that the cdf FXi is an

empirical version of FXi which arises from approximating the partially

known convex put option curve Pi by the piecewise linear convex func-

tion connecting the observed points (Ki;j ; Pi [Ki;j ]) ; j =0; 1; : : : ; mi+1.

The approximate option curve is denoted by P i and defined in Lemma

9.3.2.

12.3 Swap rates and option curves

Consider the swap contract of which one leg pays the buyer (i.e. the

long party) the pay-off u(S) at time T . In exchange, the other leg pays

the seller a fixed amount P at time T , which was agreed upon at the

deal’s inception and set such that the price of the contract is 0 at time 0,

i.e.

0 = e�rTE [u(S)� P ] : (12.1)

This swap contract amounts to a T -year forward contract on a function

u of the index. The premium P is also called the swap rate of the swap

contract.

Assume that the function u : R+! R has an absolutely continuous

derivative u0: The swap rate E [u (S)] can be determined in a model-free

way. Let’s take a = E [S]. From Lemma 3.3.1 we find the following de-
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composition:

E [u (S)]�u (E [S]) (12.2)

=

Z E[S]

0

u00 (K) erTP [K]dK +

Z +1

E[S]
u00 (K) erTC [K]dK:

The swap rate E [u (S)] can be interpreted as a number which captures

the stock market index S in one real number by combining the call and

put index option surfaces.

In case the index option prices are known for all strikes, expression

(12.2) can be used to determine the swap rate in a model-free way, i.e.

based on observed option prices without making any model assump-

tion. However, from here on we make the more realistic assumption

that only a finite number of strikes are traded in the market. Let us

denote the first traded put option strike price below E [S] by K0. The

traded index put option strikes below E [S] are denoted by K�i; i =

0; 1; : : : ; l with K�l < K�l+1 < : : : < K�1 < K0 � E[S], whereas

the traded index call option strikes above E [S] are denoted by Ki; i =

1; : : : ; hwith E[S] < K1 < � � � < Kh�1 < Kh.

We will adopt the VIX methodology applied by the CBOE (Chicago

Board of Options Exchange) to deal with the lack of option information.

We approximate E [u (S)] as follows:

E [u (S)]�u (E [S]) (12.3)

� erT
hX

i=�l
u00 (Ki)�KiQ [Ki]�

u00 (K0)

2
(E [S]�K0)

2
: (12.4)

In this approximation, the�Ki are related to the resolution of the strike

grid. In particular, we have that�Ki =
Ki+1�Ki�1

2 for i = �l+1; : : : ; h�
1. For the lowest strikeK�l however,�K�l = K�l+1 �K�l, whereas for
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the highest strike Kh, we take �Kh = Kh �Kh�1. Furthermore, Q [Ki]

is defined as

Q [Ki] =

8<:
P [Ki] ; ifKi < K0;

C[Ki]+P [Ki]
2 ; ifKi = K0;

C [Ki] ; ifKi > K0:

(12.5)

The extra term (E [S]�K0)
2 in (12.5) is a contribution due to the dis-

cretization around the forward rateE [S]. A justification for this formula

can be found in Appendix C.2.

12.4 Perfect herd behavior

We briefly recapitulate the most important results concerning the co-

monotonic market as this special situation will play a crucial role in the

construction of the herd behavior measures.

12.4.1 Definition

The concept of comonotonicity was discussed in Chapter 4. Intuitively,

Definition 4.2.1 shows that a comonotonic set is a ‘thin’ set of which

all elements can be ordered from small to large. Obviously, comonoto-

nicity of (X1; : : : ; Xn) corresponds to an extremal positive dependence

structure, where the increase of the outcome of the price of a particular

stock i at time T , goes hand in hand with an increase of the outcomes

of all the other stock prices. This explains why the term comonotonic

(common monotonic) is used.

Notice that we defined comonotonicity of X in the P-world. Here,

the P-measure has to be interpreted as the real world probability mea-

sure, whereas the Q-measure corresponds to a pricing measure. As co-

monotonicity is defined in terms of the support of X and moreover, P
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and Q are equivalent measures, we have that comonotonicity in the P-

world is equivalent with comonotonicity in theQ-world.

Perfect herd behavior over a T -year time horizon corresponds with

a comonotonic dependence structure for the price vector X, meaning

that from today’s point of view all stock prices at time T are driven by a

single source of randomness: if one stock price will turn out to be large

at time T , all other stock prices will be large too. In practice, stock mar-

kets will never be comonotonic. Nevertheless, in this section we pay at-

tention to the comonotonic case, as we will need this extreme situation

in the next section when defining a measure for the ‘implied degree of

herd behavior’ in the stock market. We will propose to measure the de-

gree of herd behavior by comparing an appropriate linear combination

of observed index option prices with the same linear combination in

the corresponding comonotonic market situation.

Remember that the vectorX of the stock prices at time T with mar-

ginal distributions denoted byFXi , i = 1; 2; : : : ; n, is comonotonic if and

only if

(X1; : : : ; Xn)
d
=
�
F�1X1

(U) ; : : : ; F�1Xn
(U)
�
: (12.6)

Characterization (12.6) clearly shows that comonotonic risks are driven

by a single risk factor and exhibit extremal herd behavior. The weighted

sum of the components of the comonotonic vector defined in (12.6) is

denoted by Sc:

Sc =
nX
i=1

wiF
�1
Xi
(U) . (12.7)

In the finite market case, the pricing distributions FXi
are in general

unknown. Therefore, hereafter we will often use the empirical distri-

butions FXi
defined in Lemma 9.3.3 or 9.3.4 instead. In this case, the
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inverses F
�1
Xi

are given by

F
�1
Xi
(p) = Ki;j if FXi(Ki;j�1) < p � FXi(Ki;j); (12.8)

j = 0; 1; : : : ;mi + 1; p 2 (0; 1) ;

withKi;�1 = �1, by convention. Furthermore, we use the comonotonic

sum S
c

which was already defined in (9.27):

S
c
=

nX
i=1

wiF
�1
Xi
(U) : (12.9)

In the notation S
c
, the bar indicates that the empirical distributions

FXi
are used. Similar notational conventions are made for other sym-

bols that we will introduce hereafter. Taking into account that the cdf’s

FXi
are fully known, we find that also the cdf of S

c
is completely speci-

fied at current time 0; see Theorem 9.4.1.

We will call S
c

the comonotonic index price at time T . Obviously, S
c

is a synthetically created r.v., the outcome of which will not be observed.

The cdf of S
c

will turn out to be useful because it can be interpreted as

the ‘extreme cdf’ of the value of the index at time T . Indeed, it is the cdf

that coincides with the risk-neutral cdf of S, provided the risk-neutral

distributions of the stock pricesXi coincide with the empirical distrib-

utions FXi
and moreover, the stock prices (X1; : : : ; Xn) are comonoto-

nic.

12.4.2 Characterizations of perfect herd behavior

We introduce the following notations related to the comonotonic index

price Sc:

Cc [K] = e�rTE
�
(Sc �K)+

�
;

P c [K] = e�rTE
�
(K � Sc)+

�
: (12.10)
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Notice that Cc [K] and P c [K] cannot be interpreted as the prices of op-

tions that are available in the market; they should only be considered as

functions ofK.

The following theorem states a number of equivalent characteriza-

tions for non-negative r.v.’s (stock prices) to be comonotonic.

Theorem 12.4.1 Consider the vector X = (X1; : : : ; Xn) of non-negative

r.v.’s with fixed cdf ’s FXi
; i = 1; 2; : : : ; n. The function u : R+ ! R is

strictly convex, has an absolutely continuous derivative u0 and E [u (Sc)]
is finite. The following statements are equivalent:

(1)

(X1; : : : ; Xn) is comonotonic.

(2)

S
d
= Sc.

(3)

E [u (S)] = E [u (Sc)] :

(4)

C [K] = Cc [K] , for allK � 0:

(5)

P [K] = P c [K] , for allK � 0:

Proof. The proof is a direct result of Theorem 7.5.1 and expression

(7.30).
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12.4.3 Swap rates and the comonotonic market situation

Options on the comonotonic stock market index S
c
; defined in (9.31),

are denoted by C
c

and P
c

and

C
c
[K] = e�rTE

��
S
c �K

�
+

�
;

P
c
[K] = e�rTE

��
K � Sc

�
+

�
:

In general, the market is not comonotonic and the option prices C
c
[K]

and P
c
[K] cannot be observed in the market. Nevertheless, it makes

sense to define the functionsC
c

and P
c
: They represent a market which

is composed of the same n stocks, but now these components move

perfectly together.

In Theorem 9.3.3, we derived a pricing formula for comonotonic in-

dex options in the finite market case. If the stocks Xi are comonoto-

nic, the price of an index option can be replicated using vanilla call and

put options with the same maturity T; which are written on the com-

ponents of S. Hence, the comonotonic prices can be determined in a

model-free way using the prices of traded vanilla options. Given the

prices of vanilla options, a synthetic market situation can be created

which represents a market where the stocks are behaving in a comono-

tonic way.

In the comonotonic market situation, the fixed leg of the swap con-

tract (12.1) is given by E [u (Sc)] ; which can be interpreted as the co-

monotonic modification of the swap rate E [u (S)] : Here, the function

u is the same as the one used in (12.2). By changing the index option

prices in (12.2) by their comonotonic versions, we find that the swap
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rate E [u (Sc)] is given by

E
h
u
�
S
c
�i
�u (E [S])

=

Z E[S]

0

u00 (K) erTP
c
[K]dK +

Z +1

E[S]
u00 (K) erTC

c
[K]dK:

Inspired by (12.3), we can approximate this expression as follows

E
h
u
�
S
c
�i
�u (E [S]) (12.11)

� erT
hX

i=�l
�Kiu

00 (Ki)Q
c
[Ki]�

u00 (K0)

2
(E [S]�K0)

2
;

where�Ki is defined as in (12.3) and Q
c
[Ki] is the comonotonic mod-

ification of (12.5) and defined as

Q
c
[Ki] =

8><>:
P
c
[Ki] ; ifKi < K0;

C
c
[Ki]+P

c
[Ki]

2 ; ifKi = K0;

C
c
[Ki] ; ifKi > K0:

(12.12)

If the market is not comonotonic, the index option prices C
c
[K]

and P
c
[K] cannot be observed in the market. However, because these

prices can be determined in a model-free way using vanilla call and put

options, formula (12.11) gives a model-free way for the approximation

of the comonotonic swap rate E
h
u
�
S
c
�i
:

Remark 12.4.1 For a function u : (0;+1) ! R; one can have that

K�l = 0: In such a situation, we take

u00 (0) = lim
c
�!0

u00 (c) ;

to determine the approximations (12.3) and (12.11).
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12.5 Measuring the degree of herd behavior in
stock markets

12.5.1 The degree of herd behavior

From Chapter 7, Theorem 7.4.2, we can conclude that the swap rate

E [u (S)] contains information about the multivariate nature of a ran-

dom vectorX, provided the function u satisfies the appropriate condi-

tions. In this section, we define the degree of herd behavior as a measure

for the mean level of co-movement between stock prices by comparing

the swap rate E [u (S)]with its comonotonic modification E [u (Sc)] :
The following theorem is a special case of Theorem 7.4.2. It shows

that ifX �SM Y , one can prove an equality in distribution between the

vectorsX and Y by comparing their swap rates.

Theorem 12.5.1 Consider the vectorsX and Y , with respective sums SX

and SY . Furthermore, consider the interval I with P [SY 2 I] = 1, and

the strictly convex function u : I �! Rwith absolutely continuous deriv-

ative u0 such that E [u (SY )] is finite. IfX �SM Y ;we have that

E [u (SX)] � E [u (SY )] : (12.13)

Furthermore, we have that

E [u (SX)] = E [u (SY )] =) X
d
= Y : (12.14)

Proof. From (3.26), we find that X �SM Y implies SX �cx SY : If u0 is

absolutely continuous, convexity of u is equivalent with u00 (x) � 0, a.e.

on I: Inequality (12.13) then follows from Lemma 3.3.1. The marginals

Xi are bounded from below, which implies that the moment condition
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E
h
(SY )

n�1
�

i
< +1 is always fulfilled. Implication (12.14) then follows

from Theorem 7.4.2.

Expression (12.13) shows that the swap contract (12.1) with a con-

vex function u; becomes more expensive if there is an increased level of

co-movement between the stocks composing the index. The maximum

swap rate E [u (Sc)] is reached when the underlying vector is comono-

tonic; see Theorem 12.4.1. Consider a strictly convex function u, the

price vector X and the corresponding weighted sum S. From Jensen’s

inequality, we find that u (E [S]) � E [u (S)] : Combining Theorem 4.2.3

with inequality (12.13) gives

u (E [S]) < E [u (S)] � E [u (Sc)] : (12.15)

The bounds in (12.15) do not depend on the dependence structure.

Indeed, they are the same for everyX 2 R (FX1
; FX2

; : : : ; FXn
) : Clearly,

the gap E [u (S)] � u (E [S]) contains the information about the depen-

dence structure ofX. The stronger the co-movement between the com-

ponents, the larger this gap will be. The gap reaches the maximal value

E [u (Sc)]� u (E [S])when the vectorX is comonotonic.

Definition 12.5.1 (Degree of herd behavior) Consider a strictly convex

function u with an absolutely continuous derivative u0. The degree of

herd behavior of a random vector X is measured by the function �u [X]

as follows

�u [X] =
E [u (S)]� u (E [S])
E [u (Sc)]� u (E [S]) ;

provided the expectations are finite.

The number �u [X] takes values between 0 and 1: Following Theo-

rem 12.4.1, we find that a value of 1 represents the situation where the
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components are comonotonic. Define the classA as

A = fu j u is strictly convex and u0 is absolutely continuousg :

Every u 2 A results in a measure �u for the degree of herd behavior.

Put a = E [S] in Lemma 3.3.1. Then we find that

�u [X] =

R E[S]
�1 u00 (K)P [K]dK +

R +1
E[S] u

00 (K)C [K]dKR E[S]
�1 u00 (K)P c [K]dK +

R +1
E[S] u

00 (K)Cc [K]dK
: (12.16)

The degree of herd behavior is a measure for the standardized distance

between the actual sum S and the comonotonic sum Sc through the

index option curves.

From Corollary 5.2.2, we find that for any of the traded strikesK, the

following inequality holds:

C [K] � Cc [K] : (12.17)

Moreover, we also have that

P [K] � P c [K] : (12.18)

In practice, stock prices will typically not behave in a comonotonic

way, so the upper bounds Cc [K] and P c [K] in (12.17) and (12.18) will

not be reached. Laurence (2008) introduced the term comonotonicity

gap to indicate the difference between the comonotonic index option

price Cc [K], resp. P c [K], and the observed market price C [K], resp.

P [K], for an appropriate choice of the traded strike K. Obviously, the

comonotonicity gap will vary over time.

From expression (12.16), we find that the degree of herd behavior

measured by �u [X] can be considered as an extension of the comono-

tonicity gap. The whole index option curve is used to determine �u [X].
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Furthermore, any function u; satisfying the appropriate conditions, can

be used to combine the index option curves in a single real number

�u [X] :

12.5.2 Implied Herd Behavior Index

In order to investigate the ‘variation in degree of herd behavior’, here-

after we will introduce the Herd Behavior Index, which gives an indica-

tion of the degree of future co-movement of stock prices as implied by

today’s option prices. A consistent daily (or more frequent) recording of

this index will reveal information about the market perception on the

degree of future herd behavior and more important, about the evolu-

tion of this perception over time.

Taking into account Theorem 12.4.1, one could define the Herd Be-

havior Index as �u [X]. This index uses the difference E [u (S)]�u (E [S])
to represent the real market situation and compares it with E [u (Sc)] �
u (E [S]), which corresponds with the extreme case of comonotonicity

or perfect herd behavior. The measure �u [X] takes values in the interval

[0; 1]. It equals 1 if, and only if, the market is comonotonic. In general,

neither E [u (S)] nor E [u (Sc)] are observable. Therefore, we propose to

replace E [u (S)]� u (E [S]) by its approximation (12.3), which is a linear

combination of observed index option prices. It seems then natural to

replace E [u (Sc)] � u (E [S]) by approximation (12.11) for E
h
u
�
S
c
�i
�

u (E [S]), which is the corresponding linear combination of the como-

notonic index option prices. These considerations lead to the following

definition of the Herd Behavior Index.

Definition 12.5.2 Consider the random vector X representing the stock

prices Xi; i = 1; 2; : : : ; n at time T . The T -year implied Herd Behavior
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Index is defined as

HIXu [T ] =
erT

Ph
i=�l u

00 (Ki)�KiQ [Ki]� u00(K0)
2 (E [S]�K0)

2

erT
Ph

i=�l u
00 (Ki)�KiQ

c
[Ki]� u00(K0)

2 (E [S]�K0)
2
;

(12.19)

where u is a strictly convex function with an absolutely continuous deriv-

ative u0:

HIXu [T ] is a T -year forward looking measure for the degree of herd

behavior, which is calculated by comparing a weighted sum of traded

index option prices with the corresponding weighted sum of comono-

tonic index option prices. In order to calculate HIXu [T ], we need the

values ofQ [Ki] andQ
c
[Ki] ; i = �l; : : : ; h as input. TheQ [Ki] follow im-

mediately from the observed index option prices; see (12.5). TheQ
c
[Ki]

follow from the observed stock option prices; see (12.12) and Theorem

9.3.3. As no distributional assumptions have to be made, HIXu [T ] is a

model-free measure for the degree of herd behavior in the market. In

general, it may happen that there are no options available that expire

exactly at time T . In this case, HIXu [T ] is calculated by means of an ap-

propriate linear inter- or extrapolation; see Section 12.6.

12.5.3 HIX: the Herd Behavior Index

In this section we consider a special member of the family of herd be-

havior measures. This measure is labeled the Herd Behavior Index or

just HIX.

Define the function u : R+ �! R as follows

u (x) = x2:

This function has a continuous derivative. Moreover, we have thatu00 (x)

= 2. The corresponding measure for the degree of herd behavior is
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�u [X] =
E[u(S)]�u(E[S])
E[u(Sc)]�u(E[S]) : Some calculations learn that we can write �u [X]

as follows

�u [X] =
Var (S)
Var (Sc)

(12.20)

=

R E[S]
0

P [K]dK +
R +1
E[S] C [K]dKR E[S]

0
P c [K]dK +

R +1
E[S] C

c [K]dK
:

From (12.20) we find that the variance can be used to measure co-move-

ment. Following (12.19), we can construct the corresponding index for

the degree of herd behavior, which we call the HIX,

HIX [T ] =
2erT

Ph
i=�l�KiQ [Ki]� (E [S]�K0)

2

2erT
Ph

i=�l�KiQ
c
[Ki]� (E [S]�K0)

2
: (12.21)

The HIX is defined as the ratio of an option-based estimate of the risk-

neutral variance of the market index and an option-based estimate of

the corresponding variance in this (theoretical) extreme market situa-

tion. The HIX can be interpreted as a scaled variance index, with a time-

dependent scaling factor. The observed index option prices are used to

describe the real market situation, while the theory of comonotonicity

allows us to describe the extreme situation via the observed stock op-

tion quotes.

12.5.4 Herd behavior and correlation

Market practitioners are well aware of the risk related to a market with

strong positive dependences between the stock prices X1; X2; : : : ; Xn.

The most straightforward way to capture this risk is via the pairwise

correlations between the stock prices. In this section, we will show that

this approach may fail to capture the degree of herd behavior and could

even give misleading signals, especially in highly volatile markets.
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The variance of the market index price S can be written as

�2S =
nX
i=1

w2i �
2
Xi
+
X
i 6=j

wiwj�Xi�XjCorr [Xi; Xj ] : (12.22)

It is very tempting to try to express herd behavior in terms of then (n� 1)
correlations between the different stock prices. Such an approach, how-

ever, only reflects the market’s perception of the future correlations, not

the future degree of herd behavior. High correlations are indeed a sign

for a high degree of herd behavior in the market, but low correlations

do not necessarily imply a low degree of dependence. Hence, correla-

tions could give misleading signals. An explanation of this flaw is that

one often considers the maximal variance of the random index price S

to arise when all correlations Corr[Xi; Xj ] are equal to 1, which is, how-

ever, not true in general. Given the distributions FXi of the marginals,

the maximal attainable values for the correlations Corr[Xi; Xj ] are given

by Corr
h
F�1Xi

(U) ; F�1Xj
(U)
i

, and the maximal variance of the comono-

tonic index price is equal to �2Sc , which is given by

�2Sc =
nX
i=1

w2i �
2
Xi
+
X
i 6=j

wiwj�Xi
�Xj

Corr
h
F�1Xi

(U) ; F�1Xj
(U)
i
: (12.23)

Although correlations fully determine the dependence structure for

multivariate elliptical distributions, they fail to do so outside this class

of distributions. The non-equivalence of comonotonicity and correla-

tion 1 for a random couple can easily be illustrated by the couple
�
X;X2

�
whereX is a standard normal random variable. This couple is comono-

tonic, while Corr
�
X;X2

�
= 0. Embrechts et al. (1999) illustrate this fail-

ure by considering two lognormal random variables. In this case, the

set of attainable correlations is a strict subset of [�1;+1], which be-

comes smaller when one of the volatilities increases, while the other
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remains constant. Inspired by this example, hereafter we demonstrate

that, given a very strong positive dependence structure between two fu-

ture stock prices, their correlation can nevertheless be very low, which

could be wrongly interpreted as a signal for a low degree of herd behav-

ior. The HIX, however, is capable of detecting this strong dependence

and correctly reflects the high degree of herd behavior.

Consider two stocks with price processes fXi (t) j 0 � t � Tg ; i =
1; 2. Suppose that their risk-neutral dynamics are described by the fol-

lowing stochastic differential equations:(
dX1(t)
X1(t)

= rdt+ �1dB1 (t)
dX2(t)
X2(t)

= rdt+ �2dB2 (t)
;

where f(B1(t); B2(t)) j t � 0g is a 2 - dimensional correlated Brownian

motion. The stochastic processes fBi(t) j t � 0g are standard Brown-

ian motions, while the dependence structure (under both the physi-

cal measure and the risk-neutral measure) of f(B1(t); B2(t)) j t � 0g is

captured by the instantaneous correlation �. The r.v.’sX1 = X1 (T ) and

X2 = X2 (T ) are both lognormally distributed with expected value and

variance given by

E [Xi] = erT and �2Xi
= Xi (0)

2 e2rT
�

e�
2
i T � 1

�
; i = 1; 2:

The correlation betweenX1 andX2 is equal to

Corr [X1; X2] =
e��1�2T � 1p

e�21T � 1
p

e�22T � 1
:

As the distribution of (X1; X2) is completely specified, the HIX can be

determined by

HIX [T ] =
Var [S]
Var [Sc]

=
�2X1

+ �2X2
+ 2Corr [X1; X2]�X1�X2

�2X1
+ �2X2

+ 2Corr
�
F�1X1

(U) ; F�1X2
(U)
�
�X1

�X2

;
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where Corr
�
F�1X1

(U) ; F�1X2
(U)
�

is the maximal correlation between X1

andX2:

Corr
�
F�1X1

(U) ; F�1X2
(U)
�
=

e�1�2T � 1p
e�21T � 1

p
e�22T � 1

:

In the remainder of this example, we choose the following numerical

values for the parameters involved: r = 0:03, T = 1; �1 = 0:2 and � =

0:95. The choice of the instantaneous correlation implies that

Corr[B1 (t) ; B2 (t)] = 0:95, and hence also that

Corr [lnX1(t); lnX2 (t)] = 0:95; 0 � t � T:

Taking into account that for a bivariate normal random pair, comono-

tonicity is equivalent with a correlation of 1, we find that the vector

(lnX1 (t) ; lnX2 (t)), and thus also (X1 (t) ; X2 (t)), is close to being co-

monotonic. This means that at any time t, the stock prices X1 (t) and

X2 (t) are strongly positive dependent.

Figure 12.1 shows the herd behavior index HIX[1] together with the cor-

relation Corr[X1 (1) ; X2 (1)] for different values of �2. When the volatil-

ity �2 increases, both the HIX and the correlation are changing, but this

behavior is much more pronounced for the correlation. In fact, HIX[1]

tends to 1whereas Corr[X1 (1) ; X2 (1)] goes to 0.

Intuitively, we may explain this limiting behavior as follows: in caseX2

has a much larger variance thanX1, we have thatX1 almost behaves as

a constant value, compared to X2. But the correlation between a ran-

dom variable and a constant is 0, while at the same time, they are co-

monotonic. We can conclude that in markets with some highly volatile

stocks, correlation may fail to capture the underlying dependence in

the right way. This dysfunctioning of correlation is caused by the non-

linear relationship between the random variables and becomes more
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Figure 12.1: Corr[X1 (1) ; X2 (1)] and HIX[1] for different values of �2.

pronounced when �2 becomes relatively large. It is exactly in very dis-

tressed markets with very high volatilities for some stocks that we might

need an accurate estimate of the degree of implied herd behavior. At

such a crucial moment, correlations may give a completely wrong in-

dication, whereas the HIX is capable of providing us with the correct

information.

12.5.5 Herd behavior and the VIX methodology

In this subsection, we explain how the approach for calculating the de-

gree of herd behavior from observed options prices can also be used for

determining a herd behavior index based on the VIX methodology. For

completeness, we first shortly describe this VIX methodology and the

related variance swap contracts.
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12.5.5.1 VIX: the volatility index

In 1993, the Chicago Board Options Exchange (CBOE) introduced the

CBOE Volatility Index (ticker symbol VIX), which since then has become

the industry benchmark for market volatility. In 2003, CBOE launched

a renewed version of the VIX Index. This new VIX is calculated based

on S&P 500 index option prices. The VIX can be interpreted as a quote

on the expected market volatility over the next 30 calendar days. To be

more precise, VIX squared is an approximation of the 30-day variance

swap rate on the S&P 500 Index.

Consider a variance swap contract on the S&P 500, that is initiated

today at time 0 and expires at time T , that is in 365�T days. At maturity,

one leg of the swap pays the buyer the (annualized) realized variance

RV[T ] of the logprice changes of the index:

RV [T ] =
1

T

365�TX
j=1

�
lnS

�
j

365

�
� lnS

�
j � 1
365

��2
:

The other leg pays the seller the fixed amount SR[T ] at time T , which

is the swap rate that is agreed upon at the deal’s inception (time 0),

and which is determined such that the risk-neutral price of the pay-off

(RV [T ]� SR [T ]) at time T is zero at inception, hence

SR [T ] = E [RV [T ]] :

The buyer of the variance swap is long volatility, i.e. the higher the re-

alized volatility, the higher the pay-off. A variance swap contract al-

lows one to speculate on the future realized variance or hedge against

risks associated with the magnitude of movement of the index; see e.g.

Schoutens (2005).
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Under a fairly general setting for the Q-dynamics of the assets in-

volved, and also assuming a continuously (instead of daily) sampled

variance over the lifetime of the contract, it can be proven that the real-

ized variance is given by

RV [T ] =
2

T

�
S

E [S]
� 1� ln

�
S

E [S]

��
+A [T ] +B [T ] ; (12.24)

where A [T ] is the pay-off at time T of a dynamic trading strategy in fu-

tures for which E [A [T ]] = 0, while B [T ] is a higher order term induced

by the jumps in the index price dynamics. Applying expression (3.15) of

Lemma 3.3.1 with v(S) = ln
�

S
E[S]

�
and a = E [S], and substituting this

expression for v(S) in (12.24) leads to

RV [T ] =
2

T

 Z E[S]

0

(K � S)+
K2

dK +

Z +1

E[S]

(S �K)+
K2

dK

!
(12.25)

+A [T ] +B [T ] :

This expression shows that, up to the futures component A [T ] and the

higher order jump componentB [T ], the realized variance can be repli-

cated by the pay-off of a static position in a continuum of European

options on the index. Taking expectations with respect toQ, we obtain

SR [T ] =
2

T
erT

 Z E[S]

0

P [K]

K2
dK +

Z +1

E[S]

C [K]

K2
dK

!
+ E [B [T ]] ;

(12.26)

which shows that the swap rate is equal to the sum of a weighted av-

erage of index option prices across all strikes and a higher order term.

Ignoring the higher order term and further approximating the remain-

ing integrals in a similar way as the one that led to the approximation

(12.3) for E[u (S)], we find the following approximate expression for the
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variance swap rate SR[T ] in terms of observed option prices:

SR [T ] � �2 [T ] � 2

T
erT

hX
i=�l

�Ki

K2
i

Q [Ki]�
1

T

�
E [S]
K0

� 1
�2
; (12.27)

where�Ki andQ [Ki] are defined as before.

The approximation �2 [T ] for SR[T ] is crucial in the VIX calculation.

Choosing a 30 day time period, hence T = 30=365, interpreting all nota-

tions above in terms of the S&P 500 index and assuming that there are

options available that expire in exactly 30 days, the VIX is defined as

VIX = 100� �
�
30

365

�
:

Notice however that most of the time there are no options available that

expire exactly in 30 calendar days. The T = 30 calendar days VIX is then

calculated by using the appropriate linear inter- or extrapolation on ad-

jacent maturities; see Section 12.6. The VIX index is considered by the

market as an indicator for market stress. Based on the VIX methodol-

ogy, CBOE also calculates volatility indices for other markets, including

the CBOE DJ Volatility Index (ticker symbol VXD).

12.5.5.2 The comonotonic VIX

We define the comonotonic swap rate and the comonotonic version of

the approximation �2 [T ] by replacing the index option prices P [K] and

C [K] in (12.26) by the corresponding comonotonic index option prices

P
c
[K] and C

c
[K]. This leads to the expressions

SR
c
[T ] =

2

T
erT

 Z E[S]

0

P
c
[K]

K2
dK +

Z +1

E[S]

P
c
[K]

K2
dK

!
+ E

h
B
c
[T ]
i



Measuring the degree of herd behavior in stock markets 259

and

SR
c
[T ] � (�c)2 [T ] � 2erT

T

hX
i=�l

�Ki

K2
i

Q
c
[Ki]�

1

T

�
E [S]
K0

� 1
�2
; (12.28)

respectively. In case there are options available that expire in exactly 30

days, we define the comonotonic VIX by

Comonotonic VIX = 100� �c
�
30

365

�
:

In the general case where there are no such options available, the como-

notonic VIX is defined by the appropriate linear inter- or extrapolation;

see Section 12.6.

12.5.5.3 CIX: The Comonotonicity Index

Define the function v : R+0 �! R as

v (x) = �2 lnx:

This function has a continuous derivative and v00 (x) = 2
x2 .

The corresponding measure for the degree of herd behavior is �v [X]

= E[v(S)]�v(E[S])
E[v(Sc)]�v(E[S]) and we find that

�v [X] =

R E[S]
0

P [K]
K2 dK +

R +1
E[S]

C[K]
K2 dKR E[S]

0
P c[K]
K2 dK +

R +1
E[S]

Cc[K]
K2 dK

:

The corresponding index for the degree of herd behavior is called the

Comonotonicity Index or CIX. Following (12.19) we have that

CIX [T ] =
2erT

Ph
i=�l

�Ki

K2
i
Q [Ki]�

�
E[S]�K0

K0

�2
2erT

Ph
i=�l

�Ki

K2
i
Q
c
[Ki]�

�
E[S]�K0

K0

�2 : (12.29)
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The CIX can be expressed in terms of the implied volatility index

(VIX): In the numerator of (12.29) one recognizes the expression for

�2 [T ] ; while the denominator of (12.29) can be regarded as the como-

notonic modification (�c)2 [T ] of �2 [T ]. We can express the CIX[T ] also

as:

CIX [T ] =
�2 [T ]

(�c)
2
[T ]
: (12.30)

From (12.30) it follows that the CIX measures the dependence by com-

paring the actual level of implied volatility with an upper bound for this

volatility level. This upper bound is reached when all the underlying

stocks are moving perfectly together.

12.6 Practical considerations

In this section, we consider several numerical issues related to the cal-

culation of the value of the T -year HIX for a particular stock market. Let

us first assume that stock options as well as index options with maturity

T years (e.g. T = 30
365 ) are traded.

In practice, we will not observe the theoretical index call option price

C [K] for each traded strikeK. Instead, we will observe a bid priceCbid [K]

and a larger ask priceCask [K]. In order to cope with this bid/ask spread,

we propose to use midquote prices as an approximation for the theo-

retical option prices:

C [K] � Cbid [K] + Cask [K]

2
: (12.31)

Similar conventions are made for put options on the index as well as for

call and put options on the individual stocks. Hereafter, we will always

refer to midquote prices when considering option prices.
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Formula (12.19) contains the forward index price E [S]. In line with

the VIX methodology, we propose to calculate E [S] based on the put-

call parity (8.10) for the pair of index put and call options with prices

that are closest to each other. Hence,

E [S] = erT (C [K�]� P [K�]) +K�; (12.32)

where

K� = arg min
K2fK�l;:::;Khg

jC [K]� P [K]j : (12.33)

We have assumed that for each stock i, the maximal valueKi;mi+1 of

Xi is finite. We propose to choose these Ki;mi+1 sufficiently large such

that they fulfill the optimality conditions as explained in Section 9.4.3.

The observed prices Ci [Ki;j ] or Pi [Ki;j ] of the options written on

the individual stocks are used to construct the empirical distribution

function FXi
, by first introducing the piecewise linear functions Ci[K]

orP i[K] and then applying (8.15) or (8.16). This leads to the expressions

(9.18) or (9.20) for FXi . In this procedure, it is implicitly assumed that

the option prices Ci [0] ; Pi [0] ; Ci [Ki;mi+1] and Pi [Ki;mi+1] are given.

Obviously, we have that

Ci [Ki;mi+1] = Pi [0] = 0:

Section 9.4.3 describes how to determine the synthetic option prices

Ci [0] and Pi [Ki;mi+1] :

The empirical distributions FXi
may be determined from the call

option prices via (9.18) or from the put option prices via (9.20). Although

in theory both expressions for FXi
are equal, in practice they may dif-

fer. For keeping consistency in our calculations hereafter, we will always

use out-of-the-money option data to determine the empirical distribu-

tion functions FXi
. Furthermore, in order to make the HIX sufficiently
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stable, we only use stock options which have a bid price which is strictly

larger than zero and a volume which is strictly larger than 20 for deter-

mining the risk-neutral distributions FXi
.

It may happen that for one or more of the underlying stocks i, there

are no traded strikesKi;1; : : :Ki;mi
. This situation may occur if the mar-

ket is illiquid or because there are no options issued on that particu-

lar stock. In this case, the HIX can still be determined according to

the methodology presented above. For more details, we refer to Section

9.4.5.

In practice, it may happen that the set of traded strikes are partially

different for the call and put stock options. In this case, one might re-

strict to the set of strikes for which both calls and puts are traded, or

one might artificially create the missing options with the help of the

put-call parity (8.10). In the calculations hereafter, we will take the first

approach and only consider strikes for which both the call and the put

prices are available.

Due to price irregularities, it may happen that the piecewise linear

function Ci[K] (or P i[K]) is not convex, leading to a function FXi
that

is not increasing and hence, not a proper cumulative distribution func-

tion. In order to circumvent this problem, we propose to work with the

function eFXi
instead of FXi

, which is defined as follows:

eFXi
(Ki;j) = min

n
FXi (Ki;j) ; eFXi

(Ki;j+1)
o
; j = 0; 1; : : : ;mi;

with initial value eFXi
(Ki;mi+1) = 1:

Until here, we assumed that all options on the index as well as on

the individual stocks are European type. In the next section, we will ap-

ply our methodology to the Dow Jones Industrial Average (DJ) index. In
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this case, the index options are of European type, whereas the individ-

ual stock options are of American type, where the holder has the right to

exercise the option at any time up to and including the maturity date. In

general, the price of an American option is an upper bound for the cor-

responding European option price. Therefore, we will continue to use

the methodology described above, but we replace the (non-observed)

European option prices Ci [Ki;j ] and Pi [Ki;j ] that appear in the expres-

sions for C
c
[K] and P

c
[K] by the corresponding (observed) American

option prices. As the option prices Ci [Ki;j ] and Pi [Ki;j ] only appear in

the denominator of the HIX and the CIX, this approximation will lead

to somewhat smaller values for the respective indices. Note, however,

that in our situation, the American option prices are close to the Eu-

ropean option prices because we use out-of-the money options with a

short time to maturity.

Suppose now that we want to calculate the T -year HIX on a regu-

lar basis. As an example, hereafter we set T equal to 30 calendar days,

hence T = 30
365 , and we consider a market where for each month only a

single expiration date is available (e.g. the closing of the third Friday of

the month). When calculating the HIX on a particular moment, in gen-

eral no options will be available that expire in exactly 30 calendar days.

Let us denote the first available maturity date by T1 and the next one by

T2. Options which mature at time T1 are called near-term options, the

ones which mature at time T2 are called next-term options. Inspired by

the methodology used for calculating the VIX, the Herd Behavior Index

with maturity T is now calculated as a weighted average of the near-

term and the next-term Herd Behavior Index:

HIX [T ] = HIX [T1]�
�
T2 � T
T2 � T1

�
+HIX [T2]�

�
T � T1
T2 � T1

�
: (12.34)
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We have that T1 � T � T2 and formula (12.34) for HIX[T ] is an interpo-

lation of HIX[T1] and HIX[T2]. Notice that the risk-free interest rate used

for calculating HIX[Ti] is set equal to the risk free interest rate to expira-

tionTi; i = 1; 2. This implies that different risk-free interest rates may be

used for near- and next-term options. In order to avoid possible price

irregularities near to expiration, we ‘roll’ the HIX to the second and the

third contract months in case the near-term options have less than a

week to expiration. After such a roll, we encounter a situation where

T < T1 < T2; with T1 and T2 now standing for the second and third ex-

piration dates, respectively. In this case, formula (12.34) for HIX[T ] is an

extrapolation of HIX[T1] and HIX[T2].

It may happen that the near- and the next-term maturities Ti;1 and

Ti;2 of options on stock idiffer from the near- and the next-term maturi-

ties T1 and T2 of the stock index. In the numerical illustration in the next

section, this situation happens rarely and the differences jTk � Ti;kj, k =
1; 2; are small, i.e. typically only a few days. Therefore, when this situ-

ation occurs, we will approximate the (non-observed) required option

prices Ci [Ki;j ; Tk] by the observed quotes Ci [Ki;j ; Ti;k].

In the next section, we will also calculate historical values of the CIX,

which was defined in (12.30), according to the same methodology as the

one presented above for the HIX. In particular, we will calculate the CIX

with maturity T as a weighted average of the near-term and the next-

term indices:

CIX [T ] = CIX [T1]�
�
T2 � T
T2 � T1

�
+ CIX [T2]�

�
T � T1
T2 � T1

�
: (12.35)
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12.7 Numerical illustration: the HIX for the Dow
Jones

The Dow Jones. The Dow Jones Industrial Average, established in 1896,

is a price-weighted index composed of the 30 largest, most liquid NYSE

and NASDAQ listed stocks. Options with the DJ index as underlying are

called DJX options. These (European-type) options were introduced in

1997. DJX options are based on 1/100th of the current value of the DJ.

Therefore, hereafter S(t) has to be interpreted as 1/100th of the value

of the DJ at time t. There are also (American-type) options traded on

each individual component of the Dow Jones. Roughly speaking, for

each stock there are around 10 traded strikes.

Herd behavior over time. In this section, we investigate the degree of

herd behavior of the 30 stocks in the DJ by introducing the DJ-HIX. In

particular, we set T equal to 30 calendar days. We calculate the histori-

cal DJ-HIX values on a daily basis for the period January 2006 - October

2009. For each trading day, we use the closing bid and ask prices of the

options involved.

The first graph of Figure 12.2 shows the historical DJ index price lev-

els, divided by 100, from January 2006 until October 2009. Taking into

account (12.21) and (12.34), we determine the degree of herd behavior

for any day in the observation period by calculating the daily DJ-HIX for

T = 30 days. These values are presented in the second graph of Figure

12.2. A smoothed version of these DJ-HIX values, based on the average

quote over the last 7 trading days, is shown in the third graph.

From Figure 12.2, we conclude that the DJ-HIX fluctuates substantially

over time. Loosely speaking, between January 2006 and January 2007
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Figure 12.2: Daily values of DJ, DJ-HIX(30 days) and DJ-HIX(30 days,
smoothed)

the degree of herd behavior is relatively low, during January 2007-October

2008 it is at an intermediate level, while in the remaining part of the ob-

servation period (October 2008-October 2009), it is at a relatively high

level. The DJ-HIX frequently spikes upward. From early 2007 until mid

2008 a few relatively high peaks are observed, which could be inter-

preted as signs of stress before the worldwide financial crisis towards

the end of 2008. Around the middle of 2008, the market seems to calm

down, but in October 2008 the DJ-HIX increases drastically and reaches

its highest level of around 0.75 on October, 24. In 2009, the DJ-HIX re-

laxes, but only at a very slow rate and hence, remains relatively high

during the whole year.
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Herd behavior as a component of stock market fear. An increased

DJ-HIX is a sign that option traders in the market believe in a stronger

co-movement of the different stock prices over the next 30 days. The

degree of implied herd behavior may reach a high level due to panic

and a strong belief that stock prices will go down all together, inducing

that also the market index will decrease rapidly. In principle, the HIX

may also reach high levels due to positive financial information and a

believe that in the near future all stock prices will move up together.

From the observed data we find that the HIX shows a tendency to in-

crease when the market index decreases. In this respect, the HIX may

be viewed as a fear or stress indicator.

In Figure 12.3, we compare the (smoothed) DJ-HIX and the DJ Volatility

Index (VXD). The latter index is a volatility barometer for the DJ, calcu-

lated according to the VIX methodology. Both the HIX and the VIX may

explain part of the total market stress or market fear; see Dhaene, Dony,

Forys, Linders & Schoutens (2012). The HIX measures the expected

co-movement of the components of the index, whereas the VIX-based

Volatility Index measures the expected volatility of the index. Notice

that an increased index volatility may be caused by increased volatili-

ties of the components and/or by an increased degree of herd behavior.

In Figure 12.3 we observe a tendency of the HIX to increase when the

market volatility increases. The peaks in the graphs of the DJ-HIX and

the DJ Volatility Index are reflecting periods of increased market stress.

Notice that the DJ-HIX is a relative and bounded measure with maxi-

mal value equal to 1 in case of perfect co-movement, whereas the DJ

Volatility Index is an absolute measure without upper bound. This lat-

ter observation explains why it may be more difficult to detect peaks in

the DJ Volatility Index, especially in periods where this implied volatility
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Figure 12.3: Daily values of DJIA, DJ-HIX (30 days) and DJ-Volatility
Index (30 days).

is at a relatively low level.

The HIX versus the CIX. The HIX quantifies the degree of herd be-

havior in stock markets by comparing the real market situation with a

synthetic one where there is perfect herd behavior. The HIX uses ex-

pression (12.3) to estimate the variance of the index price S and (12.11)

to estimate the variance of the comonotonic index price S
c
. In Sec-

tion 12.5.5, we presented the CIX as an alternative for the HIX. Loosely

speaking, the CIX considers the VIX-squared to describe the real mar-

ket situation, and compares it with the comonotonic VIX-squared. Both

the (smoothed) DJ-HIX and the (smoothed) DJ-CIX for T = 30 days

are shown in Figure 12.4. We observe that both measures lead to an al-

most identical picture. An explanation for this observation follows from



Numerical illustration: the HIX for the Dow Jones 269

Figure 12.4: DJ-HIX (30 days, solid line) and DJ-CIX (30 days, dotted
line).

a Taylor expansion of the realized variance around E [S]. Indeed, from

(12.24) we find that

RV [T ] =
1

T

�
S � E [S]
E [S]

�2
+ : : : (12.36)

The variance swap rate is then given by

SR [T ] =
1

T

Var [S]
E2 [S]

+ : : : (12.37)

The HIX is based on the ratio of Var[S] to Var
h
S
c
i

, whereas the CIX is

based on the ratio of the swap rate SR[T ] to the comonotonic version

of the swap rate. Taking into account (12.37), we find that HIX[T ] and

CIX[T ] are equal, provided the higher order terms can be ignored.
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12.8 Concluding remarks

In this chapter we proposed a measure for the degree of co-movement

or herd behavior present in equity markets. This measure compares

the currently observed market situation with the comonotonic situa-

tion under which the whole system is driven by a single factor. More

precisely, it compares an estimate of the swap rate on the market index

with an estimate of the corresponding worst-case or comonotonic swap

rate. In line with the VIX methodology, the estimate for the swap rate of

the market index is based on the full spectrum of current option infor-

mation on the index. Although the worst-case market situation is not

observed, the comonotonic swap rate can easily be determined from

the option prices on the constituents of the market index.

The ratio of (an approximation of) the market-based variance and

its comonotonic counterpart was baptized the Herd Behavior Index (HIX).

This index is a model-independent, market implied and forward look-

ing indicator for co-movement behavior. The HIX takes values between

0 and 1. Today’s value of the HIX expresses the market’s perception of

future herd behavior as implied by today’s option prices. A higher level

points to a higher degree of herd behavior, a lower value indicates lower

degrees of co-movement. The HIX is easy to calculate and can be de-

termined for any market index or basket with underlying traded vanilla

options on the index as well as on its constituents. We also introduced

the CIX, which was defined as the ratio of (an approximation of) the

variance swap rate and its comonotonic counterpart, and which is by

definition more closely linked to the VIX-methodology.

We illustrated the HIX and the CIX by determining their historical

values for the Dow Jones Industrial Average. We explained why corre-
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sponding values of both indices are almost identical in practice. Fur-

thermore, we observed that, similar to volatility indices and correlation

indices, the herd behavior indices exhibit a tendency to increase when

the stock prices are decreasing.

Measuring the degree of co-movement with the HIX/CIX has several

advantages compared to implied correlation. The HIX/CIX is able to

capture all kinds of dependences between stock prices, whereas the im-

plied correlation is a weighted average of pairwise correlations amongst

the asset returns and hence, only focuses on linear dependences. Fur-

thermore, making abstraction of the approximations involved in its cal-

culation, the HIX reaches its maximal value of 1 if, and only if, the un-

derlying random variables are comonotonic. On the other hand, there is

no direct link between the degree of herd behavior and the value of the

implied correlation. Finally, the HIX and the CIX are model-independent,

respectively ‘almost’ model-independent estimates for future co-move-

ment, whereas the implied correlation is not, due to the involved Black

& Scholes implied volatilities.

The HIX/CIX is a measure that could be used as a tool for quanti-

fying future expected degrees of herd behavior. In line with the ideas

proposed in Laurence & Wang (2008) or Laurence (2008) for a single in-

dex option and its comonotonic counterpart, market participants could

monetize the gap between the numerator and denominator of the HIX/

CIX by taking the appropriate position in options on the index and its

constituent stocks.

The study of applications of the HIX/CIX to financial economics prob-

lems is an interesting topic of future research. Possible research top-

ics include investigating the relationship between the HIX/CIX and the

VIX-based Volatility Index, the relationship between the HIX/CIX and
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implied correlation. Also the performance of the HIX/CIX as a forecast

for the future realized degree of herd behavior between assets in the un-

derlying index has to be investigated. A somewhat linked paper in this

respect is Harmon et al. (2011). A related question is whether options

on the HIX/CIX would allow to hedge against exposure to herd behav-

ior. Other empirical issues to be investigated include mean-reverting

behavior of the HIX/CIX, clustering behavior (are large values likely to

be followed by large values?) and asymmetry behavior (have negative

returns a larger impact than positive returns of the same size?), amongst

others.

12.9 Notes and references

The terminology comonotonicity gap was first introduced in Laurence

(2008). Koch & De Schepper (2006) use multivariate distribution func-

tions to quantify the comonotonicity gap, while the variance of the sum

is used in Vyncke (2009).

For a more detailed discussion on the VIX methodology, the reader

is referred to Carr & Wu (2006) and Chicago Board Options Exchange

(2003). A proof of (12.24) can be found in Carr & Wu (2006).

Notice that the definition (12.35) of the CIX is somewhat different

from the one proposed in Dhaene, Dony, Forys, Linders & Schoutens

(2012), where the linear inter- or extrapolation is not performed at the

level of the CIX, but at the level of the numerator and the denominator
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in (12.30) separately. Based on the VIX inter- or extrapolation formula

VIX = 100�s
365

30

�
T1�2 [T1]�

�
T2 � T
T2 � T1

�
+ T2�2 [T2]�

�
T � T1
T2 � T1

��
; (12.38)

these authors introduce the following comonotonic upper bound for

the VIX:

Comonotonic VIX = 100�s
365

30

�
T1 (�

c)
2
[T1]�

�
T2 � T
T2 � T1

�
+ T2 (�

c)
2
[T2]�

�
T � T1
T2 � T1

��
;

(12.39)

and propose to measure the herd behavior index by the ratio

VIX
Comonotonic VIX

:

This ratio has a somewhat more attractive look compared to the CIX

defined above, but the way how it is constructed out of near and next

term options by a linear inter- or extrapolation in the nominator and

the denominator separately is less appropriate than the linear inter- or

extrapolation used in (12.35).
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CHAPTER 13

Herd behavior: a distorted expectation
approach

This chapter is based on Linders et al. (2013).

13.1 Introduction

Throughout this chapter, we consider the financial market described in

Section 8.2. We adopt the same notations as in the previous chapter.

Chapter 12 defines a herd behavior index which gives the expecta-

tion of the market about the future degree of herd behavior. For a given

function u which is strictly convex and has an absolutely continuous

derivative u0; index options are used to capture the actual market situ-

ation in the real number E [u (S)] : Vanilla options are used to construct

the comonotonic market situation and this situation is captured in the

real number E [u (Sc)] : The degree of herd behavior is defined as the

standardized distance between these two situations.

This chapter will consider a new class of herd behavior measures,

based on the same underlying idea that the degree of herd behavior

275



276 Herd behavior: a distorted expectation approach

can be measured by comparing the actual situation with the comono-

tonic situation. However, distorted expectations will be used instead of

expected utilities. For a strictly concave distortion function g with ab-

solutely continuous derivative g0; we use �g [S] to represent the actual

situation. It will be shown that �g [S] can be determined in a model-free

way on the basis of index option prices. The comonotonic situation is

represented by �g [Sc] : Using the results from Chapter 6, we show that

�g [S
c] can be determined using traded vanilla options.

If the distortion function g is given by (6.37), the corresponding dis-

torted expectation �g [S] is equal to the Tail Value-at-Risk at level p and

denoted by TVaRp [S] : It can be proven that the Tail Value-at-Risk can be

expressed using the inverse F�1S (p) and the option price C
�
F�1S (p)

�
:

TVaRp [S] = F
�1
S (p) +

erT

1� pC
�
F�1S (p)

�
: (13.1)

Plugging expression (13.1) into formula (6.40) of Lemma 6.4.1 results in

a model-free expression for �g [S] in terms of traded index options. The

put-call parity (8.10) can be used to express the TVaRp [S] in terms of

put options.

13.2 Distorted expectations and option curves

Similar to the approach taken in Section 12.3, we assume that index

option pricesC [K] and P [K] can be observed for the traded strikesKi;

i = �l; �l + 1; : : : ; h � 1 ; h; where l; h 2 N: This means that FS cannot

be determined from the observed option prices. Following the ideas of
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Lemma 9.3.3, we can approximate the cdf FS by FS :

FS(x) =

8>><>>:
0 if x < 0;

1 + erT
C [Kj+1]� C [Kj ]

Kj+1 �Kj

if Kj � x < Kj+1;
j = �l; : : : ; h;

1 if x � Kh+1:

:

(13.2)

The discrete random variableF
�1
S (U) jumps in the pointsKi; i = �l;�l+

1; : : : ; h: From (13.1), we find that TVaRp
h
F
�1
S (U)

i
can be determined

from the observed option curve:

TVaRp
h
F
�1
S (U)

i
= Kj +

erT

1� pC [Kj ] ;
if

FS (Kj) < p � FS (Kj+1) ;
j = �l; : : : ; h;

(13.3)

The put-call parity (8.10) can be used to recast (13.3) in terms of put

options. To make things not too complicated, we stick to expression

(13.3).

Consider an arbitrary distortion function g : [0; 1]!R, which has

an absolutely continuous derivative g0: Because the exact cdf FS of S

is unknown; the distorted expectation �g [S] cannot be calculated: We

will replace the r.v. S by the r.v. F
�1
S (U) and approximate the distorted

expectation �g [S] by �g
h
F
�1
S (U)

i
. Using Lemma 6.4.1, the distorted

expectation �g
h
F
�1
S (U)

i
can be expressed as follows

�g

h
F
�1
S (U)

i
= g0(1)E [S]�

Z 1

0

(1� p) g00(1� p)TVARp
h
F
�1
S (U)

i
dp;

(13.4)

where for each p 2 (0; 1), TVARp
h
F
�1
S (U)

i
can be calculated using traded

index option prices via relation (13.3). As a result, (13.4) gives a model-

free expression for the distorted expectation �g
h
F
�1
S (U)

i
, which can be

determined using the available option prices on the stock market index

S:
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13.3 Perfect herd behavior

The comonotonic market was introduced in Section 12.4. It was proven

that vanilla option curves can be used to construct the comonotonic

swap rates. In this section we show that vanilla options can be used to

construct the distorted expectation of the comonotonic market index.

13.3.1 Characterization of perfect herd behavior

Theorem 12.4.1 states a number of equivalent characterizations for non-

negative r.v.’s (stock prices) to be comonotonic. The following Theorem

provides an alternative characterization of perfect herd behavior using

distorted expectations.

Theorem 13.3.1 Consider the vector X. Let g be a strictly concave dis-

tortion function with absolutely continuous derivative g0.The following

statements are equivalent:

(1)

(X1; : : : ; Xn) is comonotonic.

(2)

�g [S] = �g [S
c] :

(3)

TVaRp [S] = TVaRp [Sc] , for all p 2 (0; 1) :

Proof. The equivalence relation (1), (2) follows from (7.31). Theorem

7.3.2 can be used to prove (2), (3) :
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13.3.2 Distorted expectations in a comonotonic market

Because the cdf’s FXi
are not fully known, it is not possible to specify

the marginal distorted expectations �g [Xi] nor the distorted expecta-

tion �g [Sc] : Therefore, we replace Sc by the random variable S
c
; de-

fined in (12.9): From (6.9) and Theorem 6.3.1, we find that the distorted

expectation �g
h
S
c
i

is given by

�g

h
S
c
i
=

nX
i=1

wi�g

h
F
�1
Xi
(U)
i
:

Clearly, knowledge about the marginal distorted expectations �g
h
F
�1
Xi
(U)
i

is sufficient to determine �g
h
S
c
i
:

For each i = 1; 2; : : : ; n; the cdf of the random variable F
�1
Xi
(U) is

FXi and this cdf is fully known. Similar to Section 13.2, we find that for

each p 2 (0; 1) ; TVaRp
h
F
�1
Xi
(U)
i

is given by

TVaRp
h
F
�1
Xi
(U)
i
= Ki;j+

erT

1� pCi [Ki;j ] ; (13.5)

if
FXi

(Ki;j) < p � FXi
(Ki;j+1) ;

j = 0; 1 : : : ;mi;

and the distorted expectation �g [Xi] can be approximated as follows:

�g

h
F
�1
Xi
(U)
i
= g0(1)E [Xi]�

Z 1

0

(1� p) g00 (1� p)TVaRp
h
F
�1
Xi
(U)
i
:

(13.6)

The distorted expectation �g
h
F
�1
Xi
(U)
i

can be determined using traded

option prices on stock i: Indeed, (13.6) gives a model-free expression for

the distorted expectation �g
h
F
�1
Xi
(U)
i

in terms of Tail Values-at-Risk.

Expression (13.5) can be used to determine TVaRp
h
F
�1
Xi
(U)
i

from ob-

served vanilla option prices. Once the marginal distorted expectations
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�g

h
F
�1
Xi
(U)
i

are calculated, �g
h
S
c
i

can be determined as a linear com-

bination of these quantities.

13.4 Measuring the degree of herd behavior in
stock markets

13.4.1 The degree of herd behavior

In Chapter 7 it is shown that the distorted expectation �g [S] contains

information about the multivariate nature of the random vector X: In

the following theorem, we consider a special case of Theorem 7.4.3.

Theorem 13.4.1 Consider the n-vectorsX and Y with sums SX and SY .

Furthermore, let g be a strictly concave distortion function with absolutely

continuous derivative g0. IfX �SM Y ;we have that

�g [SX ] � �g [SY ] : (13.7)

Furthermore, we have that

�g [SX ] = �g [SY ] =) X
d
= Y :

Proof. The proof is similar to the one of Theorem 12.5.1.

Consider a strictly concave function g with an absolutely continu-

ous derivative g0, the price vectorX and the corresponding sumS: From

Definition 6.2.2, we find that E [S] � �g [S] : Combining Theorem 4.2.3

with inequality (13.7) proves that �g [Sc] is an upper bound for the dis-

torted expectation �g [S] : Combining these inequalities results in

E [S] < �g [S] � �g [Sc] : (13.8)



Measuring the degree of herd behavior in stock markets 281

The bounds in (13.8) do not depend on the dependence structure,

so they are the same for every X 2 R (FX1 ; FX2 ; : : : ; FXn) : Clearly, the

effect of the dependence structure is contained in the difference �g [S]�
E [S] : Indeed, this gap increases when the co-movement becomes stronger

and reaches its maximal value when the underlying vector X is como-

notonic. In a distorted expectations framework, the degree of herd be-

havior is defined to be the ratio between the difference �g [S]�E [S] and

the difference �g [Sc]� E [S] :

Definition 13.4.1 (Degree of herd behavior) Consider a strictly

concave distortion function g with an absolutely continuous derivative

g0. The degree of herd behavior of a random vectorX is measured by the

function �g [X] as follows

�g [X] =
�g [S]� E [S]
�g [Sc]� E [S]

;

provided the expectations are finite.

The intuitive idea of the number �g [X] is similar to the herd behav-

ior measure �u [X] defined in Section 12.5. From Theorem 13.3.1, we

find that �g [X] 2 (0; 1] ;where �g [X] = 1 represents the situation where

everything moves perfectly together.

Using expression (6.40), we find that

�g [X] =
(g0(1)� 1)E [S]�

R 1
0
(1� p) g00(1� p)TVARp [S]dp

(g0(1)� 1)E [S]�
R 1
0
(1� p) g00(1� p)TVARp [Sc]dp

: (13.9)

The measure �g [X] determines the dependence between the compo-

nents ofX; by comparing the actual sum S with the comonotonic mod-

ification Sc through their Tail Values-at-Risk.
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The distorted expectation �g [Sc] of a comontonic sum Sc can be de-

composed in terms of the marginal distorted expectations �g [Xi] ; see

e.g. Theorem 6.3.1:

�g [S
c] =

nX
i=1

wi�g [Xi] : (13.10)

The herd behavior measure �g [X] can be written as:

�g [X] =
�g [S]� E [S]Pn

i=1 wi (�g [Xi]� E [Xi])
: (13.11)

The denominator of �g [X] can be calculated directly from the marginal

cdf’s FXi
; without specifying the cdf of the comonotonic sum Sc: Note

that the denominator E [u (Sc)] of �u [X] requires knowledge about the

cdf of Sc:

13.4.2 Implied herd behavior index

For an appropriate distortion function g; the herd behavior measure

�g [X] is based on the distorted expectation �g [S] of the sum S and

the marginal distorted expectations �g [Xi] ; i = 1; 2; : : : ; n: The ran-

dom variable S is replaced by F
�1
S (U) to cope with the limited num-

ber of traded index options. Similarly, the marginal random variables

Xi are replaced by F
�1
Xi
(U) : We then plug the distorted expectations

�g

h
F
�1
S (U)

i
and �g

h
F
�1
Xi
(U)
i

in expression (13.11) for�g, which results

in the Herd Behavior Index.

Definition 13.4.2 Consider the random vector X representing the stock

prices Xi; i = 1; 2; : : : ; n at time T . The T -year implied Herd Behavior

Index is defined as

HIXg [T ] =
�g

h
F
�1
S (U)

i
� E [S]Pn

i=1 wi

�
�g

h
F
�1
Xi
(U)
i
� E [Xi]

� ; (13.12)
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where g is a strictly concave distortion function with an absolutely con-

tinuous derivative g0:

The Herd Behavior Index defined in (13.12) can be determined us-

ing the available option data. The nominator contains traded index op-

tion prices. The denominator is a combination of traded vanilla option

prices.

In order to calculate the numerator of HIXg [T ], we need the val-

ues of C [Ki] ; i = �l; : : : ; h as input. The denominator of HIXg [T ] can

be determined using the vanilla option prices Ci [Ki;j ] ; i = 1; 2; : : : ; n

and j = 0; 1; : : : ;mi: As no distributional assumption has to be made,

HIXg [T ] is a model-free measure for the degree of herd behavior in the

market.

13.5 Numerical illustration

This section will illustrate how distorted expectations can be used to

measure dependence between stock prices. Similar to Section 12.7 we

consider the Dow Jones Industrial Average. A daily recording of HIX g

[30 days] for a particular choice of g gives information about the changes

in the level of co-movement between the stocks composing the Dow

Jones. The same option data as in Section 12.7 will be used for this il-

lustration.

Practical considerations In order to determine HIX g [30 days] for each

trading day, some practical issues arise: one has to deal with a bid-ask

spread and the fact that options on the underlyings are of American

type. Furthermore, the forward prices E [S] and E [Xi] are needed in
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(13.12) and one has to make sure that the functions FS and FXi
are

valid distribution functions. These issues are described in Section 12.6.

For a particular trading day, HIX g [30 days] is approximated using a

linear interpolation between the near term quote HIX g [T1] and a next

term quote HIX g [T2] :

HIXg [T ] = HIXg [T1]�
�
T2 � T
T2 � T1

�
+HIXg [T2]�

�
T � T1
T2 � T1

�
;

where T1 � T < T2: If T1 < 7 days, we ‘roll’ to the second and third

maturity and HIXg [T ] is an extrapolation between the near and next

term maturities.

Numerical evaluation of the distorted expectations As an illustra-

tion, we consider daily values for the degree of herd behavior using the

strictly concave distortion function

g (q) =
e�tq � 1
e�t � 1 : (13.13)

Here, we take t = 2: Note, however, that other values for t give similar

results. The second derivative g00 of the distortion function g defined in

(13.13) is given by

g00 (q) =
t2e�tq

e�t � 1 :

We have that the second derivative g00 is continuous and bounded on

[0; 1] :

The distorted expectation �g
h
F
�1
S (U)

i
is given in integral form by

(13.4). All functions in the integral are fully known. The integral is nu-

merically evaluated using the trapezoidal rule. Similarly, the marginal

distorted expectations �g
h
F
�1
Xi
(U)
i

are calculated using the trapezoidal

rule.
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The degree of herd behavior for the Dow Jones The first graph of Fig-

ure 13.1 shows the historical DJ index price levels, divided by 100, from

January 2006 until October 2009. The second graph of Figure 13.1 shows

daily values for HIXg [30 days] ; where the function g is given by (13.13).

A smoothed version of this graph is shown in the third panel. If we

compare this figure with Figure 12.2, it is clear that the fluctuations are

grosso modo the same for both figures. For example, an increased de-

gree of herd behavior is observed from early 2007 untill mid 2008. After

a relatively calm down of the market around mid 2008, the degree of

herd behavior increases during the end of 2008.

Expression (13.12) for HIXg [T ] shows that we only have to deter-

mine the distorted expectations of the index and the individual stocks.

In order to determine the herd behavior index HIXu [T ] introduced in

(12.19), one needs to determine the comonotonic distribution. This

last step slows down the computation time. The calculation of HIXg

is approximately twice as fast as the computation time of HIXu:HIXu is

calculated in 0.80 seconds, whereas the calculation for HIXg takes 0.40

seconds.

13.6 Notes and references

A proof of expression (13.1) can be found in Dhaene et al. (2006). Ex-

pression (13.4) can be found in Denuit et al. (2005) for the class of twice

differentiable distortion functions . In Cheung et al. (2013), the authors

prove that (13.4) holds true for distortion functions with absolutely con-

tinuous derivative.

Madan & Schoutens (2013) propose the Sector Diversity Index (SDI)

to measure the degree of herd behavior between stock prices. The SDI
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Figure 13.1: Daily values of DJ, Distorted DJ-HIXg(30 days) and Distor-
ted DJ-HIXg (30 days, smoothed).

has an interpretation in terms of capital requirements. The HIXg can be

considered as a model-free version of the SDI.



Dependence among random variables is a nasty business and
we usually ignore the nastiness (at our peril) by employing
measures of linear association like the Pearson correlation
coefficient.

Roger Koenker (2002)

CHAPTER 14

A new Black & Scholes implied correlation index

This chapter is based on Dhaene, Linders & Schoutens (2013).

14.1 Introduction

The term implied correlation refers to a model-based estimate for the

average level of correlation between the log-returns of stocks compos-

ing an index and is derived from index and vanilla option prices. The

stock price dynamics are assumed to be described by a multivariate

Black & Scholes model and the index is a weighted sum of the individual

stock prices. The traditional approach for determining implied corre-

lations is based on a lognormal approximation for the distribution of

the index. Although it is well-known that a weighted sum of lognormal

random variables is not lognormally distributed, this methodology re-

sults in an easy expression for the implied correlation which involves

implied volatilities of the index and the stocks.

287
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Knowledge about the implied level of correlation is especially needed

in volatile times. The lognormal approximation tends to fail in these

situations. Indeed, we show that the lognormal approximation, used

in the traditional approach, results in an underestimation of the true

correlation parameter. When some of the volatilities of the individual

stocks are becoming large, the error becomes much more pronounced.

As a result, one has to be careful with the use of the traditional implied

correlation. In this chapter, we consider a more accurate approxima-

tion for the distribution of the index. Using this approximation, we ad-

just the estimate for the implied correlation for the underestimation.

Furthermore, the new implied correlation is still accurate when volatil-

ities become large.

Within a multivariate Black & Scholes model, each stock can be de-

scribed by a single volatility parameter. Given the strike price, time to

maturity, current stock price and risk-free rate, the price of a vanilla op-

tion depends solely on the volatility parameter of that particular stock;

see e.g. Black & Scholes (1973). This observation has led to the notion

of implied volatility. Option prices are observable and used as input

to determine the corresponding volatility parameter. In various papers

it is shown that volatility depends on the strike or moneyness and the

time to maturity, resulting in the so called volatility surface.

Another topic where the information contained in derivative prices

is crucial, is the construction of market indicators. An estimate for the

implied volatility of a well-diversified index like the Dow Jones or S&P

500, can serve as a reference for the future market volatility. In Chapter

12 and 13, we discussed model-free estimates for the future short term

volatility and co-movement, derived from option data. In this chapter,

we propose a model-based counterpart for these indices.
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Equity index options on a traded index and the vanilla options on

the underlyings are observable. As a result, we will not emphasize the

pricing issue. Given the prices of the vanilla options, we can extract the

implied volatilities. Inverting the pricing formula for index options de-

rived in Chapter 11, we can determine the implied level of correlation

between the components. We consider the so called correlation smile,

indicating the dependence of the implied correlation on the strike. Fur-

thermore, we construct an Implied Correlation Index (ICX), which rep-

resents the perception of the market about the short term level of co-

movement between asset prices. When implied correlations are mov-

ing towards 1, stocks are expected to move more strongly together. In

the extreme case, where we reach the level 1, there is no diversifica-

tion possible in an asset portfolio. In such a situation, stock picking

doesn’t make sense anymore as the portfolio return is not determined

by the particular stocks composing the portfolio but by whether one is

exposed to the stock market or not. The stocks are moving in unison

and the market behaves like one big asset.

14.2 The financial market

Throughout this chapter, we use the notations and conventions of Chap-

ter 11. The stocks composing the stock market index S are described by

the multivariate Black & Scholes model (10.18). In this situation, the

price C [K] of an index call option and the price P [K] of an index put

option are not available in closed form. In Section 11.2.3, the approxi-

mations C [K] and P [K] ; for the price of an index call and put, respec-

tively, are derived.

For a given strike K and maturity T; the approximations C [K] and
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P [K] depend on marginal information and information about the de-

pendence structure. If the volatilities �i; i = 1; 2 : : : ; n are known, the

marginal distributions can be determined unambiguously. The depen-

dence structure is modelled by the pairwise correlations �i;j , i; j = 1; 2;

: : : ; n:

Volatilities and correlations are not observable, but the prices of in-

dex and vanilla options are. As a result, the pricing of these derivatives

is not a real issue. If we take the observed prices for granted, implied

estimates for the volatilities and the correlations can be obtained by

matching the theoretical model prices with the market prices.

14.3 Implied stock volatilities

Options on the individual stocks are traded in the market. Information

about the marginal volatilties �1; �2; : : : ; �n is contained in the prices of

these derivatives. For each stock i; the observed price for a call option

with strikeK and maturity T is denoted by bCi [K]. The observed put op-

tion price is denoted by bPi [K] : Only a finite number of vanilla options

are traded. The traded strike prices below the current stock priceXi (0)

are denoted by Ki;�li < Ki;�li+1 < : : : < Ki;0: The strike prices which

exceed Xi (0) are given by Ki;1 < Ki;2 < : : : < Ki;hi : For each stock i;

the vanilla option prices bCi [Kj ] and bPi [Kj ] for j = �li;�li+1; : : : ; hi can

be observed in the market. We assume that li > 0 and hi > 1:

In the multivariate Black & Scholes model, the stock price Xi fol-

lows a lognormal distribution; see (11.1). Furthermore, the theoretical

model price of a vanilla call option with strike priceK and maturity T is

denoted by Ci [K] : Given the volatility parameter �i, this price can be

calculated in closed form using (11.2). The theoretical model price of a
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vanilla put option is denoted by Pi [K] and given by (11.3). To empha-

size the dependence on the volatility parameter, we sometimes write

Ci [K;�i] and Pi [K;�i] : Finally we introduce the notation Qi [K;�i] to

denote an out-of-the money option:

Qi [K;�i] =

8<:
Pi [K;�i] ; ifK < Ki;0;

Ci[K;�i]+Pi[K;�i]
2 ; ifK = Ki;0;

Ci [K;�i] ; ifK > Ki;0:

We use the notation bQi [K] to denote the market price of an out-of-the

money vanilla option.

For a given strikeK; the distance between the observed option pricebQi [K] and the theoretical Black & Scholes priceQ [K;�i] depends solely

on �i. An implied estimate for the volatility parameter �i arises when we

match the model price and the market price. The implied volatility with

moneyness K
Xi(0)

is denoted by b�i h K
Xi(0)

i
and is defined by the following

equation:

Qi

�
K; b�i � K

Xi (0)

��
= bQi [K] : (14.1)

In a multivariate Black & Scholes model, the implied volatility should

be constant, i.e. b�i h K
Xi(0)

i
� �i; for every K. However, one typically

observes that implied volatilities depend on strike and maturity. The

implied volatility as a function of the strike is also called the volatility

smile. The term structure of the implied volatility refers to the depen-

dence on the maturity.

The presence of the volatility smile implies that at least one of the

assumptions in the model is wrong. For example, market practition-

ers are well-aware of the fact that modelling the dynamics of a stock

by a lognormal distribution is flawed. The implied volatility can be in-

terpreted as a number which contains information about the factors
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affecting the value of the option which are not included in the Black &

Scholes model.

The constant volatility of the Black & Scholes model indicates that

all options have equal value after accounting for the strike price and

maturity. Indeed, in a Black & Scholes world, any option can be used to

replicate the pay-off of another option1. However, the implied volatility

surface indicates which options are more expensive, after accounting

for strike price and maturity. Typically, one will observe that the most

expensive options are the ones with low strike prices. For each strike,

two estimates for the implied volatility can be calculated, one based on

the index call and the other based on the index put. In (14.1) we choose

to work with the out-of-the-money index options, as they contain the

most reliable information.

The at-the-money Black & Scholes implied volatility is the implied

volatility b�i [�] where the moneyness � is equal to 1. If no confusion is

possible, we will denote this at-the-money implied volatility by b�i:
14.4 Implied correlation

Assume that the marginal volatiltities � = (�1; �2; : : : ; �n) ; and hence

the marginal distributions, are known. Information about the marginal

distributions is not sufficient to determine the convex approximations

C [K] and P [K] : Indeed, n (n� 1) pairwise correlations �i;j have to be

specified. Assume that all the correlations are equal to � :

Assumption: �i;j = �; for
i 6= j

i = 1; 2; : : : ; n
: (14.2)

1For an example, see e.g. Chance, D. (2008) ‘The Volatility Smile’, Teaching Note,
Louisiana State University.
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The parameter � can be interpreted as the average correlation level. In

general, we have that � 2
h
�1
n�1 ; 1

i
: In the sequel, we assume that the

average level � is always non-negative, so � 2 [0; 1] :
The current price level of the index is S (0) : Index options are traded

for a finite number of strike prices. The traded strike prices below S (0)

are K�l < K�l+1 < : : : < K�1 < K0 whereas K1 < K2 < : : : < Kh

are the strike prices which exceed S (0) : Index options with strikes Kj ;

j = �l;�l + 1; : : : ; h; can be observed in the market. These prices are

denoted by bC [Kj ] and bP [Kj ]. We assume that l > 0 and h > 1:

The marginal volatilities � together with the correlation � completely

specify the approximations C [K] and P [K]. To emphasize the depen-

dence on � and �; we sometimes denote these prices by C [K;�; �] and

P [K;�; �] :We also introduce the notationQ [K] for an out-of-the money

index option:

Q [K] =

8<:
P [K] ; ifK < K0;

C[K]+P [K]
2 ; ifK = K0;

C [K] ; ifK > K0:

A similar definition holds for bQ [K] ;which denotes the market price for

an out-of-the money index option. The convex approximation forQ [K]

is denoted byQ [K].

The moneyness � for a given strike K is � = K
S(0) : Assume that for

each stock i; there exists an index ji 2 [�li; hi] such thatKi;ji = �Xi (0)

and the option price bQi [Ki;ji ] can be observed in the market. The un-

known marginal volatilities � = (�1; �2; : : : ; �n) can now be replaced

by the implied volatilities b� [�] = (b�1 [�] ; b�2 [�] ; : : : ; b�n [�]). The Im-

plied correlation with moneyness � is denoted by b� [�] and defined as

the value of � for which the observed index option price bQ [K] equals
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the theoretical Black & Scholes priceQ [K] :

Q [K; b� [�] ; b� [�]] = bQ [K] : (14.3)

In a multivariate Black & Scholes model where (14.2) holds, the im-

plied correlation surface should be flat, i.e. b� [�] � �. In reality, one

will observe an implied correlation smile or skew, because it is well-

known that stock prices cannot be adequately described by a multivari-

ate Black & Scholes model.

Similar to the implied volatility, the implied correlation can be con-

sidered as a catch all term. It gives information about which index op-

tions are more expensive when we account for strike price, maturity

and marginal information.

The at-the-money Black & Scholes implied correlation is the one where

we take K = S (0) ; so � = 1: If no confusion is possible, the at-the-

money implied correlation is denoted by b�: The implied correlation de-

fined in (14.3) is closely related to the implied correlation index, defined

by the CBOE; see e.g. Chicago Board Options Exchange (2009). The

main difference, besides some numerical technicalities, with our new

implied correlation is that the CBOE implied correlation additionally

assumes that the index S can be approximated by a geometric Brown-

ian motion, whereas b� is based on the approximation S where the cdf

FS is given by Theorem 11.2.9. In the next subsection, we will show that

the latter approach will outperform the former approach when some of

the volatilities become large.

14.4.1 Traditional implied correlation index

In the multivariate Black & Scholes model, the index S defined in (8.7)

is a weighted sum of lognormal r.v.’s. The variance Var[S] of the index S
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can be determined using the volatilities �1; �2; : : : ; �n together with the

pairwise correlations �i;j :

Var [S] =
nX
i=1

nX
j=1

wiwjXi (0)Xj (0) e2rT
�

e�i;j�i�jT � 1
�
: (14.4)

Assume for the moment that the risk-neutral dynamics of the index S

can be described by a geometric Brownian motion:

dS (t)
S (t)

= rdt+ �SdB (t) ; (14.5)

where fB (t) j t � 0g is a standard Brownian motion. In this model, the

index S follows a lognormal distribution. The variance Var[S] is then

given by

Var [S] = S2 (0) e2rT
�

e�
2
ST � 1

�
: (14.6)

If the price dynamics of the index S can be described by (14.5), an

index option can be valued using the Black & Scholes option pricing

formulas (11.2) and (11.3). The Black & Scholes price of an index option

with maturityT and strikeK is denoted byCBLS [K;�S ] andPBLS [K;�S ].

For a given moneyness �; the implied volatility b�S [�] is determined

such that the theoretical Black & Scholes option price QBLS [K; b�S [�]]
matches the market price bQ [K]:

QBLS [K; b�S [�]] = bQ [K] :
The at-the-money implied volatility b�S [1] is denoted by b�S : Assume

that for each stock i; there is an index ji such that Ki;ji = �Xi (0) and

the option price bQi [Ki;ji ] can be observed in the market. Knowledge of

the marginal implied volatilities b�1 [�] ; b�2 [�] ; : : : ; b�n [�] is not sufficient

to calculate the right hand side of expression (14.4), however, we can
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calculate the right hand side of (14.6) using b�S [�] and search for the

single correlation coefficient, denoted by b� [�] ; such that the following

relation holds

S2 (0)
�

eb�2S [�]T � 1� = nX
i=1

w2iXi (0)
2
�

eb�2i [�]T � 1� (14.7)

+

nX
i=1

nX
j=1

j 6=i

wiwjXi (0)Xj (0)
�

e
b�[�]b�i[�]b�j [�]T � 1� :

Approximating the exponential terms by a Taylor series results in

b�2S [�] � nX
i=1

ew2i b�2i [�] + nX
i=1

nX
j=1

j 6=i

ewi ewjb� [�] b�i [�] b�j [�] ;
where ewi = wiXi (0)

S (0)
:

We find the following analytical expression for the implied correlation:

b� [�] � b�2S [�]�Pn
i=1 ew2i b�2i [�]Pn

i=1

Pn
j=1

j 6=i
ewi ewjb�i [�] b�j [�] : (14.8)

The correlation index b� [�] can be interpreted as the average level of cor-

relation between the stocks, based on out-of-the-money option prices

with moneyness �. The at-the-money implied correlation b� [1] is de-

noted by b�:
14.4.2 An example

The at-the-money correlation coefficient b� defined in (14.7) depends

on a lognormal approximation for a weighted sum of dependent log-

normal r.v.’s. It is well-known that the sum S is not lognormally distrib-

uted; see e.g. Vanduffel et al. (2005) and Huang et al. (2004). In this
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example, we illustrate that there exist situations where the lognormal

approximation fails to provide an accurate description for the sum S;

whereas the convex approximation S does a good job.

Consider a market with two stocks. The risk-neutral dynamics can

be described by the following SDE’s:(
dX1(t)
X1(t)

= rdt+ �1dB1 (t) ;
dX2(t)
X2(t)

= rdt+ �2dB2 (t) :

For the initial stock prices we take X1 (0) = X2 (0) = 100: We assume

that r = 3% and �1 = 20%: The correlation coefficient � is equal to 80%:

The maturity T is set to 1 year.

The stock market index S is

S (t) = 0:5X1 (t) + 0:5X2 (t) :

The variance of S can be determined using expression (14.4). Assume

now that the risk-neutral dynamics of the index S can be described by

(14.5). Having the exact value for Var[S] ; we can choose the volatility

parameter �S such that

Var [S] = S2 (0) e2r
�

e�
2
S � 1

�
:

We approximate the distribution of S using a lognormal r.v. and we

choose �S such that the first two moments of this lognormal approx-

imation match the exact first two moments.

Given �2 > 0; the price of an index call option with strike K = 100

and maturity T = 1 year is denoted by C [100] : This price can be ap-

proximated using Monte Carlo simulation and we denote this simu-

lated value by Csim [100] : Using a lognormal approximation for the in-

dex S; this option price can be determined using the Black & Scholes
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Figure 14.1: Approximations for the price of an index call option with
strikeK = 100 and maturity T = 1 year.

option pricing formula (11.2). The Black & Scholes price is denoted by

CBS [100] : Finally, we can combine the convex approximations derived

in Section 11.2 to determine the approximate option price C [100] : The

three different approximations are presented in Figure 14.1 for various

choices of �2:

This example clearly illustrates the fallacies of the lognormal ap-

proximation. If the volatility �2 becomes large (compared to �1), the call

option CBS [100] diverges from the simulated option price Csim [100] :

The comonotonic priceC [100] is always a very accurate approximation.

Assume for the moment that the marginal volatilities are known and

the price of an index option can be observed, while the volatility �S and

the correlation � are unknown. Figure 14.1 shows that using a lognor-

mal approximation for the stock market index will result in an under-

estimation of the true volatility parameter �S : As a result, the implied
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correlation b� determined using equation (14.7) will also be too low. This

effect is more pronounced when the volatilitty �2 is large. The accurate

performance of the approximation C [100] will result in a better esti-

mate b� for the correlation.

This example can be generalized to the situation where the index

consists of more than two stocks. When the volatilities of some stocks

are large compared to the rest of the volatilities, a similar dysfunction-

ing of the implied correlation is observed.

The situation where some volatilities become large occurs in a mar-

ket where there is a high degree of market stress. For example, in 2008-

2009, one typically observed large volatilities for the financial stocks. In

this example, we showed that during these periods of increased market

fear, the traditional implied correlation gives misleading information.

We can state that the traditional implied correlation is a bad indicator

when it is needed the most.

14.5 Numerical issues

Implied volatilities The implied volatility b�i [�] is determined such

that the corresponding Black & Scholes price with moneyness�matches

the observed option price with the same moneyness. If the underly-

ing options are of European type, b�i [�] follows from an inversion of the

Black & Scholes formula. In some situations, the equation (14.1) does

not have a solution, indicating that it is not possible to use the Black &

Scholes formula for determining the observed option price. In such a

situation, we determine b�i [�] such that the distance between the the-

oretical price and the observed price becomes minimal. To be more
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precise, b�i [�] follows from:

b�i [�] = argmin
��0

���Qi [K;�]� bQi [K]���bQi [K] ; (14.9)

where K = �Xi (0) : In general, K will not be a traded strike, so bQi [K]
cannot be observed. Assume for the moment that K lies in between

the traded strikes Ki;j and Ki;j+1, so Ki;j < K < Ki;j+1, where j 2
Z and j 2 [�li; hi) : The option prices bQi [Ki;j ] and bQi [Ki;j+1] can be

observed in the market, so b�i [�i;j ] and b�i [�i;j+1] can be determined via

(14.9), where we have put �i;j =
Ki;j

Xi(0)
and �i;j+1 =

Ki;j+1

Xi(0)
: The implied

volatility with moneyness � is determined as an interpolation betweenb�i [�i;j ] and b�i [�i;j+1] :
b�i [�] = b�i [�i;j ] Ki;j+1 �K

Ki;j+1 �Ki;j
+ b�i [�i;j+1] K �Ki;j

Ki;j+1 �Ki;j
: (14.10)

If K < Ki;�li ; we put �i;j =
Ki;�li
Xi(0)

and �i;j+1 =
Ki;�li+1
Xi(0)

; whereas for

K > Ki;hi ;we choose �i;j =
Ki;hi�1
Xi(0)

and �i;j+1 =
Ki;hi

Xi(0)
. In this situation,b�i [�] follows from an extrapolation between b�i [�i;j ] and b�i [�i;j+1] :

The options written on the stocks composing the Dow Jones index

are of American type. The industry standard for pricing American type

options is the Cox-Ross-Rubinstein binomial tree model; see Cox et al.

(1979). This discrete stock price model requires, besides the risk-free

rate, the strike price and the time to maturity, only the volatility as in-

put variable. The implied volatility b�i [�] follows from equation (14.9),

where Qi [K;�] has to be understood as the Cox-Ross-Rubinstein op-

tion price with volatility parameter �:

The implied volatility on the index with moneyness � is denoted

by b� [�] : The at-the-money index volatility b� [1] is closely related to the

Black & Scholes implied volatility index (Ticker VXO); see e.g. Carr &
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Wu (2006) and Whaley (2000). In the sequel of the paper, we use VXO[T ]

to denote b� [1] : Throughout the paper we always assumed that vanilla

and index options with maturity T are traded. In practice, the closest

traded maturities are T1 and T2; satisfying T1 < T < T2: Options with

maturity T1 are called near term options, while next term options have

a maturity equal to T2: If the near term maturity T1 is less than 7 days,

we define T1 to be the first maturity exceeding T while T2 is the first

maturity exceeding T1:Using near term and next term options, VXO[T1]

and VXO[T2] can be determined using (14.10). We then define VXO[T ]

as follows:

VXO [T ] =

s
1

T

�
T1VXO2 [T1]

T2 � T
T2 � T1

+ T2VXO2 [T2]
T � T1
T2 � T1

�
:

The at-the-money Black & Scholes volatility index VXO[T ] represents

the perception of the market about future volatility. VXO is the model-

based counterpart of the volatility index VIX, which was discussed in

Section 12.5.5.

Implied correlation For a given moneyness �; the implied correlationb� [�] is determined such that the approximate index option price co-

incides with the corresponding observed index option price. It is not

possible to find an explicit formula for b� [�] such that (14.3) holds. Via

(14.10), we can determine the vector b� [�]with marginal implied volatil-

ities with moneyness �: We then search for b� [�] such that the distance

between the theoretical index option price and the market price is min-

imized:

b� [�] = arg min
�2(0;1)

���Q [K; b� [�] ; �]� bQ [K]���bQ [K] ;
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where K = �S (0) : If the strike K is not a traded strike price, bQ [K]
cannot be observed in the market. Assume for the moment that K lies

in between the two traded strike prices Kj and Kj+1; so Kj < K <

Kj+1 and j 2 Z and j 2 [�l; h) : The index option prices bQ [Kj ] andbQ [Kj+1] can be observed in the market and the implied correlationsb� [�j ] and b� [�j+1] can be determined, where �j = Kj=S (0) and �j+1 =

Kj+1=S (0) : The implied correlation with moneyness � follows from an

interpolation between b� [�j ] and b� [�j+1] :
b� [�] = b� [�j ] Kj+1 �K

Kj+1 �Kj
+ b� [�j+1] K �Kj

Kj+1 �Kj
: (14.11)

The at-the-money implied correlation index b� with maturity T is

also denoted by ICX[T ] :

ICX [T ] = b� [1] :
Having vanilla and index options for the near term and next term ma-

turities T1 and T2, the implied at-the-money correlation indices ICX[T1]

and ICX[T2] can be determined. The implied correlation index ICX[T ]

can now be determined using:

ICX [T ] =
T2 � T
T2 � T1

ICX [T1] +
T � T1
T2 � T1

ICX [T2] : (14.12)

The implied at-the-money correlation index with maturity T is deter-

mined as an inter- or extrapolation between the traded maturities T1

and T2:

14.6 Numerical illustration

In this section we give some numerical illustrations of the implied cor-

relation using Dow Jones index options and the options written on the

underlyings.
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Implied correlation smile For a given maturity T; the curve b� [�] is

called the implied correlation smile. We find that the implied correla-

tion decreases in function of the moneyness: low strike prices require a

higher correlation parameter than high strike prices. The implied cor-

relation for low strike prices is determined using out-of-the-money in-

dex put options, whereas out-of-the-money index call options are used

to determine the implied correlation for high strike prices. Out-of-the

money index put options are a bet on a decline of the market, whereas

an out-of-the-money call option will end in the money when the mar-

ket rises. With this in mind, the decreasing implied correlation curve

may imply that the market expects that the co-movement between the

stocks will decrease when the market increases, while a decline of the

market results in an increased level of co-movement.

In this section, we investigate the implied correlation of the Dow

Jones Index. The right panel of Figure 14.2 shows the correlation smile

for the Dow Jones on March 2, 2009, where the time to maturity is equal

to 47 days. For each traded strike Kj ; j = �l;�l + 1; : : : ; h; the implied

correlation b� [�j ] with moneyness �j =
Kj

S(0) is shown in the graph. The

left panel shows the index option prices bC [Kj ] and bP [Kj ] (circles) to-

gether with the model pricesC [Kj ; b� [�j ] ; b� [�j ]] and P [Kj ; b� [�j ] ; b� [�j ]]
(crosses).

We find that for the majority of the trading days, the implied corre-

lation is decreasing as long as � < 1:On some trading days, the implied

correlation is relatively stable for a moneyness � > 1; as shown in Figure

14.3.

The implied index volatility provides a way to compare the value of

an option after accounting for the risk-free rate r; the strike priceK and

the time to maturity T: The implied correlation, additionally, accounts



304 A new Black & Scholes implied correlation index

for the marginal information.

Traditional implied correlation index The only quoted index which

gives the degree of co-movement between stock prices is the CBOE S&P

500 implied correlation index. This index is the industry standard and

is widely used to set up so called dispersion trades, which are strategies

designed to buy or sell co-movement. The methodology for calculating

this implied correlation index can easily be adapted to other indices, as

long as there are traded options on the index and the underlyings. The

methodology for the CBOE implied correlation is based on expression

(14.8).

Figure 14.4 shows estimates b� [�] and b� [�] for the implied correla-

tion for the Dow Jones on March 24, 2008 and October 27, 2008. In

both cases, the time to maturity is 26 days. In section 14.4.2, we showed

that the traditional approach underestimates the real level of correla-

tion. Furthermore, this error becomes larger when some volatilities be-

come large compared to the other volatilities. The difference b� [�]�b� [�]
is depicted in the right panels of Figure 14.4. We find that the differ-

ence is positive and increases when the strike becomes smaller. The

latter observation can be explained by the fact that implied volatilities

are larger for out-of-the-money put options. During October 27, 2008,

the difference can mount up to more than 10%, whereas this difference

is relatively small on March 24, 2008. The difference between the two

trading days can be explained if we have a look at the at-the-money im-

plied volatilities listed in Table 14.1. On October 27, 2008, we are in the

middle of the financial crisis and some volatilities exceed 100%. March

24, 2008, on the contrary, is much calmer and volatility levels are in a

normal range.
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Implied correlation over time We choose T to be 30 days. The im-

plied correlation index ICX[T ] is a number between 0 and 1; where a

higher value indicates that market participants expect that stocks will

move more strongly together in the near future. A graph of historical

values of the ICX is shown in Figure 14.5. The third graph is a smoothed

version of the second graph, where at each day we have taken the aver-

age over the last 7 consecutive days.

Begin 2000, implied levels of correlation for the Dow Jones are around

20%. The degree of co-movement starts increasing during the burst of

the Dot-Com bubble to 70% begin 2003. A peak around September 11,

2001 is also noticeable. From 2007 on, correlations are again increas-

ing, with a peak around the end of 2008. After 2009, the average level of

correlation remains at a historical high level.

During periods of strong co-movement, markets are in most of the

situations going down. The peaks in Figure 14.5 can be related in time

with major events like September 11, 2001, the default of Lehmann Broth-

ers,... In these ‘headline driven’ markets, stocks tend to move more

strongly together than during periods where there are no major news

items dominating the trading floor.

Implied Volatility We already showed that the implied volatility smile

gives different information than the implied correlation smile. The im-

plied at-the-money volatility of a broad index is often used as an esti-

mate for the future volatility of the market. The third graph of Figure

14.6 shows the implied Dow Jones volatility VXO[30 days] for the period

January 2000 - October 2009. The VXO and the ICX index move strongly

together, indicating that periods of increased co-movement are going

hand in hand with periods of increased volatility. It is well documented
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that periods of high market stress are characterized by high levels of

volatility and a strong co-movement between stock prices. Today, mar-

ket participants often use indices for the future level of volatility as a

fear gauge.

Figure 14.7 shows the implied correlation as a function of the im-

plied volatility. The regime around January 2009 (circles) is character-

ized by high implied volatilities and correlations. However, watching

only volatility can be too narrow to estimate the sentiment of the mar-

ket. For example, there is no big difference between the period January

- December 2000 (plusses) and the period November 2007 - March 2008

(crosses) when we only look at the volatility levels. But the two periods

do differ when we look at the implied correlation levels. Figure 14.7,

also shows that during 2004 (squares), volatility levels were relatively

stable, while the changes in implied correlation are more pronounced.

Combining an estimate of future volatility with an estimate for the

future level of co-movement between stocks gives a broader view of the

fear present in the market. Instead of looking only at volatility, the cou-

ple (VXO [T ] ; ICX [T ]) gives a more accurate picture of today’s level of

market fear.
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Figure 14.4: The Dow Jones implied correlation b� [�] and the traditional

implied correlation b� [�] for March 24, 2008 (upper left) and October 27,
2008 (lower left), with time to maturity equal to 26 days. The differenceb� [�]� b� [�] for these two trading days is shown on the right.
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line) and the correlation index based on a lognormal approximation for
the index (dashed line). The third graph shows a smoothed version of
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Figure 14.7: Dow Jones implied correlation as a function of the implied
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Table 14.1: At-the-money implied volatilities

March 24, 2008 October 27, 2008

Alcoa Incorporated 54.74% 134.63%
American Express 47.77% 105.41%

Bank of America 40.82% 102.55%
Boeing Corporation 30.96% 85.01%

Caterpillar 38.38% 90.96%
JP Morgan 52.04% 94.99%

Chevron 34.11% 96.34%
Citigroup 67.17% 127.53%

Coca Cola Company 22.96% 58.12%
Walt Disney Company 31.64% 91.74%

DuPont 33.37% 75.02%
Exxon Mobile 30.40% 87.02%

General Electric 27.18% 89.31%
General Motors 78.64% 264.53%
Hewlet-Packard 29.95% 79.90%

Home Depot 43.30% 97.58%
Intel 42.32% 77.62%
IBM 29.81% 74.17%

Johnson & Johnson 23.55% 58.71%
McDonald’s 26.70% 63.57%

Merck & Company 34.11% 73.98%
Microsoft 29.98% 70.49%

3M 26.50% 78.16%
Pfizer 27.95% 68.84%

Practer & Gamble 18.61% 64.62%
AT&T 30.07% 79.75%

United Technologies 27.93% 77.79%
Verizon 33.98% 80.70%

Wal-Mart Stores 25.78% 68.10%
Kraft Foods 61.02%

American International 49.38%
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14.7 Notes and references

The CBOE calculates an implied correlation index for the S&P 500, which

is similar to the traditional implied correlation index (14.8); see Chicago

Board Options Exchange (2009) and Skintzi & Refenes (2005). Our re-

sults show that the implied correlation is changing over time. In Driessen

et al. (2009), the authors show that investors have to pay a premium

for the correlation risk. A multi-asset pricing model which allows for

varying correlation is proposed in Cont & Deguest (2012). The authors

investigate the correlation patterns which are consistent with the ob-

served index option prices.

A detailed discussion about volatility indicies for the S&P 500 can

be found in Whaley (2000) and Carr & Wu (2006). Similar, one can use

derivative prices to estimate the future level of co-movement; see e.g.

Dhaene, Linders, Schoutens & Vyncke (2012) and Dhaene, Dony, Forys,

Linders & Schoutens (2012).

For a detailed overview of implied volatility we refer to Chriss (1996)

and Rubinstein (1994).



314 A new Black & Scholes implied correlation index



CHAPTER 15

Conclusion

In this chapter, which concludes the dissertation, we briefly summarize

the research results presented in this work and we give possibilities for

future research.

15.1 Contributions

We have considered the problem of deriving an index which reflects the

degree of herd behavior among traded stock prices. We use vanilla and

index options to construct a forward looking index, which reflects the

market’s perception of the degree of herd behavior. Furthermore, we

show how such an index can be calculated in a fast and robust way us-

ing traded derivative prices. To the best of our knowledge, the only in-

dex which has the same qualities is the implied correlation index. We

show that each of our indices outperform this market standard.

In Part I we provide conditions under which we can prove an equal-

ity between the multivariate distributions of the random vectorsX and

Y , using only the distribution of their sums SX and SY ; respectively.
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Proving that two random vectors have the same distribution can be a

tedious task, especially when the dimension n is large. Using the distri-

bution of the sum reduces this multivariate problem to one dimension.

In Part II,X denotes a price vector, i.e. Xi is the price of stock i at some

future time T: The results of Part I lead to the conclusion that we can

use the distribution of the sum to characterize the market situation de-

scribed by the random vectorX. It is well-known that this is equivalent

with knowing the index option curve; see e.g. Breeden & Litzenberger

(1978).

We show in Chapter 7 that under the appropriate conditions, equal-

ity between the expected utilities E [u (SX)] and E [u (SY )] (or between

the distorted expectations �g [SX ] and �g [SY ]) implies an equality in

distribution betweenX and Y : In caseX denotes a price vector and in-

dex options can be observed in the market, we can determineE [u (SX)]
and �g [SX ] using the observed index option curve; see Chapter 3 and

Chapter 6.

Part II is dedicated to the problem of pricing index options. The

index option price is influenced by the distribution of the individual

components and the dependence structure, which makes it a hard task

to derive closed form solutions. In Chapter 9 we derive a model-free

upper bound for the index option price, using the theory of comonoto-

nicity; see Chapter 4. We show how to determine this upper bound in a

realistic market situation. Furthermore, we show that this upper bound

corresponds with the price of an index option, provided the stock price

vectorX is comonontonic.

A model-based solution for the pricing of index options is explored

in Chapter 11. Here, we assume that the price vectorX can be described

by a multivariate Black & Scholes model. In this simple stock price
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model, the vanilla options can be priced using the celebrated Black &

Scholes option pricing formula, but the price of an index option is not

given in an analytical formula. We derive a closed form approximation,

which is based on convex approximations for a sum of dependent log-

normal random variables.

The main results of this dissertation are presented in Part III, where

we consider a model-based and a model-free index for the degree of

herd behavior between stock prices.

The model-free herd behavior index (or just HIX) is based on the

observation that the the gap between the observed index option curve

and the comonotonic index option curve reveals information about the

degree of herd behavior. Indeed, the comonotonic index option curve

is the one which would be observed in the market if all stock prices were

to move perfectly together. In Chapter 12 we use expected utilities (or

swap rates) to quantify this distance, whereas Chapter 13 uses distorted

expectations.

In Chapter 14 we search for the (single) correlation parameter which

has to be used in our (approximate) index option pricing formula, such

that the modelprice matches the market price. We use this implied es-

timate for the correlation to construct the Implied Correlation Index.

15.2 Future work

This dissertation deals with the construction of a herd behavior index.

We considered a model-free and a model-based approach. The indices

we propose can be calculated in real-time. We have constructed a web-

site1 where we determine the Dow Jones - HIX on a daily basis. We plan

1http://www.herdbehaviorindex.com
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to determine daily quotes for the Dow Jones Implied Correlation Index

(DJ-ICX). Furthermore, we also want to include other indices like the

Eurostoxx 50 and the S&P500.

Exchange traded funds (ETF’s) are equity baskets which can be bought

and sold like regular stocks. Moreover, options on these ETF’s are also

available. So, ETF’s behave like a stock market index and we can de-

termine the degree of herd behavior within an ETF. In this way, we can

find estimates for the degree of co-movement within a sector; see e.g.

Madan & Schoutens (2013)

In Chapter 12 and 13 we construct a family of herd behavior indices.

As a future research project, one can investigate and compare the prop-

erties of each family. Furthermore, it is an interesting question if one

can determine the ‘optimal’ herd behavior index, using an axiomatic

framework.

Having an idea of the degree of herd behavior between stock prices

is a first step. In a second step, one has to consider trading strategies

to hedge the risk of an increased degree of herd behavior. In Chapter

9 we already showed a tip of the iceberg. Indeed, we proved that in a

comonotonic market, an index option can be hedged by a linear com-

bination of vanilla options. Furthermore, an increased degree of herd

behavior is characterized by a closing gap between the observed and

the comonotonic index option curves. As a result, one can try to con-

struct trading strategies such that one can buy/sell the gap. For exam-

ple, Laurence (2008) consider trading strategies where one can buy/sell

the gapC
c
[K]�C [K] for a fixed strikeK. A more sophisticated strategy

would consist of buying/selling the gapE
h
u
�
S
c
�i
�E [u (S)] (or the gap

�
h
S
c
i
� � [S]);which takes into account the whole index option curve.
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APPENDIXA

Mathematical background

A.1 Definitions

Definition A.1.1 (�-algebra) A family F of subsets of the universe 
 is

called a �-algebra if the following properties hold:

1. ; 2 F ;

2. A 2 F =)Ac 2 F ;

3. A1; A2; : : : 2 F =) [iAi 2 F :

Definition A.1.2 (Generated �-algebra) For a family A of subsets of a

non-empty set S, the intersection of all �-algebras on S that containA is

denoted by �(A) and is called the �-algebra generated byA.

Definition A.1.3 (Borel �-algebra) Consider a real interval I � R. The

�-algebra B (I) of the measurable space (I;B (I)) generated by all open

sets in I is called the Borel �-algebra.
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Definition A.1.4 (Measure) A measure � on a measurable space (S;S) is

a mapping from S to R satisfying

1. � (;) = 0;

2. IfA1; A2; : : : 2 F are pairwise disjoint sets, then� ([iAi) =
P

i � (Ai) :

Definition A.1.5 (Almost everywhere) Let (S;S; �) be a measure space.

1. The setN 2 S is said to be a null space w.r.t. � if �(N) = 0.

2. The functions f : S ! R and g : S ! R are equal almost every-

where (w.r.t. �) if f (x) = g (x) for all x 2 SnN; where N is a null

set.

Definition A.1.6 (Probability measure) A probability measureP on (
;F)
is a function which maps any event A 2 F to the set [0; 1] ; such that

1. P [
] = 1;

2. IfA1; A2; : : : 2 F are pairwise disjoint sets, thenP [[iAi] =
P

i P [Ai] :

Definition A.1.7 (Random variable) A random variableX is a measur-

able function from 
 to R, such thatX�1 ((�1; x]) 2 F for any x 2 R:

Definition A.1.8 (Random vector) A random vector X is a measurable

function from 
 to Rn: So the functionX : 
! Rn satisfies

X�1 ((�1; x1]� (�1; x2]� � � � � (�1; xn]) 2 F

for any x1; x2; : : : ; xn 2 R:
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A.2 Propositions

Proposition A.2.1 (Univariate cdf ) The cdf FX of a random variableX

satisfies the following properties:

1. FX is non-decreasing.

2. FX is right-continuous:

lim
�x#0

FX (x+�x) = FX (x) ; for all x 2 R:

We use the notation FX (x�) = lim�x#0 FX (x+�x) and this limit

is well-defined.

3. limx!�1 FX (x) = 0 and limx!+1 FX (x) = 1:

Proposition A.2.2 (Joint cdf ) The joint (or multivariate) cdf FX of the

random vectorX satisfies the following properties:

1. FX is non-decreasing.

2. FX is right-continuous.

3. FX satisfies:

(a) limxj!�1 FX (x) = 0; for j = 1; 2; : : : ; n;

(b) limx!+1 FX (x) = 1;

(c) for all �; � 2 Rn;with � � �;we define

�ai;�iFX (x) = FX (x1; : : : ; xi�1; �i; xi+1; : : : ; xn)

� FX (x1; : : : ; xi�1; �i; xi+1; : : : ; xn) :

Then

�a1;�1�a2;�2 : : :�an;�nFX (x) � 0:
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APPENDIXB

Proofs

B.1 Proof of 2.2.1

Lemma B.1.1 Consider the real-valued functions f and u defined on the

interval I and assume that both functions are right continuous and non-

decreasing. We can apply integration by parts as follows:Z
(a;b]

u (x)df (x) =f (b)u (b)� f (a)u (a)�
Z
(a;b]

f (x�)du (x) ;Z
[a;b)

u (x)df (x) =f (b�)u (b�)� f (a�)u (a�)

�
Z
[a;b)

f (x�)du (x) :

Proof. For y 2 (a; b] ;we can write for the right continuous function f :

f (y)� f (a) =
Z
(a;y]

df (x)

=

Z
(a;b]

I (x � y)df (x) ; (B.1)
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and also

f (y�)� f (a) =
Z
(a;b]

I (x < y)df (x) : (B.2)

Both f and u are right continuous, so we can write:

(f (b)� f (a)) (u (b)� u (a)) =
Z
(a;b]

df (x)
Z
(a;b]

du (y) :

We can use Fubini to rewrite the right hand side asZ
(a;b]

du (y)
Z
(a;b]

df (x) I (x < y)+
Z
(a;b]

dfx
Z
(a;b]

du (y) I (x � y) : (B.3)

Plugging (B.2) and (B.1) into (B.3) gives

(f (b)� f (a)) (u (b)� u (a)) =
Z
(a;b]

du (y) (f (y�)� f (a))

+

Z
(a;b]

df (x) (u (x)� u (a))

from which we find (2.12).

To prove (2.13), we first writeZ
[a;b)

u (x)df (x) =
Z
(a;b]

u (x)df (x) + u (a) (f (a)� f (a�))

� u (b) (f (b)� f (b�)) :

Integration by parts using (2.12) givesZ
[a;b)

u (x)df (x) = f (b�)u (b)� f (a�)u (a)

�
Z
(a;b]

f (x�)du (x)

= f (b�)u (b�)� f (a�)u (a�)

�
Z
[a;b)

f (x�)du (x) ;

which proves (2.13).
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B.2 Proof of Lemma 2.2.2

Lemma B.2.1 Consider the functions f andu and assume that both func-

tions are left continuous and non-decreasing, then we can apply integra-

tion by parts as follows:Z
[a;b)

u (x)df (x) = f (b)u (b)� f (a)u (a)�
Z
[a;b)

f (x+)du (x) ;Z
(a;b]

u (x)df (x) = f (b+)u (b+)� f (a+)u (a+)

�
Z
(a;b]

f (x+)du (x)

Proof. For a left continuous function f;we have that

f (y)� f (a) =
Z
[a;y)

df (x)

=

Z
[a;b)

I (x < y)df (x) ;

and

f (y+)� f (a) =
Z
[a;b)

I (x � y)df (x) :

The following relation holds

(f (b)� f (a)) (u (b)� u (a)) =
Z
[a;b)

df (x)
Z
[a;b)

du (y) :

Using Fubuni, the right hand side can be written asZ
[a;b)

du (y)
Z
[a;b)

df (x) I (x � y)

+

Z
[a;b)

df (x)
Z
[a;b)

du (y) I (x > y) ;
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which becomesZ
[a;b)

du (y) (f (y+)� f (a)) +
Z
[a;b)

df (x) (u (x)� u (a)) :

So we find that

(f (b)� f (a)) (u (b)� u (a)) =
Z
[a;b)

du (y) (f (y+)� f (a))

+

Z
[a;b)

df (x) (u (x)� u (a)) ;

from which we find (2.17).

To prove (2.18), we useZ
(a;b]

u (x)df (x) =
Z
[a;b)

u (x)df (x)� u (a) (f (a+)� f (a))

+ u (b) (f (b+)� f (b)) :

Using formula (2.17) together with the relationZ
[a;b)

f (x+)du (x) =
Z
(a;b]

f (x+)du (x) + f (a+) (u (a+)� u (a))

� f (b+) (u (b+)� u (b))

proves (2.18).

B.3 Proof of Lemma 2.2.3

Theorem B.3.1 Any non-decreasing function u : I ! R can be repre-

sented by a convex combination

u = ur + ul;

where ur and ul are a r.c. and a l.c. non-decreasing function, respectively.
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Proof. We first consider a non-decreasing function u which is defined

on the interval I;where inf I is finite.

DefineD (x) as

D(x) =
X

y2[inf I;x)

[u (y+)� u (y)] ;

where the sum is taken over the finite or countable set of all values of y

in [inf I; x)where the function u is right discontinuous. We putD (inf I)

equal to 0. Because the function u is non-decreasing, there are finite

or countably many discontinuities. Furthermore, all jumps are finite,

which implies thatD (x) 2 [0;+1) ; for x 2 I:
If D (sup I) = 0; the function u is r.c., while D (sup I) = u (sup I) �

u (inf I)1 implies that u is l.c. In case u (sup I) = +1 and u (inf I) = �1;
we define u (sup I) � u (inf I) as +1: In both cases, it is obvious that

(2.19) holds.

Assume that 0 < D (sup I) < u (sup I)� u (inf I) :We define ul as

ul (x) = D (x) ; for x 2 I;

and

ur (x) = u (x)�D (x) ; for x 2 I:

It is straightforward to check that ul is a non-decreasing and l.c. func-

tion and ur is a non-decreasing and r.c. function. Moreover, we have

that

u = ul + ur; (B.4)

which shows that in case inf I is finite, (2.19) holds..

Consider now the more general case, where the function u is defined

on the interval I:Here, inf I might be�1: Consider t 2 I; such that u is

1If I = (inf I; sup I) ;we define u (inf I) as lim
x#inf I

u (x) and u (sup I) as lim
x"sup I

u (x) .
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continuous in t: Such t always exists because u is non-decreasing. The

intervals I+ and I� are given by

I+ = fx j 0 � x and t+ x 2 Ig ;

I� = fx j 0 � x and t� x 2 Ig :

The functions u+ : I+ ! R and u� : I� ! R are given by

u+ (x) = u (t+ x) ; for x 2 I+
u� (x) = �u (t� x) ; for x 2 I�:

We have that for x 2 I

u (x) =

�
�u� (t� x) ; x � t;
u+ (x� t) ; x > t

: (B.5)

The functions u� and u+ are non-decreasing functions and inf I� =

inf I+ = 0: From the first part of the proof, we find that both functions

can be represented as

u+ = u
l
+ + u

r
+;

u� = u
l
� + u

r
�;

where ul+ and ul� (resp. ur+ and ur�) are non-decreasing left-continuous

(resp. right continuous) functions. Define the functions ul and ur as

follows:

ul (x) =

�
�ul� (t� x) ; x � t;
ul+ (x� t) ; x > t

and ur (x) =
�
�ur� (t� x) ; x � t;
ur+ (x� t) ; x > t

:

Both functions are non-decreasing and ul is l.c. while ur is r.c. Using

(B.5) we find the desired result.
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B.4 Proof of (11.18)

Theorem B.4.1 Consider the random vectorX: IfSl is defined as in (11.18),

we have that

Sl �cx S:

Proof. By Jensen’s inequality, we find that for any convex function v, the

following inequality holds:

E [v(S) j � = �] � v (E[S j � = �]) :

Hence, from the tower property of expectations, we get

E [v (S)] = E [E [v (S) j �]]

� E [v (E [S j �])]

= E
�
v
�
Sl
��
;

which proves the theorem.
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APPENDIXC

Additional results

C.1 Comonotonicity

The following theorem is a more general version of Theorem 5.2.1. The

proof of this theorem follows the same lines as the proof of Theorem

5.2.1.

Theorem C.1.1 Consider the random vector (X1; X2; : : : ; Xn), its como-

notonic counterpart Xc = (Xc
1 ; X

c
2 ; : : : ; X

c
n) and the positively weighted

sum Sc =
Pn

i=1 wiX
c
i . For any real K, there exist Ki; i = 1; 2; : : : ; n, sat-

isfying
nX
i=1

wiKi = K; (C.1)

such that the stop-loss premium E
�
(Sc �K)+

�
can be decomposed into

E
�
(Sc �K)+

�
=

nX
i=1

wiE
�
(Xi �Ki)+

�
: (C.2)

From the proof of the previous theorem we immediately find the fol-

lowing corollary.
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Corollary C.1.1 (Stop-loss premiums of a comonotonic sum) A possi-

ble choice for theKi in Theorem C.1.1 is

(a) In case F�1+Sc (0) < K < F�1Sc (1):

K�
i = F

�1(�K)
Xi

(FSc (K)) ; i = 1; 2; : : : ; n; (C.3)

where �K is any element in [0; 1] such that

F
�1(�K)
Sc (FSc (K)) = K: (C.4)

(b) In caseK � F�1+Sc (0):

K�
i = F

�1+
Xi

(0)� ei; i = 1; 2; : : : ; n; (C.5)

with all ei � 0 such that
Pn

i=1 wiei =
�
F�1+Sc (0)�K

�
.

(c) In caseK � F�1Sc (1):

K�
i = F

�1
Xi
(1) + fi; i = 1; 2; : : : ; n; (C.6)

with all fi � 0 such that
Pn

i=1 wifi =
�
K � F�1Sc (1)

�
.

C.2 Approximation for E [u (S)]

Consider the function u : R+! R and assume that u0 is an absolutely

continuous function. We prove that we can approximate E [u (S)] �
u (E [S]) as follows:

E [u (S)]� u (E [S]) (C.7)

� erT
hX

i=�l
u00 (Ki)�KiQ [Ki]�

u00 (K0)

2
(E [S]�K0)

2
: (C.8)
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It follows from (12.2) that an exact expression is given by:

E [u (S)]�u (E [S])

=

Z E[S]

0

u00 (K) erTP [K]dK +

Z +1

E[S]
u00 (K) erTC [K]dK:

We can rewrite this expression in the following way:

E [u (S)]� u (E [S])

=

Z K0

0

u00 (K) erTP [K]dK +

Z +1

K0

u00 (K) erTC [K]dK (C.9)

+

Z E[S]

K0

u00 (K) erT (P [K]� C [K])dK: (C.10)

The first two integrals can be approximated using the composite trape-

zoidal rule. The integral
RK0

0
u00 (K)P [K]dK can be written as

Z K0

0

u00 (K)P [K]dK � (K�l+1 +K�l)u
00 (K�l)P [K�l]

+

�1X
i=�l+1

Ki+1 +Ki�1
2

u00 (Ki)P [Ki]

+
K0 �K�1

2
u00 (K0)P [K0] ;

where we assumed that P [K] is equal to zero inK�l�(K�l+1 �K�l) : A

detailed calculation is provided in Dhaene, Linders, Schoutens & Vyncke
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(2012). A similar result holds for
R +1
K0

u00 (K)C [K]dK :Z +1

K0

u00 (K)C [K]dK � (Kh +Kh�1)u
00 (Kh)P [Kh]

+
h�1X
i=1

Ki+1 +Ki�1
2

u00 (Ki)C [Ki]

+
K1 �K0

2
u00 (K0)P [K0] ;

where we assumed that C [K] is equal to zero in Kh + (Kh �Kh�1) : If

we assume thatK1 �K0 = K0 �K�1 we findZ K0

�1
u00 (K) erTP [K]dK+

Z +1

K0

u00 (K) erTC [K]dK (C.11)

� erT
hX

i=�l
u00 (Ki)�KiQ [Ki] ; (C.12)

whereQ [Ki] and�Ki are defined in (12.5).

If we assume that u00 (K) � u00 (K0) ; for K 2 [K0;E [S]], we can

derive the following approximated expression for the correction termR E[S]
K0

u00 (K)erT (P [K]� C [K])dK :Z E[S]

K0

u00 (K) erT (P [K]� C [K])dK

� erTu00 (K0)

Z E[S]

K0

(P [K]� C [K])dK:

Using the put-call parity results in

erTu00 (K0)

Z E[S]

K0

(P [K]� C [K])dK (C.13)

= u00 (K0)

Z E[S]

K0

(K � E [S])dK (C.14)

= �u
00 (K0)

2
(E [S]�K0)

2
: (C.15)
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Combining (C.10), (C.11) and (C.13) results in approximation (C.7).
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223, 238, 243, 246, 280, 281
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253, 289

Brownian motion, 192, 195
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245
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213, 240, 278
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concordance order, 104

convex bounds
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distorted expectation, 73, 103, 276

distortion function, 72, 78, 83, 276,
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forward

contract, 130
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forward rate, 129
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risk-neutral probability measure, 123,
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stock market index, 128, 137, 242

stop-loss premium, see tail trans-

form
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